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MDCCLXXVIy 


ADVERT I5- EME NTs 


J “HE Excellence of Profeffor Sau N= 
DERSON’S Elements of Algebra i 
univerfally acknowledged: But as that 
WoRK contains many cuRIOoUsS and 
ELEGANT PIECES, which are rather 
of Advantage and Amufement to Profi- 
cients in the general Science of the Ma- 
thematics, than of neceflary Ufe to Stu- 
dents in Algebra; fome of the principal 
Tutors in the Univerfity of Cambridge | 
were defirous of having fuch Parts felected 
from the Whole, as would give their 
Pupils a clear and comprehenfive Know- 
ledge of Algebra, without putting them 
promifcuoufly to the Expence of pur- 
chafing the original Work, which was 
_ publifhed in Two Volumes, Quarto. The | 
- Public is indebted to a Gentleman in 


a2 that. 


av : 
that Univerfity, of diftinguifhed Judg- 
ment and Skill in the Mathematics, for 
_feleéting the feveral Parts which make 
up the following Work: Nor have any 
Endeavours been wanting, to _have»it 
printed as correctly as poffible. 


POS U LAA TD A. 
E FORE I enter upon my province, it 
g may not be amifs to acquaint my young 
“W difciple what preparations he is to make, 
y and what qualifications I expec of him 
beforehand, that we may neither of us find ourfelves 
difappointed afterwards. I expect then that he 

~ knows how to add, to fubtract, to multiply, to di- 
vide, to find a fourth proportional, and to extract 
roots, efpecially the {quare root: nay I expect fur- 
ther, that he fhall not only be able to perform all 
thefe operations exactly and readily, but alfo that he 
fhall be able to apply them upon all common occa- 
fions; in a word, I expect that he be tolerably well 
fkilled in common Arithmetick, at leaft fo far as 
relates to whole numbers : for this reafon itis that I 
have prefixed a few arithmetical queftions, wherein 
he may firfttry his ftrength and fkill before he ven- 
tures any further; they are for the moft part very 
 eafy. I cannot fay indeed they are the beft chofen, 
but they were fuch as lay in my way when I firft 
began this work and was haftenine to matters of 
greater moment ; and I do not fee but they may, if 
ftudied with care and attention, anfwer well enough 

_ the end they were intended for. If he finds no diffi- 
culty in thefe, he will have little reafon to doubt of 

- his fuccefs afterwards; but if he does, he ought then 
at laft to become fenfible of his own defects, and to 
endeavour to fupply whatever is wanting, and to cor- 
rect whatever is amifs, before he enters himfelf under 


e my conduct ; in the mean time he has my leave to 
| A hope 


ii a 


2 QUESTIONS in 
hope that I fhall be lefs upon the referve with him 
when he falls more immediately under my care. — 


N. B. The praxis of the rule of proportion, and 
of the rule for extracting the {quare root, not being 
(properly fpeaking) of the nature of fimple pofulata, 
but rather deducible from the four firft; I thall not 
fail to demontftrate thefe rules fo foon as I fhall find 
proper opportunities for that purpole. : 


Queftions for exercife in Multiplication. 


Multiplication is taking any one number called the 
multiplicand as often as is exprefled by any other 
number called the multiplicator, and the number 
produced by this operation is called the produ: 
whence it follows, that the product contains the mul- 
tiplicand as often as there are units in the multiplica- 
tor, and that if a number of a ereater denomination 
is to be reduced to ah equivalent number of a lefs, 
it muft bedone by multiplication. As for example ; 
In a pound fterling there are 20 fhillings; therefore 
in every fum of money confifting of even pounds, 
there are twenty times as many fhillings as there are 
pounds; therefore, if any number of pounds be mul- 
tiplied by 20; the product will be an equivalent 
number of fhillings; andthe fame muft be obferved 
in all other cates, 


= 


QO vig st, 
It is required to veduce 456 pounds 13 fhillings and 
4 pence, into foillings, pence, and farthings. — 
Anfwer. Shillings 9133 
Pence’ | 109600 
Farthings 438400. 


ee ee é | Qwikeer 7! 


MULTIPLICATION. 4 
QuEST, % 


A certain ifland contains 26 counties, ever) county 37 
parifhes, every parifo 38 families, and every family 
39 perfous: I demand. the number of parifoes, fa- 
milies, and perfonsin the whole ifland. 


 Anfwer. Parithes 1332 
! Families 50616 
-. Perfons 1974024 


QOUBsr. 3 
dn 1730 years, 42 weeks, and 2 days, bow many 
minutes 2 


WN. B. A year confifts of 366 days, 6 hours, and an 
hour of 60. minutes, 


Hours in one year | 8766 

Iniz7goyears 15165180 

In 42. weeks 2. days 7128 

In the whole > 15172308 

Minutes in the whole 910338480. 
QUEST. 4. 


There is a certain field 102004 feet long, and 102003 
feet broad: I demand the number of fquare feet thereta 
contained ? 


Anfwer.. 104047140124 
QueEst. 4. 
There is a certain floor 24 feet a inches broad, and 
. 96 feet 6 inches long: I demand how many a 
inches are therein contained: 2 ; 


Anfwer. 338136 {quate inches. 


A 2. Quest. 
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QuEST. 6. 


A certain piece of wood 1 foot 2 inches thick, 3 feet 
4 inches broad, and 5 feet 6 inches long, is to be 
cut into final! cubes like dies, each of whichis to be 
aquarter of aninch every way: I demand into how 
many dies the whole may be refolved. 


Anfwer. The whole may be refolved into 236 5440 
dies. $2 ri 
SU ih ghey JF 


I demand the number of changes that may be rung 
: on 12 bells. | 


Changes upon 2 bells 2 
on 3 bells 6 
on 4 bells 24 
on 5 bells 120 
on 6 bells 720 
on 7 bells 5040 
on 8 bells 40320 
on 9 bells 362880 
on 10 bells 3628800 | 
on 11 bells 39916800 
on 12 bells) 479001600 


™» 


QuBRsrt. 8. 
How many different ways.can four common dies come up 
| at one throw ? y 


Anfwer. 1296 ways. 


Q wEssrTy 9. 
Suppofe one undertake to throw an ace at one throw 
with four common dies; what probability is there of 
bis effecting it ? . 


Anfwer. By the lat queftion four dies can come | 
Up 1296 different ways with and without the ace; 
a and 


MUL TAP DEC AT UO. g 
and by a like computation, they can come up 6265 
ways without the ace; therefore there are 671 ways 
wherein one or more of them may turn up an ace; 
therefore the undertaker has the better of the lay in 
the proportion of 671 to 625. 


¥ Qu B'S. TS yBO% | 


There are two inclofures of the fame circumference, that 
is, both inclofed with the fame number of pales, but 
one is a fquare whofe fide is 125 feet, and the other 
an oblong or long fquare: 124 feet in breadth, and 
126 in length: quere which is the greater clofe, 
that is, which, ceteris paribus, wll dear mot 
grafs? : 


Anfwer. The fquare: for that contains 15625 
{quare feet; whereas the other contains but 15624, 


Queftions for exercife in Divifion, 


The defign of divifion is, to fhew how often one 
number called the divifor is contained in another called 
the. dividend, and the number that fhews this is 
called the quotient; whence, and from the definition 
of multiplication already given, I obferve, 1, That 
the divifor multiplied by the quotient, and confe-- 
‘quently the quotient multiplied by the divifor, will 
always be equal to the dividend, provided there be 

‘no remainder after the divifion is over; but if there 
be, then this remainder added to, or taken into, the 
product, will give the dividend, which is the beft 
proof of divifion. 2dly, That as the divifor is fuch 
a part of the dividend as is exprefied by the quo- 
tient; fo alfo is the quotient iucha partas is exprefied 
by the divifor. Thus 12 divided by 3 quotes 4; 
therefore 2 is a fourth part, and 4 third part, of i2. 
3dly, Hence may anumber be found that ‘hall be divi- 
fible by any two given numbers whatever without re- 
mainders, to wit, by multiplying the two given nun- 

: Ve bers 


6 QUESTIONS in. 
bers together. Thus if f would have a number that 
can be divided by both 6 and 9 without any re+ 
mainders, I multiply 9 by 6, and the produdt 54 
will anfwer both conditions; though 18 be the leatt 
number of that kind. 4¢5/), Muitiplication and di- 
vifion by the fame number are the reverle of each 
others and fo muft neceffarity have contrary effects: 
for whereas. multiplication increafes a number by 
taking it as often as is expreffed by the multiplica- 
tor, divifion (on the contrary) lefiens it, by taking 
only fuch a part of it as is exprefied by the divifor. 
5tbly, Hence if a number of a leffer denomination 
be to be changed into an equivalent number of a 
greater, as farthings into pence, pence into fhillings, 
Sc, it muft be done by divifion, as the reverie is 
done by multiplication. 6zh/y, Whenever it is pro- 
pofed to know how often one quantity of any kind 
is contained in another of the fame kind, the num- 
bers reprefenting thefe quantities muft be reduced to 
the fame denomination before any divifion can take 
place. Thus if I would know how rhany thirteén- 
pencehalfpennies there are in twenty fhillings, I muft 
not only reduce the thirteenpencehaltpenny to 27 
halfpence, but alfo the 20 fhillings into 480 half- 
pence; and then niuft enquire by divifion how often 
27 halfpence are contained in 480 halfpence, that 
_is, how often 27 is contained in 480; he quotient ig 
17, and the remainder 21, that is 21 halfpence; 
for in all divifien, the remainder muft be -of- the 
fame denomination with the dividend whereof it is 
a part; therefore in 20 fhillings there are 17 thir. 
teenpencehalfpennies, and 10 pence halfpenny over. 
QUEST. II. 
i is required to reduce: 987654321 farthings into 
pounds, fillings, and pence. gh 5% 
Anfwer. 987654321 farthines are equivalent to 
246913580 pence and 1 farthing; or to 20576131 
fillings, 8d, 193 or to 1028806 pounds, 115. 84.19. 
} 5 QvuEesT 


Dae ¥ PSG, : 


CO BsiTy 12, 


One lends me 1296 guineas when they were valued at 
1/. 15. and fixpence a piece: how many muft I pay 
him when they are valued at 11. 15, apiece ? 


rt ° ye ° 
Anfwer. 1326 guineas 18 fhillings. 


Gow Es T., 1. 


A certain floor 24 feet 4 inches broad, 96 feet 6 
inches long, is to be laid at the rate of 12 pence 
the fquare foot: I demand what the whole charge will 


amount to. 


Anfwer. The floor contains 228136 fquare inches, 
or 2348 {quare feet and 24 {quare inches; therefore 
the whole charge amounts to 117 pounds 8 hhillings 
and two pence. 


QUEST. 14. | 

There is a certain cooler 36 inches deep, 42 inches wide, 

and 32 inches long: I demand its folid content in 
Englifo gallons. 


Note. An Ale gallon is 282 cubic inches. 


Anfwer. The veffel contains 108864 cubic inches, 
thatis, 386 gallons, and 12 cubic inches over. 


Oey as es 


A cubic foot of water weighs 76 pounds Troy or 
Roman weight; and air is 860 times lighter than 
water: I demand the weight of a cubic foot of air. 


N. B. A pound Troy contains 12 ouncés, one 
ounce 20 pennyweights, and one pennyweight 24 
grains. | 


A 4 Anfwer. 


8  QUESTIONS)ix 


Anfwer. A cubic foot of air weighs ‘Troy weight 
10%, I pw. Eger, 


QUEST, 


The mean time of a lunation, that is, from new moon 
to new moon, is 29 days 12 hours 44 minutes 
and 3 feconds; and a Julian year confifts of 365 days 
© hours: I demand then how many lunations are con- 
tained in 19 Fulian years. 


Hours i in a Lunation 708 
Minutes 42524 
Seconds 2b ld Ase 

Hours in 19 Julian years 166554 
Minutes 9993240 
Seconds 599594400 


-Lunations 2355 and i hour 28’ 15” over. 


Quest. 17. 


In what time may all the changes on 12 bells be rung, 


allowing 3 feconds to every round? See Screg, 
the 7//. 


~The number of changes on 12 bells 479001600 
The time 1437004800 feconds, 


or 23950080 minutes, 
or 399168 hours, 
or 45 years 27 weeks 6 days 18 hours. 
C) Pre Sn, 18, 


A General of an army diftributes 15 pounds 19 
foillings and 2 pace balfpenny among 4 captains, 
5 lieutenants, and 60 common foldiers, in the manuer 
following : Every captain 1s to have 3 times as much 
as a lieutenant, and every lieutenant twice as much as 
a common foldicr: I demand their feveral fhares. 


The 


DulsV; hb S¢ kb O; iN. Q 


The fhare of a common foldier . ahi Ass 
of a lieutenant, 65. gd. ¥ 
of a captain 1/. os. 44.5 


Queftions for exercife in the Rule of T bree. 
And firft in te Rule of Three Direct. 


‘The rule of proportion, or rule of three, or by 
fore the golden rule, is that which teacheth, hav- 
ing three numbers given, to find a fourth propor- 
tional, that is, to find a fourth number that fhall 
have the fame proportion to fome one of the num- 
bers given, as is expreffed by the other two; and 
therefore, whenever a queftion is propofed wherein 
fuch a fourth proportional is required, that queftion is 
faid to belong to the rule of proportion. Now in 
queftions of this nature, efpecially where the num- 
bers given are not merely abftract numbers, but are 
applied to particular quantities, three things are 
ufually required, to wit, preparation, difpofition, 
and operation. 

Firft as to the preparation, it muft be obferved, that 
of the three numbers given in the queftion, two will 
always be of the fame kind, and muft be reduced to 
the fame denomination, if they be nor {fo already; 
and if the remaining number be of a mixt denomi- 
nation, that alfo muft be reduced to fome fimple 
Ope.) 

Secondly, in difpofing the numbers thus prepared, 
thofe two that are of the fame denomination muft be 
made the firft and third nnmbers in the rule of pro- 
portion, and coniequently the remaining number, 
_ muft be the fecond. But here particular care mutt 
be taken, that of the two numbers that are of the 
fame denomination, that be made the third in the 
rule of proportion, upon which the ain ftrefs of the 
gueftion lies, or to which the queftion more imme- 
diately relates, or which contains the demand: and 


the 


a 
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the place of this number being once known, the 
other two muft take their places as above direéted. 
This ordering of the numbers for the operation is 
commonly called, ftating of the queftion. 

Laftly, having thus ftated the queftion, multiply 
the fecond and third numbers together; divide the 
product by the firft, and the quotient thence arifing 
will be the fourth number fought; which fourth 
number, as well as the remainder, if there be any, 
muft always be underftood to be of the fame deno-- 
mination with the iecond. . As for example. 


St lpr oe ak bis vas & 14 


A piece of plate weighing 3 pounds 4 ounces and 5 
pennyweights, Troy weight, is valued at 5 foillings 
and 6 pence an ounce; what is the value of the 
whole ? | ? 


- Here we have three quantities concerned in the 

queftion, vz. 3 pounds 4 ounces and 5 penny weights; 

one ounce; and 5 fhillings and 6 pence; whereof 

the two firft, which are of the fame kind, muft be 
~ reduced to the fame denomination, and the laft to 

a fimple one; thus: for one ounce I write 20 penny- 

weights; for 3 pounds, 4 ounces and 5 pennyweights, 

805 pennyweights; and for 5 fhiilings and 6 pence, 

66 pence; and fo the numbers are fufficiently pre- 
pared. In the next place I enquire which of the two 
‘numbers 20 and 8045, which are of the fame denomi- 
nation, is that upon which the main ftrefs: of the 
queftion lies, and I find it to be 805; for the main 
bufinefs of this queftion is, to enquire into the value 
of 805 pennyweights of plate; the reft being no more 
than data in order to difcover this: So I make 805 
my third number, 20 which 1s a number of the fame 
denomination my firft, and 66 my fecond, and ftate 
the gueftion thus; Jf 20 pennyweights of plate be 
worth 66 pence, what will 805 pennyweights of plate 
: be 


| rHER ULE OF THREE. iI 
be worth ? Now to anfwer this queftion, I multiply 
805 by 66, and the product is 531303 this I divide 
by my firft number 20, and the quotient is 2656, 
and there remains ro, that is, 10 pence; there- 
fore, to render my quotient more compleat, I 
bring the remaining 10 pence into 40 farthings, and 
fo divide again by 20, and find the quotient to be 2, 
that is, 2 farthings, without any remainder; fo the 
value fought is 2656 pence 2 farthings; that is, 
11 pounds 1 fhilling and 4 pence halfpenny. 


A demonjftration of this Praxis. 


Cafe 1ft. Now to demonftrate this manner of 
operation, I fhall refume the foregoing queftion, but 
at firft under a different fuppofition, as thus; Jf one 
pennyweight of plate coft 66 pence, what will 805 
pennyweights cof? Were nobody doubts but that 
upon this fuppofition, 805 pennyweights will. coft 
805 times 66 pence, or 66 times 805, that is, 53130 
pence; therefore in all inftances of this kind, that 
is, where the frft number in the rule of proportion is 
unity, the fourth number muft be found by mul- 
tiplying the fecond and third numbers together. 

Cafe 2d. Let us now put the queftion as .1t was at 
firftftated, to wit, Jf 20 penuyweights of plate be 
worth 66 pence, what will 805 pennyweights be 
‘worth 2 Now upon this fuppofition it is eafy to fee, 
that neither 1 pennyweight, nor confequently 805_ 
pennyweights, will be worth above a 20th part of 
what they were in the former cafe; and therefore we 
muit not now. fay that 805 pennyweights are worth 
53130 pence, but a 20th part of that fum, viz. 
2656 pence 2 farthings: and as this way of reafoning 
' will be the fame in all other inftances, it follows 
now, that In the rule of proportion, let the numbers 
given be what they will, the fourth number muft be bad 

by multiplying the fecond and third numbers together 
and dividing the product by the fit, Q.t&. D. 


NGS git 
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QUEST. 20. 


How far will one be able to travel in 7 days 8 hours, 
at the rate of 13 miles every 4 ee allewing 12, 
bours to atravelling day? 


Anfwer. 299 miles. 
SF Ys ARNE 5 fe 


What will 1296 yards of walling amount to, at the rate 
of 4 foillings and 5 pence a rod, a rod being § ied 
and a half 2 


Anfwer. §2 pounds 8 pence 3 dam 
QUE Site aes 


In the mint of England a pound of gold, that is, 11 
ounces fine and 1 alloy, is at this time coined into 
44 guineas and an balf: I demand how much fterling 
a pound of pure gold is worth, obferving that the 

alloy is valued at nothing. 


Anfwer. 50 pounds 19 fhillings and 5 pence 
3 penny. 


R280 B18 hs 0d a 


What is the annual intereft of 987 pounds 6 poillings : 
and 5 pence, at the rate of 6 per cent.? 


Anfwer. 59 pounds 4 fhillings and 9 pence 
5 penny. ‘a | 
| COS ES: ue 


The circumference of the Earth according to the French 
menfuration is 123249600 ied feet: Idemand the 


hes in Eenghifo miles. 
N. B.. 


/ rut RULE OF THREE 9 


_N. B. A thoufand French feet are equivalent to 
ey Englifh feet; 3 feet make a oboe and 1760 


<< make a mile. | 


 Anfwer. 131630573 Enelith feet, 
or 43876857 yards and 2 feet, 
or 24930 miles »57 yards and 2 feet. 


Ow E's Tog 


Suppofing all things as in the foregoing queftion, I demand 
how long a found will be in paffing from -pole to pole. 
upon a fuppofition that a found pales over 1142 feet 
in a fecond of time. , 


Anfwer. 16 hours and 32 feconds. 


Ques T. 26. 
Monfieur Huygens found that at Paris, the length of a 
pendulum that fwung feconds, was three feet 8 lines 
and 3: 1 demand tts length in Englifo meafure. 


Note. A line is 3, part of an inch, and 1000 


French half lines are equivalent to 1068 Englifh 


half lines, as in the 24th quettion. 


Anfwer. The length in Englifh meafure of a 
pendulum that fwings feconds, is 941 Englifh half 


lines; or 39 inches 2 lines and 3. 


Se sm 2% 


I cael in how long a time a pipe, that di [charges 15 
pints in 2 minutes 34 feconds, will fill a ciftern that 
is 36 inches deep, 42 inches wide, and 72 inches 
tong. (fee queftion the 14.) | 


Anfwer. In 31707 feconds; or 8 hours 48’ 27%. 
| - For 
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For as eight pints make a gallon, fo alfo eight 
cubic half inches, that is, eight fmall cubes of half 
an inch every way make one cubic inch; therefore 


a pint contains 282 cubic half inches, and fifteen” 


pints 4230; but the whole veffe] contains 108864 
cubic inches by queft,.14; which are equivalent to 
870912 cubic half inches; therefore this queftion 
ought to be ftated thus; - 


Tf 4230 cubic half inches be difcharged in 154 feconds 
of time, in what time will 870912 cubic half in- 
ches be difebarged? And the aniwer is, 

In 8 hours 48’ 27” as above. 


Qu E§ Tes 28. 


Ifa wall 6 feet thick, 9 feet bigh, and 432 feet long, coft 
' 720 pounds in building, what will be the price of @ 


wall of tbe fame materials, that is 12 feet thick, 18 


feet high, and 576 feet long? 
In the former wall are contained 2 3328 cubic feet 


in the latter 124416; therefore the anfwer to this 
queftion is 3840 pounds, . 


A certain freeple projetied upon level ground a foadow to 
the diftance of 57 yards, when a four-foot fiaff pere 
pendicularly ereéied caft a foadow of 5 feet 6 inches: 
what was the height of the frceple 2 


Anfwer, 44 yards 1 foot 4 inches. 


QUEST. 


rut RULE OF THREE. 15 
1) 2Qewte st) 30; 


r wo Perfons A and B make a joint fiock, A puts in 372 
pounds, and B 496 pounds, for ihe fame time; and they 
- gain 114 pounds 2 feillings: 1 demand each man’s 
Soave of the gati. 


Both their flocks make 868 sicareiin fay then, if 
868 pounds {tock bring in 114 pounds 2 fhillings 
gain, what will 372 pounds, A’s part of the ftock, 
bring in? Anfwer, 48 pounds 18 fhillings for .4’s 
fhare of the gain; and this fubtracted from the whole 
gain, leaves 65 pounds 4 fhillings for B’s fhare of 
the gain. 

Note. If there be ever fo many partners, their 
fhares of the gain mutt all be found by the rule 
of proportion, except the laft, which may be had 
by fubtraction; but it would be better to find them 
all by the rule of proportion, becaufe then, if all 
the fhares, when added together, make up the whole 
gain, it will be an cae that the work is rightly 
performed. 


Me ema 


Two perfons ‘A and B make a joint fock,; A putsin 496 
- pounds for 2 months, and B 620 pounds for 3 months, 
and they gain 456 pounds: What will be each man’s 
feare of the gain? : 


% 


In order to give an anfwer to this queftion, it ‘ 
muft be confidered, that itis the fame in the cafe 
of trade, as it isin that of money let out to intereft, 
where time is as good as money, that is, whoever 
~ Jets out 496 pounds for 2 months, is intitled to the 

fame fhare of the whole gain, as if he had let out 
_ twice as much, that is‘992 pounds, for one month: 
an like manner, he that Jecs out 620 pounds for 3 
ia has aright to the fame fhare of the gain, 

as 
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as if he had let out three times as much, that is, 
1860 pounds, for one month: fubftituce therefore 
thefe fuppofitions inftead of thofe in the queftion, 
which may fafely be done without affecting the con- 
_ clufion, and then this queftion will be reduced to 
the form of the laft, without any confideration of 
the particular quantity of time, thus; Iwe merchants 
A and B make a joint ftock; A puts in 992 pounds, 
and B 1860 pounds for the fame time; and they gain 
456 pounds: What will be their refpettive bares of 
the gain ? | 


1. 


Anfwer. A’s fhare will be 158 pounds 12 fhillings | 


and 2 pence; and &’s, 297 pounds 7 fhillings and 
Lo pence. : 


D pie si sates 


If two men in three days will earn 4, foillings, bow 
much will 5 men earn infix days? 


This and the following queftion belong to that 
which they call the double rule of three, wherein 5 
numbers are concerned: thefe numbers mutt always 


be placed as they are in this example, that is, the 


two laft numbers muft always be of the fame deno- 
mination with the two firft refpectively, and the 
number fought of the fame denomination with the 


middle one; then may the queftion be reduced to | 


the fingle rule of three two ways, either by ex- 
punging the firft and fourth numbers, or the fe- 
cond and fifth. If you would have the firft and 
fourth numbers expunged, you muft argue thus; 
two men will earn as much in three days, as one 
man in two times 3, or 6 days; alfo 5 men willearn 
as much in 6 days, as one man in thirty days; fubfti- 
tute therefore this fuppofition and this demand, in- 
ftead of thofe in the queftion; and it will ftand thus. 
If one man in 6 days will earn four fhillings, bow 
| ; rguch 


tHr RULE OF THREE vw 
much will one man earn in 30 days? Which is as 


- much asto fay, [fin 6 days aman will earn 4 fillings, : 
how much will he earn in 30 days 2 


“Anfwer. 20 hhillings. | 


If you would have the fecond and fifth numbers 
expunged, you muff argue thus: Two men will earn 
as much in three days, as 3 times two or.6 men in 
one day; alfo 5 men will earn as much tn 6 days, 
as 30 men in one day; put then the queftion this 
- way, and it will ftand thus; If 6 men in one day 
will earn 4 fhillings, how much will 30 men earn 
in One day: That is, lf i” any quantity of time 6 men 
will earn 4 fhillings, bow much will 30 men earn in 
ihe fame time ? 


Anfwer. 20 fhillings, as before. 


_ Whofoever atténds to both thefe methods of ex- 
termination, will eafily fall into a third, which in- 
cludes both the other, and in practice is much 
better than either of them; for at the conclufion of 
both opérations, the number fought was found by 
multiplying 30 by 4, and dividing the product by 6: 
Now if he looks back, and traces out thefe numbers, 
he will find that the number 30 came from the mul- 
- tiplication of the two laft numbers 5 and 6 together, 
that 4 was the middle number in the queftion, and 
that the divifor 6 was the product of the two firft 
‘numbers 2 and 3 multiplied together; therefore, 
In all queftions of this nature, if the three loft numbers be 
‘multiplied together, and the produti be divided by the 
product of the two firft, the quotient will give the number 
~ fought, without any further troubles 


B QUEST, 


8 + Q@URSTIONS- 18 


_OvEST 33. 


If or the carriage of three hundred theta 40 miles, I 


muft pay 7 foillings and © pence, what muft I Pa ay 
the carriage of 5 hundred weight 60 miles ? 


— Anfwer. 225 pence, or 18 hhillings and 9 pence, 
Queftions in the rule of three Inverfe. 


- Hitherto we have inftanced in the rule of three 
direct; but there is alfo another rule of proportion, 
Called the rule of three inverfe; which, as to the pre- 
paration and difpofition of its numbers, differs no- 
thing from the rule of three direct, but only in the 
operation; for whereas there, the fourth number, 
was found, by multiplying the fecond and third © 
numbers together, and dividing by the firft; here ~ 
it is found by multiplying the firft and fecondnum- . 
bers together, and dividing by the third. All that. 
remains then, is to be able to diftinguifh, when a 
queftion belongs to one rule, and when to the other; 
in order to which, obferve the following direCtions: 
Af more requires more, or lefs requires lefs, work by the 
rule of three dire? ; but if more requires lefs, or lefs re- 
quires more, work by the rule of three inverfe. The 
meaning whereof is, that if, when the third number | 
is greater than the firft, the fourth muft be pro- 
‘portionably greater than the fecond; or if, when 
the third number is lefs than the firft, the fourth 
‘mutt be proportionably lefs than the fecond, the que- 
- {tion then belongs to the rule of three direct: But if, 
~when the third number is greater than the firft, the 
fourth muft’ be lefs than The fecond; Bho kebeg the 
third number is lefs than the firft, the fourth muft be 
greater than the fecond; in either of thefe cafes; the 
queftion belongs to the rule of three inverfe, and 
muft be refolved as above directed, ayes 
g aay 


- 


THE RUE OR TRRER 4 
As for example, 


Quest. ea. 


If 12 men ebill cat up aquantity of provifion in 16 days, 
how loug will 20 men be ih cating the spate: ? 


This quettion is of fuch a nature, that more re- 
‘quires lefs; for 29 men will confume the fame pro-— 
vifion in lefs time than t2; therefore the queftion 
belongs to the rule of three inverfe; fo 1 multiply the 
fart and fecond numbers together, and divide by the 
third, and the quotient 9, “that is, 9 days, is an 
anfwer to the queftion. 


A demonftration of the rule of three inverfe. 


If I was to anfwer this queftion by pure dint of 
thought, without any rule to direct me, I fhould 
reafon thus: whatever quantity of provifion lafts 12 
men 15 days, the fame will laft 1 man. 12 times as 
long, ‘that is; 12 times. 15, or 180 days; but if ic 
will laft 1 man 180 days, ic vill lait.2o men bur the 
goth part of that time, that is, 9 days: here then 
the fourth number was found by multiplying the 
firft and fecond numbers together; and dividing the 
- product by the third; and the reafon is the fame-in 
all other cafes, where-ever the rule of three inverte is 
‘concerned. 9, A ieDy is by un 


Qu ST. 3i5s 


One lends me 372 pounds for 7 years and 8 months, .or 
g2 months: how long muft I lend bim 496 ese 
for an ea ? 


» 


Anfwer. 5 ee 9 months. — 
B 2 ae E ST. 
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Ques Tt. 36, 


If a fquare pipe, 4 inches and 5 lines wide, will difcharge 
acertain quantity of water in one hour's time; in 
what time will another Jquare pipe, 1 inch and 2 
lines wide, difcharge the fame quantity from the fame 
current ? | 


The orifice of a fquare pipe 4 inches 5 lines, er 
53 lines wide, contains 2809 {quare lines; and the 
orifice of a pipe r inch 2 lines, or 14 lines wide, 
contains 196 fquare lines. Say then, Jf an orifice of 
2809 square lines will difcharge a certain quantity of 
water in one hour; in what time will an orifice of 196 
fquare lines difcharge the fame? ue 


| Anfwer. In t4-hours 19’ 54’. 
Qiu BS Te 378 


If 2 men, or 4 women, will do a piece-of work in 56 - 
days, how long will one man and one woman be in 
doing the fame? | 


Becaufe of the 3 men, or 4 women, fome number 
mutt be found that: is divifible both by 3 and by 4 
without remainder; fuch an one is the number 125 
which is the product of 3 and 4 multiplied together ; 
(fee obfervation the third upon the definition of di- 
vifion :) make then 3 men or 4 women equivalent to. 
12 boys, and you will have 1 man equivalent to 4 
boys, 1 woman to 2 boys, and 1 man and 1 woman 
to 7 boys, and the queftion will ftand thus; Jf 12 | 
boys will do a piece. of work in 56 days, how long will 

4 boys bein doing the fame? , 


Anfwers 96 days. 


Que Se os 


cee RUUEIOR THREE. on 


Ou E $7. 
Tf 5 omen, or 4 colts, will eat up a clofe in 87 days, 


in what time will 2 oxen and 3 colts eat up the 


fame? 


Anfwer. In 105 days. 


QUEST. 39. 


Jf 2 acres of land will maintain 3 horfes 4 days, how 
long will 5 acres maintain 6 horfes ? 


This queftion may perhaps, at firft fight, be taken 
to be fomewhat of the fame nature with the 32d 
_ and 33d queftions, which belonged to the double rule 
of three direct; but when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature; for we cannot fay here as we did 
there, that 2 acres will laft 2 horfes as. long as 1 
acre will laft 6 horfes; this would be a very unjuft 
way of thinking, and where-ever itis fo, the queftion 
ought to be referred to another rule, which they 
call the double rule of three inverfe; the propriety 
or impropriety of this thought being an infallible 
criterion whereby to diftinguifh when a queftion 


belongs to one rule, and when tothe other. All 


queftions belonging to this rule, as well as thofe 
belonging to the other, may be reduced to the fin- 
gle rule of three two ways; either by éxpunging 
the firf{ and fourth numbers, or the fecond and 
fifth; but then the methods of extermination are 
different. In queftions of this nature, if the firft 
) and fourth numbers are to be éxpunged, the 2 firft 

“numbers are to be multiplied by the fourth, and-the 


2 laft by the firft; but ifthe fecond and fifth num-~ 


_ bers are to be expunged, then the two firft numbers 
are to be multiplied by the fifth, and the two laft 
by the fecond: thus in the queftion before us, if we 


B 3 would 


a“ 
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would exterminate the firft and faurth numbers, we 
muft multiply the two firft numbers, that is, 2 and 
3, by the fourth, that is, by 5, and fay, that 2 
acres will laft three horfes jult as long as 10 acres will 
Jaft 15 horfes; we mutt alfo multiply the 2 laft 
numbers, to wit, 5 and 6, by the firft, that is, ‘By 2, 
and fay, that 5 acres will laft 6 horfes as long as 10 


acres will laft 12 horfes. Ufe now thefe numbers | 
“inftead of thofe in the queftion, and it will be 


changed into this equivalent one; If ro acres of Jand 
will maintain 15 horfes 4 days, how long will 10 
acres Maintain 12 horfes? Strike out of the queftion 
the firft and fourth numbers, which, being equal, 
— will be of no ufe in the coaclufion, aad then the 
queftion will ftand thus; Jf 15 borfes will eat up a 
certain piece of gr round in 4. days, how long will 12 borfes 
be in eating up ibe Jome ? ¢ 


Anfwer. 5 days; for at queftion belongs 1 to dia 
rule of three inverfe, 3 


If we would exterminate the fecond and: fifth 
numbers out of the queition, we muft multiply the 
two firft numbers by the fifth, and fay, that 2 acres 
will faft 2 horfes juft as long as 12 acres will lait 18 
horfes; we mutt alfo mu ltiply the two laft numbers by 
the fecond, and fay, that 5 acres will laft 6 horles as 


long as 15 acres will laft-18 horfes: ufe thefe npum- _ 


bers inftead of thofe in the guefiion, and it will be” 
changed into this equivalent one: If 12 acres. will 
maintain 18 horfes 4 days, how long will 15 acres 
maintain 18 horfes ? That is, ({triking out the fecond - 
and fifth numbers) Jf 12 acres of land will maintain a 
certain number of borfes 4 days, how fim will 15 acres 
laft the fame number ? 


Medi 


Anfwer. 5 days as peftirah for this queion bee 


longs to the rule of three direct. 


In 


i ‘ 


/ 
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In both thefe operations, the number fought wag - 
at laft found by multiplying 15 by 4, and then di- 
viding the product by 12: now. whofoever’ looks 
back upon the foregoing: réfelution, and obferves 
how thefe numbers were formed, he will eafily per- 
ceive, that the number 4 was the middle term in the 
queftion; that the number r5 in both operations was 


the product. of the numbers 3 and 5s, which lay 


next the middle term on each fide; and that the 
divifor 12 was in. both cafes the preduct of the ex- . 
treme numbers 2 and 6: therefore, Jv all queftions be- 
longing to the double rule of three inverfe, where the’ 
numbers are fuppofed to be ordered as in the double rule 
of three direct, if the three middle numbers be multiplied 
together, and the- product be divided by the produa of the 
two extremes, the quotient of this divifion will be the 


number fought. And thus may all the trouble of 


expunging be avoided, though. | thought it proper 
to explain that method in the firft place, in order to 
let the learner into the reafon of this laft theorem, 
which is founded upon it. 


Queftions wherein the extraction of the square 
root 1s concerned. 


QO wre Te' 402. | 
There is a certain field, whofe breadth is 576 yards, and 
whofe length is 1296 yards: I demand the fide ee a 
Square field equal to1t. , 


Anfwer. This field will be equal to a Mea whofe 
fide is 864 yards, — | 


Quest. Al. 


There is a certain inclofure 3 times as long as it is broad, : 
whofe area is 46128 fquare yards; I demand its 
‘breadth and length? . 


The breadth multiplied into the length, that is, 


the breadth multiplied into 2 times icfelf, is 461283 
Ay conan = ty 9 therefore 


$b 0 QUESTIONS, &e. 

therefore the breadth multiplied into itfelf is 153763 

therefore the breadth is 124, and the length B72.) 
| QuEST. 42. | 


A certain fociety collect among themfelves a fum amounting 
to 15 pounds 5 foillings and a farthing, every one con- 
tributing as many farthings as there were members in 
the whole fociety: I demand the number of members. 


‘ Anfwer. ‘q2i members 
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INTRODUCTION, 
Concerning Vulgar and Decimal Fraétions. 


DE FUN: 1-O.N 5, 


4rt. 1. A FRACTION, fimply and abftra@edly 
confidered, is ‘that wherein fome part 
or parts of an unit are exprefied: as, if an unit be 
fuppofed to be divided into 4 equal parts, and three 
of thefe parts are to be expreffed, it muft be done by 
the fraction three fourths, to be written thus 2: 
here the number Ay which fhews into how many 
equal parts the unit is fuppofed to be divided, and 
fo determines the true value, magnitude, or Hlicg 
mination of thofe parts, is called the denominator 
of the fraction ; and the number 3, which fhews 
how many of thefe parts are confidered in the 
fraction, is called the numerator : thus in the fraétion 
Zor one half, I is the numerator, and 2 the de- 
‘pominator : in 2 or two halves, 2 is both numerator 
and denominator, &c. 
When a fraétion is applied to any particular 
_ quantity, that quantity is called the integer to the 
guia: thus in 4 ot a PEARY»: a penny is the in- 
| Leger; 
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teger; in three fourths of fix, the number 6 is the 
integer; thus'in three fourths of five fixths, the . 
fraction five fixths is the integer; for though in an 
abfolute fenfe it be a fraction, yet here, with refpect 
to the fraction three fourths, it is an integer: and 
thus may one and the fame quantity, under differ- 
ent ways of conception, be both an integer and a 
fraction ; as a foot is an integer, and a third part of 
a yard is a fraction, though they both fignify the 
fame thing. When the integer to-a fraction’ is not 
sag hes “unity is always to be underftood. Thus i 
3. is 2 of an unit; thus when we fay, 7 and 4 
make =7, the meaning is, that if 3 part of an unit, 
and = part of an unit be added together, the fum 
will amount to the fame as if that unit had been 
divided into 12 equal parts, and 7 of thofe parts 
had been taken. Thus again, when we fay that $ of 
# are equivalent to ,5, we mean, that if an unit be 
divided into 5 equal parts, and 4 of them be taken, 
and then this fraction + be again divided into 3 equal 
parts, and two of them be taken, the refule will be 
the fame as if the unit had at firft been divided into 
15 equal parts, and 8 of them had been taken; and 
whatever is true in the cafe of unity, will be equally 
true in the cafe of any other integer whatever. thus 
if it be true that 4 and 4 of an unit are equal to 2 | 
of an unit, that is, if it be true s general that + and 
* added together are equal to 2, it will be as true 
of any particular i integer, fuppofe of a pound fterling, 
that + of a pound, and + of a pound when added to- __ 
gether, are equal to + 7 of a pounds again, if ic be | 
true in general that + of + * are equal to? , it is as true 
in particular that 2 2 of 4 of a pound are equivalent to 
+s of a pound, ese, _ 


Oe 


Art. 2. Gi Proper and Improper Fraéiions. 247 


Of pier and improper fratbiorie. and of the 
reduction of an improper fraction to a whole or 
mixt number. | 


2. Fractions are of two forts, proper and impro- 
per; a proper fraction is sats whole numerator is 
lefs than the denominator, as 4; therefore an impro- 
per one is that, whofe numerator it equal to, or 
greater than, the denominator, BA jigs aire 


| Olay £¢ TON. 

But is there no abfurdity in the fuppofition of an 
improper fraction, as in three halves for inftance, 
confidering that an unit cannot be divided into more 
than two ‘halves ? Anfwer: No more than there is 
in fuppofing three halfpence to be the price of any 
thing, confidering that a penny cannot be divided into 
above two halfpence. Theie fractions therefore are: 
called improper, not from any abjurdity either in the 
fuppofition or in the expreffion, but becaufe they 
may be more properly and more intelligibly exprefied, 
either by a whole number, or at leaft by a mixt number 
confifting of a whole number and a fraction; as for ex- 
ample, if the numerator of a fraction be equal to the 
denominator, as +, that fraction will always be equi- 
valent to unity, as + of an hour, that is, four quarters 
of an hour, are equivalent to one hour, + of a penny, 
that.is, 4 farthings, are equal to one penny, &c: 
and thereafon is-plain; for if an unit be divided into 


four equal parts, and four of thefe parts be exprefled 


in a fraction, the whole unit is exprefled in that 


‘fraction, that is, fuch. a fraGtion muft always be 


looked upon as equal to an unit: therefore if the 
numerator be double of the denominator, as 2, the 
fraction muft be equai to the number 2, becaufe 
contain +.or 1 twice; in: like manner + are equal to, 

| and 
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and may be more properly expreffed by, the number 


33 "¢. by the number 4, Sc: and univerfally, as’ 


3 aften. as the numerator of a fraction contains the de- 
nominator, fo many units is that fraction equivalent 
- to: But to find how often the numerator contains the 
denominator, is to divide the numerator by the deno- 
minator; therefore if the numerator of an improper 


fraction be divided by the denominator, the quotient,’ 


if nothing remains, will be the whole number by 
which the fraétion may beexpreffed ; but if any thing 
remains of this divifion, then the quotient, together 
with a fraction whofe numerator is that remainder, 
and denominator the divifor, will be a mixt num- 
ber, expreffing the fraction propofed. Thus 2 are 
equivalent to the whole number 8, but 23 are equi- 
valent to the mixt number 8 4, % to the mixt 
number 8 2, juftas 24 feet are “equal to 8 yards, 
a5 feet to 8 yards and 1 foot, 26 feet to 8 yards and 


2 feet, oc: and this 1s what we call the reduction — 


of an improper fraction into. a whole or mixt num~ 
ber. 


~ 


The reduétion of a bole or mixt gurnbie into an 


es oper Jaa 


3. As unity may be expiettia by any fraction of 
any form or denomination whatever, provided the 
numerator be equal to the denominator, as Ghee ty 
fe; fo the number 2 is reducible to any fraction 
whole numerator is double the denominator, as oe 
&, £, &e; and fo is every number reducible to any 
fraction, whofe numerator contains the denominator 
as often as there are unitsin the number propofed: 


a whenever a whole number is to be reduced 


a fraétion whofe denominator is given, it muft be 


mbleplied, by that given denominator, and the pro- 


duct with that denominator under it, will be the © 
eguripinss fraction. Thus, if the number 5. is to be 


reduced 


At. 3.4. 0 PRACTIONS: a9 
reduced into halves, that j is, into a fraction whofe 
denominator is 2, ic muft be maltiplied»by-2, and 
fo you will have 5 equal to *,°, juft as 5 pence are 
| equivalent to 10 halfpence ; if the number 8 is tobe 
reduced into thirds, it muft be multiplied by.3, and 
fo you will have 8 equal to 2,4, juft as 8 yards are 

equal to 24 feet; laftly, if the number 2 is to be 
reduced into fourths, it will be equal tod, juft as 2 
pence are equal to 8 farthings. If the number to 
be reduced be a mixt number, confifting of a whole 
number and a fraction, the whole number muft 
always be reduced to the fame denomination with the 
fraétion annexed, and the rule will be this: Multiply 
the whole number by the denominator of the fraction 
annexed; add the numerator tothe product, and the 
-fum with the denominator under it will be. the 
equivalent fraction. Thus the mixt number 5 i is 
equivalent to *,", juft as 5 pence halfpenny in money 
is equivalent to 11 halfpence: This operation carries 
its own evidence along with it; for the number 5 itfelf 
is equal to ‘2 as ‘above; therefore 5. mutt be equi- 
valent to + ‘ again, the number 8 3 is equal to ~, . 
jutt-as 8 yards an 2 feetover are equivalent to 20 feet; 


laitly, 2 2 is reducible to’, juft as two pence Ang 3 
farthings a are reducible to 11 farthings. 


Ab ick see ervey (Ad 


eat any integer be affumed, as a pound flerling, and 
anh any frattion,.as 3, I fay then, that 3. 3 parts 
of one pound amount to the fame as + part of 3 
pounds. 
To demonftrate this Lemma (wehich fcarce wants 
a demonftration) I argue thus: If any quantity, 
greater or lefs, be always divided into the fame 
- number of parts, the greater or lefs the quantity fo 
_ divided is, the greater or lefs will the parts be, Thus 
= of a yard is 3 times as much asi of a ‘foot; be- 
. sate a yard is. 3 times as much as a foot; and for the 


fame 


- 
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dame reafon { of 3 pounds is 3 times as much as 2% 
of 1 pound; but 3 of one pound are alfo 3 times as 
_ much as 7 of one pound; therefore 2 of 1 pound are 
equal to + of 3 pounds, becaufe doth are juft 3 times 
assmuch:as4. af pound. Qs £3 Die) 0, 


Z ae bt 

How to ¢fimate any fractional parts of an Integer 
in parts of a leffer denomination, and vice 
versa. ; Sead. 


5. This may be done various ways; but the fhorteft 
and fafeft, as [take it, is that which follows: Sup- 
pofe I had a mind to know the value of = of a pound; 
I fhould argue as in the foregoing lemma, that 4 of 
One pound are the fame as § of 5 pounds, but the 
latter is more eafily taken thanthe former ; therefore 
IT apply myfelf wholly to the latter, to wit, to find 
. the fixth part of five pounds, thus: 5 pounds, or 100 

‘fhillings, divided by 6, quote 16 fhillings, and 
there remain 4 fhillings; again, 4 fhillings, or 48. 
pence, divided by 6, quote 8 pence, and there re- 
mains nothing; therefore the value of 1 fixth of 5 
pounds, or $ of 1 pound, is 16 fhillings and 8 pence. 
Again, fuppofe I would know the value of > of a 
pound, I find the value of + of 6 pounds thus; 6 
pounds, or 120 fhillings, divided by 7, give 17 
fhillings, and there remains 1 fhilling; again, 1 
fhilling, or 12 pence, divided by 7, gives 1 penny, 
-and there remain 5 pence; again, 5 pence, or 20 
farthings, divided by 7, give 2 farthings, and there 
remain 6 farthings; laftly, a feventh pare of 6 far- 
things is juft as much as of 1 farthing, by the 
-lemma: hence I conclude, that $ of a pound are 
17 fhillings r-penny 2 farthings and > of a far- 
thing: But the value of $ of a farthing is fo near to” 
one farthing, that if I would rather admit of a fmall 
“jnaccuracy in my account,’ than a fraction, I fhould 
make the value of $ of a pound to be 17 fhillings: 
| he} | _ Ppenay 
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‘1 penny and 3 farthings. Laftly, fuppofe I would 
know the amount of = parts of 17 fhillings and 6 
pence, I fhould argue thus; 3 parts of 17 ‘fhillings 
and 6 pence are equivalent to 4. part of twice as 


much, that is, to 4 part of 35 fhillings : but $ part 


of 35 fhillings is 11 fhillings and 8 pence; there- 


. fore 4 parts “of 17 fhillings and 6 pence make 11 


“fhillings and 8-pence. 

Of the reverfe of this reduction, one fingle in- 
ftance will fuffice: Let it then be required to reduce 
1 fhilling 2 pence 2 farthings to fractional parts 
of a pound: here I confider, that in 1 pound are 
60 farthings ; and in 1 fhilling 2 pence 3 farth- 
ings, are 59 farthings; ‘therefore ¥ farthing 1s 2%. 
of sg pound; and 1 fhilling 2 pence 3 farthings are 


_ geo of a pound. 


j Preparations Jor further reductions and operations 


sibxa 
SoD hy 


of fractions. 


6. All the operations and reduétions of fractions 


are mediately or immediately deducible from the — 


following principle ; which is, that Jf the numerator 
of a frattion be encreafed, whilft the denominator con- 
tinues the fame, the value of the frattion will be en- 
creafed proportionably :. and vice vers. On the other 
hand, if the denominator be encreafed in any proportion, 
whilft the numerator continues the fame, the value of 
the fratiion will be duminifoed 3 in @ contrary proportion; 

ong vice verfa. Thus 2 are twice as much as 1, and 


4 is but half as much. 
From this principle it follows, that if the nume- 


__rator and demoninator of a fraétion be both multi- 


_plied, or both divided, by the fame number, the va- 
lue of the fraction will not be affected thereby ; 
_ becaufe, as much as the fraction is encreafed by 
multiplying the numerator, juft fo much again it 
_ will be diminifhed by multiplying the denominator ; 
yard, as neh as the fraction is diminifhed by divid- 


| 
. 
} 


| 
| 


‘ing gS 


| 
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ing the numerator, juft fo much again it will be 
‘encreafed by dividing the denominator. Thus the 
‘terms of the fraction 3 being doubled, produce $, a 
fraction of the fame value; and, on the contrary, 
the terms of the fraction $ being Hiled, give =. 
Fence it appears, that every fraétion is capable 
of infinite variety of expreffion, fince there is in- 
nite choice of multiplicators, whereby the numera- 
tor and denominator of a fraction may be multiplied, © 
and fo the expreffion may be changed, without 
changing the value of the fraction. Thus the frac- 
tion 4, if both the numerator and ath Mest Ue 
“multiplied by 2, becomes 2; if by 3,' 2% af Dy-4, one 
if by 5 +5; and fo on ad infinitum; all which are 
nothing elfe but different expreffions of the fame. 
fraction: therefore, in the midft of fo much variety, 
we muft not expect that every fraction we meet 
- with fhould always be in its leaft or loweft terms; 
but how to reduce them to this ftate whenever they 
happen to be otherwife, fhall be the bufinefs of the 


next article, 


The reduction of frattions fr om Bisse to lower 
terms. 


7. Whenever a feation is fufpected not to be in 
its leaft terms, find out, if poffible, fome number 
that will divide both the numerator and denomina- 
tor of the fration without any remainder; for if 
fuch a number can be found, and the divition! be | 
made, the two quotients thence arifing will exhibit 
refpectively the numerator and denominator of a 
fraction, equal to the fraction firft propofed, but ex-. 
preffed in more fimple terms: this is evident from 
the laft article. As for example: let the fraction 
+ be propofed to be reduced: here, to find fome 
number that will divide both the numbers 1o0-and 15 
without any, remainder, I begin with the number 2, 
as being the firft whole number that can have any 

. 4, : effect 


effect in divifion; Bit I Gna 2 Sil not Hiltde 15; 
32 isthe next number to be tried; but neither wilh 
that fucceed, for it will not divide 10; as for the 
number 4, I pafs that by, becaufe if 2 would not 
divide 15, much lefs will 4 do it; the next num- 
ber I try is 5, and that fucceeds; for if 10 and 15 
be divided by 5, the quotients rift be 2 and 3 re- 
-_ fpectively, each without remainder; therefore the 
fraétion 43, after being reduced to its leaf terms, 
- is found to be the fame as 3; that is; if an unit 
be divided into 15 equal parts, and 10 of them be 
taken, the amount will be the fame as if it had. 
been divided into 3 equal parts, and 2 of them had 
been taken. Secondly, if the fraction propofed to. 


be reduced be ooo 2 divide its. terms by 2, and 
you will have ei fraétion: ee divide again’ by 
oa and you will have ae divide again by 2, and 


you will have 2 ie therefore all further divifion by 
@ is excluded: divide then thefe laft terms by 3, 


and you will have <= divide again by 3, and 


you will have at ee ‘by 5, and you will have 
get and laftly, divide by 7, and you will have 2; 
fo that the fraction ore after a e€ommon divifion 


yndy ea opay 33°48," 7; is found at latt equal to 4. 
Thirdly, the fraction Rar after a4 continual divifion 
by 2, 2, 3, becomes 2. Fourthly, $$, after a con- 


849 
tinual divifion by 2, "2, 7, becomes 3. _ ‘Fifthly, 
gon after a continual: divifion by 2, 2, 33 3, be- 


42 
comes 4. Sixthly, —, after a continual ‘divifion 
by 2, 3, and 7, becomes =. Seventhly, oe ‘afterd.. 


| | 3 ee | cOntl- 


ne 
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continual divifion by 3, 597» becomes 2: 4. . Eighthly, 


ee after a continual divifion by 5 and 7, be- 


comes ,4:. Ninthly, Ce after a continual divifion 
5 


by 5, 7, 7, becomes 3, or 3. 

Some perhaps may think themfelves fielped in the 
practice of this rule by the following obfervations : 

Firft, that 2 will divide any number that ends saith 
an even number, or with a cypher, as 36, 30, &e. 
and no other. 

Secondly, that 5 will divide any number that ends 
with a5, of witha cypher, as 75, 70, Gc. and no 
other. 

Thirdly, that 3 will divide any number, when it 
will divide the fum of its digits added ‘together: | 
thus 3 will divide 471, becaule it will divide thé 
number 42, which is the fum of the numbers 4, 7, 
and 1. 

Fourthly, if both the numeratorand denominator 
have cyphers annexed to them, throw away as many 


yy oe 
as are common to both: thus. 35°° is the fame as 
Pa 56000 
35 7 4 
560° Ole 3! OF +5 


After all, there is a certain and infallible rule for 
finding the greateft common divifor of any two num- 
bers whatever, that have one, whereby a fraction may 
be reduced to its leaft terms by one fingle operation 
only. I fhall be forced indeed to poftpone the de- 
montftration of this rule toa more convenient place; 
not fo much for want of principles to proceed upon, 
as for want of a proper notation; but the rule itfelf 
is as. follows: Jet a and 4 be two given numbers; 
whofe greateft common divifor is required 5 to wit, @ 
the greater, and 4 the lefs: then, dividing a by b 
without any regard to the quotient, call the remain-~ 
der ¢3 oes again d by c, and call vyhe remainder d; 

4 et then 
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then divide c by d, and call the remainder e; then 
divide d by e, and call the remainder /; and fo pro- 
ceed on, till at laft you come to fome divifor, as f, 
which will divide the preceding number e¢ without a 
remainder : I fay then, that this laft divifor will be 
the greateft common divifor of the two given num- 
bers a and 4. As for example; let ¢ be 1344 and 
6 582: then, to Gnd the greateft common divifor of 
thefe numbers, I divide @ (1344) by 4 (482) and 
there remains 180, which I call 63 then I divide @ 
| (582) by ¢ (180) and there remains 42, which 1 call 

d; then I divide ¢ (180) by d (42) and there re- 
mains 12, which I calle; then I divide d (42) by @ 
12) and there remains 6, which I call fs lattly I 
divide e (12) by f (6) and there remains nothing: 
whence I conclude that 6 is the greateft common di- 
Yifor of the two numbers 1344 and 582 ; and as the 
quotients by 6 are 224 and 97, it follows, that the 


8 
- fra@tion rive when reduced to its leaft terms, will 


be-— 27. If) no common divifor can be found but 
DHE, it is an argument that the fraction is in its 
leaft terms alteady « 
From this and the laft article it follows, that all 

fractions that are reducible to the fame leaft terms are 
' equal; as #, $, 32, ec. which are all reducible to 4 
though it does not follow é conver/o, that all ihe 
fractions are reducible to the fame leaft terms; this 
will be demonftrated in another place. (See Elements 
' Of Algebra, Art. 193. page 290, 4to.) 
For the better underftanding of the following ar- 
ticle; it muft be obferved, that this mark x isa a fign 
of multiplication, and is ufually read into: thus 2X 2 
fignifies ADE ye iy oe fionifies Dy 2 Be ALS 
fignifes 120, €c.; and in fome cafes it will be betier 
to put down thefe components or factors, than the 
_ €Haracter of the number arifing from their continual 


he eb as in the following articles It ought 


Ce allo 


36 REDUCTION or Introd 


alfo to be obferved, that it matters not in what order 


thefe components are placed; for2x3xX%4X5 fig- | 


nifies juft the fame as 4X 5X2*X 3; Se. 
The reduétion of fractions of different eiioiina ake 
to others of the fame denomination. 


8. .There is another redidiok of fractions, no lefs 
ufeful than the former; and that is, the reduction of 
fractions of different denominations to others of the 
fame denomination, or which have the fame denomi- 
nator, without changing their values ; which is done 
as follows: Having firft put down the fractions to 
be reduced, in any order, one after another, and be- 
ginning with the numerator of the firft fraction, mul- 
tiply itr, by a continual multiplication, into all the 
denominators but its own, and put down the product 
under that fraction; then multiply, in like manner, 
the numerator of the next fraction into all the de- 
nominators but its own, and put down the product 
under that fraction ; and fo proceed on through all 


the numerators, always taking care to except the de- 


nominator of that fraction whofe numerator is mul- 
tiplied. “Then, multiplying all the denominators to- 
gether, put down the produét under every one of 
the products laft found, and you will have a new 


fet of fractions, all of the fame denomination with — 


one another, and all of the fame values with their re- 
fpective or iginal ones. As for example; let it be 


propofed to reduce the following fraétions to the fame 


denomination, dors Aye, 1/f, The numerator of 
the firft fraction is 1, and the denominators of the 
reft are, 4, 6, and 8, and 1 x 4x 6x 8 gives 1925 
therefore I put down 192 under i, adly, The nu- 
merator of the fecond fraction is 3, and the denomi- 
nators’ of the reft are 6, 8, and 2, and3x6x8x2 
gives 288; therefore I put down 288 under 3 Seni ie 
SBR 2h IVES 220.5 therefore I put down 


320° under 5. 4th, 7X2 X 4X O gives 336; there- 


fore. , 


i 


i 
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fore I put down 336 under 2. Laftly, 2 X4X6x 8, 
or the product of all the denominators, is 384. This 
therefore I put down under every one of the nume- 
rators laft found, and io havea new (et of fractions, 
ty 192 288 320 336 
Vi. 
384° 384? 384° 384 
tion, as appears from the operation itfelf; and all of 
the fame value with their refpective original ones, as 
will appear prefently; but firft fee the work : 


, all of the fame denomina- 


3 3 
4° as e 
ES) 


8 320 3 
384 a4: 384" 


A demonfiration of the rule. 


wa «Nl 
e 


6 


: 
[oe 
at 


All that is to be demonftrated in this rule is, to 
prove from the nature of the operation itfelf, that the 
original fractions fuffer nothing in their values by this 
reduction: in order to which, it will be convenient 
to put down the components of the new numerators 
inftead of their proper characters, as ‘in the laft ar- 
ticle; as alfo thofe of the common denominator, and 
the work will ftand thus: 

I 3 | ze 

3° * 6 ¥ 
. 1X4X6x8 axOx8x2 5x8X2x4 '1X2X4X6. 
2%4X0x8" _4XOXSX2. OX8XK2X4" Ty OXFRARS 


By this method of operation it appears, that the 
- numerator and denominator of the firft fraction 2, are 
both multiplied by the fame number in the reduction, 
to wit, by 4x 6x8; and therefore that fraction fuf- 
_ fers nothing in its value, by art. 6. In like manner, 
the terms of the fecond fraction 3 4 are both multiplied 
_ by the fame number 6x 8 x 2; therefore that fraétion 
can fuffer nothing in its value; and the fame may be 
faid of all the reft. QwBbeoD. ad aod 

3 bate Cooly Other 
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‘Other examples to this rules 


es fe Te Ie 5 Ig Te I, Yo 


Bie Bly ES By ewe % = Biss 
360. Ta4o 180 144 120, 120 90 72 60 
720 "729 720°. 720° 720 360° 360 360° 3600... 
Be Ze Te By . 

a $ a <2 ei ee 


Reh WBA: si 20) 

120 "120 120" 

' "The ufe of this rule i foon appear in the addition 
and fubtraétion of fraétions: in the mean time it may 
not be amifs to obferve, that it would be very diffi 
_cult, if not impoffible, to compare fraGtions of dif- 
terent denominations, without firft reducing them to 
the fame. As for inftance; fuppofe it fhould bé 
and which of thefe two fractions is the greaters. 
$y OF 55 in this view it would be difficult to deter- 
mine the queftion ; ; but when I know that 3 are the 
fame with 45, and that 2 are the fame with ae Be 
know then, that 3 are ereater than § by a twenty- 
eighth part of the whole. We now proceed to the 
Your operations of fra€tions; to wit, their addition, 
RD AEHON multiplication, and divifion: a fir, 


Of the ee ead of frattions. 


oe 


9: Whenever two or more a hows are to be added 


together, let them firft be reduced to the fame deno- 
mination, if they be not fo already ; and then, adding 
the new numerators together, put down the fum with 
the common denominator-under it. In the cafe of 


mixt numbers, add firft the fra€tions together, and. 


then the whole numbers: but if the fractions, when 
added together, make an improper fraction, reduce 
it by the.2d art. toa whole or mixt number; and 


then putting down the fractional part, if there be any, : 


referve the whole number for the place of integers. 


att Tol 


q 
. 
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To o rule might be referred (if it had not beens 
taught already in the dart. ) the reduction of a mixt 


number into an improper fraction, which is nothing - 


elfe but adding a whole number and a fraction to- 
gether, and may be done by confidering the whole 
_ number as a fraction whofe denominator is unity, © 


Examples of addition of fractions. 


_ aft, 3, and 4, when added together make ,7,, for 
juft the fame reafon as 3 fhillings and 4 fhillings when 
added together make 7 fhillings. 

2dly, The fractions + and + when reduced to the 
fame denomination by the lat art. are+ and --2, and 
thefe-added together make +2; therefore the fraCtions 
$and = when added together make up the fraction 2. 
For a better confirmation of thefe abftra@t con- 
clufions, but chiefly to inure the learner to conceive 
and reafon diftinétly about fractions, it may be very 
convenient to apply thefe examples in fome particular 


cafe; as for inftance, in the cafe of a pound ering . 


and if we dofohere, we are totry, whether £ and 7 
of a pound, when added together, amount to jek of a 
pound, or not: here then we fhall find by divifion, 
that the third part of a pound is 6 fhillings and 8 
pence, and the fourth part 5 fhillings; and thefe, 
added together, make 11 fhillings and 8 pence; 
therefore £ and + of a pound, when added together, 
make 11 fhillings are 8 pence; but by the 5th. art. it 
will be found that +4 of a pound are alfo 11 fhillings 
and 8 pence; therefore $ t and + of apound, whenadd ed 
together, make +7 of a pound ; ; and the fame would 
have been true in any other inftance whatever. 
_ gdly, = and 4, that is, 3%, and.43, when added 
together, make 22, which will alfo be true 10 the 
cafe of a pound fterling ; for by the sth art. 2 ofa 
pound are 8 fhillings, ¥ of a pound are 7 fhillings 
and 6 pence, and their fum is 15 fhillings and 6 
Soa which will alfo be found to be the vaiue of 
Ou oe Ot 


~ 
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% of a pound; therefore 2 and 3 of a pound, when 
ne together, make 22 Of a pound. 

AID, = and 2, that is, +2: and 32, when added 
together, make 32, an improper fraction 3 which 
being Ce to a mixt number, by the 2d art. is 
T afd +4: Jet us now try, whether 3 of a pound, 
and + of a pound when added together will make 
one pound and -2 of a pound over, or not: now 
2 of a pound, or 13 fhillings and 4 pence, added to 
+ of a pound, or 16 fhillings, amount to 1 pound 
9 fhillings and 4 pence: and EET pound are 
found to be g fhillings and 4 pence; therefore 2 and 
4 of 4 Boag when added tagether, make one pound 


: and; kL a pects over. 


civ; = aud), tidal is, 22) and, when added 
together, make 35 Or i which will alfo be true 
in the cafe of a pound fterling. 
7 I I 1; Hue 2 360 zie. ie wr 
I 20 
as when added together, make —? t thar | is, I ab ; 
se? 


ry it in money. 
4 12 -- 360 480 cht 
jtbly , ee Wee) + ty and $ that IS, 730° ee 720° 
720 
oe 3 iat ha 
Bean The fum of the mixt numbers 7 4 and 8 + is 
15) A. for the fum of the fractions is 3 by the fe. 
cond examp'e, and the fum of the whole numbers 


48 15. 


gthly, 5 = added to 7 4 gives 13,4235 for the fum 


of the aeons Bt qe by the fourth example; and , 


the whole number 1, added to the whole numbers 5 
and 7, zis 13. 

torbly, 8 % O SIGS iho) eee agoed toBeenaip 
make 5342; for the fractions themfelves make Bhan 


by the jeventh example, and the whole Hf nat a 3 
added to the reft makes 53. 


| rid! ‘Dy 


6 6 
57” and Ra when added. together, make “32- a » that. 
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11thly, The whole number 2 added to the frac- 
tion 3 gives 4°; for the whole number 2 may be 
confidered. as a FragHOn whofe denominator is uni- 
ty; now + and 3 3, when reduced tothe fame deno- 
mination, are * and 3, which added together make 


ares 


* Thus alfo may unity be added to any fra¢tion 
whatever, when fubtraction requires it; but better 
thus: unity may be made a fraction of any denomi- 
nation whatever, provided the numerator be equal to 
the denominator, by art. 2d: fuppofe then I would 

_add unity to 2; I fuppofe unity equal to 3, and this 
added to 2 makes 3: again, unity added to 2 makes 
4, becaufe 2 and 3 make 2. 


Of the fubtrattion of fractions. 


1o. Whenever a lefs fraction is to be fubtraéted 
from a greater, they muft be prepared as in addition; 
that is, they muft be reduced to the fame denomi- 
nation, if they be not fo already; then, fubtracting 
the numerator of the lefs fraction from that of ‘the 
greater, put down the remainder with the common 
denominator under it. Inthe cafe of mixt numbers, | 
fubtract firft the fraction of the leffer number from 
that of the greater, and then the leffer whole num=- 
ber from the greater; but if, as it often happens, the 
greater number has the leffer fraction belonging to it,. 

then an unit muft be borrowed from the whole num- 


ber and added to the fraction, as intimated in the 
clofe of the laft article, 


Examples of fubtraction in fractions. 


if, +2 fubtracted from + + leaves ue juft in the 


‘fame manner as 3 fhillings fabtraéted trom 4f fhillings 
leave 1 fhilting. 


adly, 3: fubtracted from 3s chat as a fubtragted 
from ;$ zs» leaves 4, Osa. So 4 ofa pound, or 
| 15 fhillings, 
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15 fhillings, fubtrafed from 4 % of a pound, or 16 
fiiillings and 8 pence, leaves .3 of a pehets thats, 9 
z fhilling and 8 pence. : 

3dly, 7 4 fubtracted from 8 i, that is, 7 2 fub- 


- tracted Haba 8 3, leaves 1 4. 


4thly, 74 fubtracted from : 4, that is, 72 fub- 
tracted from 74, leaves, or 4; for here sie wreater 
number having the lefs Radticon belonging to ir, I 
borrow an unit from the whole number, 8, and fo 
reduce 1 it to 73 andthen this unit, under the name of 
4, I add to the fraction 3, and fo make it 4. Ghee 

sthiy, 7% fubtracted trom 8 #, that i is, 4 fab. 9 
tracted from 8 2, that is, 7 4 fubtraéted ‘from 7% | 
lea vrs oy. 

6rbly, 7 2 fubtraé&ed from 8, that 1 is, 73 fabtracted 
from 74, fps 


Of the multiplication of fractions, 


11. To multiply by a whole number is to take the 
multiplicand as often as that whole number exprefies: 
therefore to multiply by a mixt number 1s, not only 
to take the multiplicand as often as the integral pare 
exprefies, but alfo to take fuch a part or parts of it, 
over and above, as is exprefled by the fraction an- 
nexed. Thus ro multiplied by 22% produces 25: 
- for as 2 £ is a middle number between 2 and 3, fo’ 

the produ& ought to be a middle number between 
20 and 30, thatis, 25: In hike manner 10 multi- 
plied by 14 produces 15, and being multiplied by 4 
produces 5: therefore to multiply by a proper fraction 
is nothing elfe but to take fuch a part or parts of the 
multiplicand, as is expreffed by that fraction. Cer- 
tainly to take 10 twice and half of it over, once, and 
half cf it over no times, and half of: it over, 
(which laft is taking the half of 10), are operations 
of the fame kind, and differ only in degree one from 
another; and abcanteied if the two Givi operations 


| Pals by the name of multiplication, this laft ought to 
do 
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do fo too; and if there be any abfurdity in the cafe, 
it lies in ‘the name,’ and not in the. thing. 
‘ “Arithmetic was at firft’ employed about whole 
numbers only, and thus far the’ name of multiplica- 
tion was adequate enough, except in the cafe of 
unity. ‘But it being afterwards confidered, that no 
quantity whatever could be called an unit, that was 
not further divifible; and confequently, that there 
was not only an infinity of fractional numbers below 
unity, but alfo an infinity of mixt numbers between 
any two whole numbers whatever; it was judged, 
rightly enough, that the art of Arithmetic would 
not be perfect till its operations extended themfelves 
to this fort of number alfo; and this being done 
without changing their names, it was then that the 
name of multiplication became too fcanty for the thing 
fignified: this therefore ought to be attributed to the 
unavoidable want of forefight in the firft impofers, 
and not to any imperfe€tion in the fcience itfelf, 
‘This is no more than the cafe of many other arts and 
fciences, that have outgrown their names. Thus 
Geometry, that originally and properly fignified no 
more than the art of furveying, is now defined to be 
a fcience treating of the nature and properties of all 
figures, or rather of the different modifications of 
extenfion ‘and fpace; fo that now furveying is the 
Yeaft and loweft part of that fcience. Thus Hy- 
droftatics, which originally fignified no more than 
_ the’art of weighing bodies in water, or rather the 
art of finding out the fpecific gravities of bodies 
by weighing them in water, is now made the name 
of afcience, which treats of the nature and _proper- 
ties of fluids in general; and the feveral proper- 
ties of air and ‘mercury, fo far as they are fluids, fall 
under the con@deration of Hydroftatics, as properly 
as thofe of water. 
“ But’perhapsit may be further urged, thatto take © 
the half of any quantity, is not to multiply, but to 
divide | it. To which J ARIK, that i it is impofible 
3 Ke) 


44 MULTIPLICATION or Introd. 


to take the half of any quantity without dividing it 
by 2; and confequently, that to multiply by has 
the fame effect as to divide by 2; but this does not 
prove that multiplication is the fameas divifion, but 
only that thefe two operations, how contrary foever, 
may be made to do each other’s bufinefs, which is no 
myftery to any one who is the leaft converfant in 
Arithmetic; and will be further explained in the next 
‘ article. 

A fra€tion may be multiplied by a whole number 
two ways; either by multiplying the numerator by 


that number, or elfe by dividing the denominator by 


the fame, where fuch a divifion is poffible: thus if 
the fraction 3 be to be multiplied by 2, the product 
will either be ‘2 by doubling the numerator, or + 
by halving the denominator: this is evident from 
the 6th art. becaufe a fraction will be equally encreaf- 
ed, whether it be by encreafing the numerator, or 
by diminifhing the denominator. 

If a fraétion be to be. multiplied by a fraction, 
multiply the numerator and denominator of the mul- 
tiplicand, by the numerator and denominator of the 
multiplicator refpectively, and the fraction thence 
arifing will be the product fought; thus if it was re- 
quired to multiply ¢ by 2, or (which amounts to the 


fame thing) if it was required to determine how much > 


is'2 of 3; ‘the an{wer would be ,£; and the reafon is 
plain; at 2 of # is ,+, by the fixth art. becaufe 
making the ‘denominator three times greater, males 


the fraction three times lefs; but if 3 of 4 be 9 | 


then 2 of + ought to be twice as Sek that 1S ee 


iHeneroke to daperanlne the amount of 2 of 4, the 


numerator and denominator of + muft be multiplied 
re{pectively by the numerator and denominator. of 
2; andthe fame reafon will hold good in all other 
inftances. 
[fa whole number is to be multiplied by a fraction, 
either change the multiplicator and multiplicand one 


for another, and then proceed as above directed; or | 


elfe 
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elfe confider the multiplicand asa fraction whofe de- 
nominator is ‘unity, and fo proceed according to the 


rule for multiplying one fraction by another 3 by. 


which means both rules will be contracted into one. 
Thus 6, or $, multiplied into 2, produces 2, or 4. 

If the multiplicator, or multiplicand, or both, be 
mixt numbers, they muft firft be reduced to impro-. 
per fractions by the third art. and then be multiplied 
according to the general rule. | 


Examples of multiplication in  Pattons 


Uff, 2 of 2, multiplying ede ple together, and 
denominators together, is3*, or ,%; and fo we find 
it in any particular cafe; for 2 of a pound are 17 
-fhillings and 6 pence; and 2 OF a fhillings and 6 
pence, “that is (by the 5th arts) £ of 35 fhillings, is 
11 fhillings and 8 pence; therefore 2 2of2 ofa pound 
are 11 fhillings and : pence, which will alfo be found 
to be the value of 2 of a pound. 

Here we may obferve once for all, that whenever 
two fractions are to be multiplied together, the pro- 
duct will be the fame, which foever it is that multi-. 
plies the other, juft as ic is in whole numbers, and 
for the fame reafon; for if 7 be to be multiplied by 
#, then the numbers 7 and 8 muft be refpectively 
Pepe Red by 2 and 3; but if 2 is to be multiplied 
by 2, then the numbers 2 and 3 mutt be refpectively 
multiplied by 7 and 8, which amounts to the fame 
thing; whence it follows, that 2 of 2 come to the 
fame as Zof 2: to confirm this, we have feen already 
that 2 of 2 r of a pound amount to 11 fhillings and 8 
pence ; let us in the next elas enquire into che value. 
of 2 of 2 of a pound: now 2 ofa pound are 13 hhil- 
lings and 4 pence; and 7 of 13 fhillings and 4 pence, 
that is, ~ of 92 fhillings and 4 pence, is 11 fhillings 
and 8 pence; therefore 2 of 2 of a pound are the 
fame as 4 of 2 of a pound, fince both amount to 11 
Shillings and 8 pence. | , 

pis 3 | 2A) 
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2dly, % of $ of ~2are—, of 2; for 2x 54% g 
make 90, and 3 x 6 X 10 make 180: thus +2 of a 
pound are 18 Mies and $ of 18 fhillings are 15 
fhilltngs ; and % of 15 fhillings are 10 fhillings; 
which are 2 of a pound. 

3dly, 3 Lofs + of } are 7: thus 3 of a pound are 15 
-fhillings ; and e of a hhillings are x1 fhillings and 
3 pence; and 3 “of 11 fhillings and three pence are 8 
fhillings and 5 pence farthing; which will alfo be 
found to be the value of 22 of a "pound. 
; Athly, The. mixt number 6 % multiplied by the © 
whole number 7, or the whole Birhes eo 7 multiplied © 
by the mixt number 6.2, will produce in either cafe 
47 +: for the mixt number 6 2. being reduced (by the 
3d art.) to an improper fraction, becomes =? 3 which - 


being multiplied by 7, or 4, si 82. or, when 


reduced to a mixt number, 47 4. 

This multiplication. may alfo be riiade shother 
way, thus: + multiplied by 7 makes +*, that is, 
(by the 2d art.) 52; put down the fraétion 2, and 
Keep the 5 in referve; then 6 multiplied by 7 makes 
42, which, with the 5 in relerve, makes 473 there- 
| fore the Hie product is 47 4 as before: 

sthly, 3 = multiplied by 2 §, that is, *$ multi- 


re 
plied by 2, makes ~, that is, 10: thus 3 = of a 


pound are 3 pounds rs fhillings; and twice 3 pounds 
15 fhillings is 7 pounds ro fhillines; moreover 2 of 
3 pounds 15 fhillings, or + of 7 pounds 10 ‘fhillings, 
is 2 pounds to fhillings ; ‘and théfe 2 pounds 10. 
fillings, added to the former part of the produét, - 
to wit, 7 pounds 10 fhillings, give to pounds for 
the whole Sin ip therefore 3 Zof a ‘geo miultit 
plied by 2 2 make 10 pounds 


Ethhy 
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6rhly, 96 ails by 24 £, that is, 33, niul- 
tiplied by 73, gives — 


2 348 Fe 
athly, 262 wae eee into itfelf, that j is, 2, mul- 


, that is, (by the 2d art.) 


tiplied by —= 5 makes ———2 aia 5. thas Gone re 


Before I put an end to this article, I do not know 
whether it will be thought worth my while to take 
notice of a very abfurd queftion fometimes bandied 
about, wherein it is required to multiply $ of a pound 
by 4 of a pound: I call this a very abfurd queftions 
becaufe there is no manner of propriety in it; for in 
the very idea and definition of multiplication, the 
multiplicator at leaft is fuppofed to be an abftract 
number, or fraction, otherwile, what can be the 
meaning of taking the multiplicand as often, or as 
much of it, as is expreffed by the RIAD Hcg ORs & If 
by multiplying $ of a pound by # of a pound, be 
meant no more than multiplying 4 of a pound by £, 
_ why is the word pound expreffed in the multiplicator? 
and if there be any. other meaning in it, why doés 
not the propofer explain it, fince it is not exprefied 
in the queftion? Let him tell me what he means by 
multiplying 1 pound by. i pound, and I will foon 
undertake to anfwer his queftion. But if he neither. 
can nor will do this, the queftion neither deferves 
nor is capable of an anfwer, I am not ignorant of 
another queftion more frequently ufed than this, and 
Of equal nonfenfe, if cuftom had not explained, it; 
and that is, to multiply 3 yards by 2 yards, and the 
“dike ; whereby is meant, | fuppofe, to affign the aum~ 
ber of fquare yards contained ina recangled parallelo- 
gram, or long fquare, 3 yards in length, and 2 yards 
in breadth ; ‘but if this be the fenfe put upon that 

qaucition by common confent, that is all the title it 
| x bas 
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has to it, there being no fuch thing either exprefied, 
or fo much as implied, in the terms of the queftion. 


A LEMMA. 


12. Letnbeany whole number, mixt number, or frac- 
tion; I fay then that the quotient of n divided by any 
frattion is equal to the product of n multiplied into 
the revere of that fraétion: as for inftance, 


Let 7 be divided by 3; I fay that the quotient of 
n divided by 3, will be equal to the product of # | 
multiplied by 2: for let g be the quotient of x di- 
vided by 4; that is, let g be a number expreffing 
how often the fraction 2 1s contained ina; then will 
3 multiplied by g be equal to #, from the nature of 
multiplication ; but the product of 7 multiplied hm 
is the pA with the product of g multiplied by. 2 
thatis, 3 ofg, by the laft article; therefore 71s equal 
to z of g; therefore } of mis equal to 2 of g; there- 
fore 2 of x are equal to gq; but 2 of is the product | 
of 2 multiplied by 2; therefore the product of # mul- 
tiplied by 2 is equal tog; but the quotient of 2 di- 
vided by = was 9, by the fuppofition ; therefore the 
quotient of n divided by 3, Is miley to the product | 
of # multiplied ‘by 2 }. R sg By 


COROLLA’ eg ¥. 


Hence may the rule of divifion be at any time 
changed into that of multiplication, only by inverting 
the terms of the divifor, and then multiplying inftead ) 
of dividing. The fame will alfo obtain in whole 
numbers, if they be confidered as fraétions whofe de- 
Boel bade are units: thus to divide z by 2, that is, 
2, will have the fame effect as to multiply 1 it by 3 Z, as 
was hinted in the foregoing article. 


I 


Of 
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| Of the divifion of frattions. 


13. The divifion of fractions, like all other divifion, 
is, to find’how often one fraction, called the divifor, 
~ is contained in another, called the dividend; and that 
which fhews this, is called the quotient, whether is 
be a whole number, a mixt number, of a proper 
fraction: for in fractional divifion the quotient is 
always intended to be exact, without any remainder, 
and therefore muft fometimes be a whole number, 
fometimes a mixt number, and fometimes a proper 
fraction. Thus, if 18 is to be divided by 6, the quo- 
tient will be 3; becaufe 18 contains 6 3 times: but 
if 21 is to be divided by 6, the quotient will be 
° 24; becaufe 21 contains 6 three times, and half of 

it over and above: laftly, if 3 is to be divided by 6, 
the qhotient will be 4; becaufe here the divifor, 
being greater than the dividend, cannot be fo much as 
once contained in it, and therefore the quotient in 
this cafe muft be a proper fraction, that is, 3, fince 
3 is juft the half of 6. 

A fraction may be divided by a whole number 
two ways; either by dividing the numerator by that 
whole number when poflible, or elfe by multiplying 
the denominator by the fame: thus the half of } may 

-betaken, that is, > may be divided by 2, either by 
halving the numerator, and the quotient will be 3, 
-or elfe by doubling the denominator, and. then the 
_ quotient will be -$, both which amount to the fame 
thing, by the 6th and 7th articles. 
_. Ifthe divifor be a fraction, the quotient may be 
_-had by multiplying the dividend into the inverted » 
_divifor, according tothe rules of multiplrcation al- 
ready laid down: thus if * is to be divided by 2, 
the quotient will be the fame as the product of 4 mul-_ 
tiplied by 3, that is, 42, or 143 the demonftration 
whereof is contained in the laft article. : 


iF. ‘ . bp And 
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And here:again, as well as in the eleventh article, 
we are toobferve, that if either the divifor or divi-. 
dend, or both, be mixt numbers, they muft be re- 
duced to improper fractions before the general rule 
can have place; and that, if either or both be whole 
numbers, they muft be confidered as fractions whofe 
denominators are units. : 

From the general rule of divifion before laid down 
it follows, that every fraction may. be confidered as 
the quotient of the numerator divided by the denomi- 
nator, and that, whether the terms of the fraction un- 
der confideration be whole numbers, or (which fome- 
‘times happens) mixt numbers, or even pure fractions: 
a demonftration of this laft cafe will ferve for all, fince 
mixt numbers may be reduced to fractions, and whole 
numbers may be confidered as fractions whofe deno- 


a 
minators are units. Let the fraction propofed bez 


I fay, that this fraction is equal to the quotient 
arifing from the divifion of the numerator + by the 
denominator 3: to demonftrate which, multiply both 
* the numerator, and? the denominator, by 2 the 
inverted denominator, and the fraction willbe changed 


iz 


into this, +2, or 22, being of the fame value with 


the former, ‘by the 6th art. but the quotient of = di- 


vided by 2 is alfo2 as above: therefore the fraction 
4 : . . Ay 
= is equal to the quotient arifing from the divifion of 


a ‘ F | : . 
.the numerator by the denominator : and the fame way 


of reafoning may be ufedin any other inftance. This 


confideration is of very great ufe in Algebra, where 
quantities are very often fo generally expreffed, that 


‘there is no other way of reprefenting the quotient, 


but by a fraction whofe numerator is the dividend, 
and denominator the divifor. Hence alfo we are 
taught how to reduce a complicated fraction, into a 


ee > 


fimple one, whofe namerator and denominator are | 


whole numbers, to wit, by dividing the numerator 


by — 


" 


~ 


a 
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by the denominator : thus we *s that = zis the fame 


aS +5 : : 
Other examples of divifion in fraétions. 


ff, = divided by x ay Oh which is the fame thing, 
=! : multiplied i into 4, makes 2 re or 1+; which fhews 
that + is contained once, and 2 > part of it over and 
above, in.2: for a further confirmation of this, + of 
a pound are 16 fhillings and 8 pence; and iof a 
pound -are 15 fhillings: now 15 fhillings are once 
contained in 16 fhillings and 8 pence, and there is 
1 fhilling and 8 pence over; which 1 fhilling and 8 
pence is juft > of 15 fhillings. To prevent over- 
fichts, the learnet. if to remember, that it is the 
terms of the divifor only that are to be inverted, and 
not thofe of the dividend: thus to divide = by 2 is 
the fame as to multiply = into $, but not the fame as 
to equip ly * into +4. 
rag -3.divided by! 1, or multiplied into 3, make 

+i, Or 2 +2, which may be confirmed like the for- 
mer: for 2 of a pound are 18 fhillings; and 3 of a 
pound is 6 fhillings and 8 pence: now 6 fhillings 
and 8 pence are twice contained in 18 fhillings, and 
_ there are 4 fhillings and 8 pence over; whic h 4 fhil- 
_ lings and 8 pence ‘will be found by the sth art. tobe 
_juft2 of 6 fhillings and 8 pence. 
_  3dly, The whole number to divided by 2 2, that 
sis eed by $, or multiplied into 3, makes J 
or 33 
4thly, 2 2 divided by *°, or + guvided by * °y OF 
- multiplied i into aire makes-s<, Orne 
5thly, 16 3 divided by x, tial 1S, divided by 
ee, or multiplied i into 5, makes +2* or 14. 


cer) 


es 3 hoe | Further 
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Further obfervations concerning multiplication and 
adivifion in fractions. 


14. When two fractions are multiplied together, 
or one is divided by the other, it often happens, that 
though the original fractions be both in their leaft 
terms, yer the produé&, or quotient from them, fhall 
be otherwife, and feature a Further reduction: as for 
inftance, the fractions $ and 2 are both in their 
Jeaft rerms; and yet, if they be multiplied together, 
their produét 4% is fo far from being in its leatt 
terms, that it may be reduced to: .fo again in di- 
vifion, .2 and ++ are fractions both in their leatt 

terms; and yet if the latter be divided~by the for- 
mer, the quotient 75° is reducible to 25. It may- 
not be amifs, therefore, to enquire into the caufe of 
this, and fee whether the original fractions may 
' be fo prepared beforehand, as that the produét, or. 
quotient, fhall always come out in its tealt, terms. 

Firft then, as to the multiplication of 3 and 18 ; here 
‘it is eafy to fee, that the product of = Wee +2 multi- 
plied together, will juft amount to the fame as that 
ot ;Z into 2,-the denominators of the fractions being 
interchanged; this, I fay, 1s certain from the operation | 
itfelf; for the fame numbers are multiplied together 
in both cafes; but thefe laft fractions are far from , 
‘being in their leaft terms, the former, + being re- 
ducible to 1, and the latter 2 t0°25 bur after thefe 
new fractions 8 and 3 2. are: “reduced to their jeaft 
terms 4 and 3; their product 3 will be the fame in 
value sich that of the original ee a and at the 
fame time will be in its leaft terms. Thus then we 
fee that, to have the product in its leaft terms, care 
mutt be taken, not only to reduce the original frac- 
‘tions as low as poffible, but after that, to interchange 
their denominators, and then again to reduce thefe 


"4 + new 
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new fractions to their leaft terms, and laftly, to mul- 
tiply thefe reduced fractions one into another. 

The fame manner of practice will alfo ferve for di- 
-vifion, after it is reduced tothe rule of multiplication: 
as for example; the quotient of +5 divided by +2, is 
the fame with the product of -}& multiplied into *° ; 
and this again is the fame with the.product of 45 
multiplied into $2, as above; but becaufe the frac- 
tions +5 and +2 are not in their loweft terms, they 
muft be reduced to 3 and & before it can be expected 
that their product $$ fhould be in its leaft terms. 
Thus we have reduced the two compendiums of 
multiplication and divifion, not only to one rule in- 
{tead of two, as they are commonly given out, but 
alfo to fuch a rule as carries its own evidence along 
with it. | i" : bear 

N. B. What was here done by interchanging the 
denominators, and keeping the numerators in their 
places, may as well be done by interchanging the nu- 
merators, and keeping the denominators in their 
places, the reafon of both being the fame. 


Of the rule of proportion in fractions. 


_ 18. The rule of proportion in fra&ions is fo much 
the fame with the rule of proportion in whole num- 

bers, that nothing more needs to be faid of it, except 
to illuftrate it by an example or two. ae 


| Examples of the rule of proportion in fractions. 


uf, If 2 givet, what will t give? Here } and 3 
multiplied together give -3,; and this divided by 7, 
(or multiplied by +) quotes 4, or 4%. which is an 
~ anfwer to the queftion, . | 

adly, If 2 2 give 33, what will 4 ¢ give?. Thefe 
mixt numbers, being by the 3d art. reduced to im- 
proper fractions, will ftand thus: If + give %, what 
will ** give? Here *§ and%* multiplied together 
ahs D 3 ~ give 
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give So or 18; and this divided by 4, iNeca: os 
which is an mite: to the queftion. 

3dly, If £ of a yard coft } of a pound, what will 2 
of an ell Coft ? Here it muft be obferved, that an ell 
is 3 % of Byatt, and confequently that 2 of an ell is 3 
of = or -s of ayard; fo that the quieftion may be 


fated aaa = If £ of a'yard ies Pr a pound, what | 


will + of a we oft? Here 4 and “ is apa tle to- 
gether make 7£, and this divided by 2 quotes .5 of 
a pound, or 4 fhillings and 2 pence; which there- 
fore is an anfwer to the queftion, : 


Ti al redluétion of proportion Vedio frattional to 


integ oral terms. 


Whenever two fragtions are propofed, as 2 2 and $, 
whofe proportion is defired in whole numbers, re- 
duce the fractions firft to the fame denomination b 
the 8th art. that is, in the eae cafe, t to as and 
=F then you will have 2 to + as 321s to 42; but 

eels tO. $2 aS TO tO+te2; or as ? to 6: therefore 2 is 
to 4 4as5to6: here we may. obferve, that. though 
the finding of the common denominator be neceflary 
for underftanding the reafon of the ruie, yet it is not 
at all neceflary for the practice of it; for to what 


purpofe js it to find the common denominator, to 
throw it away again when we have done? In practice, - 
therefore, multiply the numerator of the fraétion — 


-which is the firft.in the proportion, by the denomi- 


nator of the fecond, and then the numerator of the — 
‘fecond ; fra€tion by the denominator of the firft, and. 


the two produéts will exhibit refpectively the propor- 


tion of the farft fraétion to the fecond in whole num-_ 


bers, as was evident i in. the foregoing example, 


Of the extrattion of roots in fractions. ° 


16. As every fraction is {quared, or multiplied i into 
itfelf, i {quaring bath the numerator and denomi- 
nator 


ee ee, ee ae ee ee 
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nator (fee art. r1.), fo é@ converfo the fquare root of 
every fraction will be obtained by extracting the 
fquare root both of the numerator and denomina- 
tor: thus He fquare of 3 is ,%, and the fquare root 
of 2 is 3.. But here care muft be taken, whenever 
the fc hee root of a fraction is to be extracted, that 
the fraétion itfelf be firft reduced to its, fimpleft 
terms, by the 7th, art. otherwife the fraction may 
admit of a {quare root, and yet this root may not be. 
difcovered: thus, if it was required to extrac the 
{quare root of the fraétion 34, it would be impoffible 
to obtain the root either of 18 or 32; and yet when 
this fraction is reduced to its leaft terms 2, its {quare 
root will be found to be 3. 

When the fquare root ‘of a number cannot be ex- 
tracted exactly, itis ufual to make an approximation 
by the help of decimals, or otherwile, and fo to 
approach as near to the value of the true root as 
occafion requires. Now in the cafe of a fraction, 
if the fquare root of neither the numerator nor deno- 
“minator can be exaétly obtained, there will be no 
neceflity however for two approximations, becaufe 
fuch a fraction may be eafily reduced to another of 
the fame value, whofe denominator is a known 
{quare : as for inftance; fuppofe the fquare root of 


I a : 
46 2, or was required: I multiply both the nu- 
>. , ° ‘ih Py 
merator and pao of this fraction by 5, and 
fo reduce it to—*2: Here the denominator 25 


is aknown fquare ae whofe root is 5; andthe 
{quare root of 1155 is 34 nearly ; therefore, the fquare 
root of the fra¢tion propofed is nearly **, or 6 4, ° 
But, after all, the beft way of extra&ting the fquare 
root of a vulgar fraction, is by throwing it into 
a decimal fraction, as will be thewn hereafter. 

Note, That whatever has here been faid concerning 
the extraction of the {quare root in fra¢tions may 


D4. en eafily 
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eafily be applied, mutatis mutandis, to the extraction 
of the cube root, Se. 


: , of decimal frattions. : 
f And firf of their notation, 


17. A decimal fra@tion is a fra&tion whofe deno- 
minator is 10, or 100, or 1000, or 190000, &&c. and 


this denominator is never exprefled, but always un- 
derftood by the place of the figure it belongs to: 
for as all figures on the left hand of the place of 


units rife in their value, according to their diftances 


from it, in a decuple proportion ; fo all figures on 
the right hand of ‘the place of units fink in their 


value in a fubdecuple proportion; as for inftance; . 


the number 345.6789, where 5 ftands in the place 
of units, is.to be read thus; three hundred forty five, 
fix tenibs, feven hundredth parts, eight thoufandth 


parts, nine ten-thoufandth parts: or the decimal parts 


may be read thus; fix thoufand feven bundred eighty 
nine ten-thoufandth parts’ the denominator being ten 
thoufand, becaufe the laft figure 9, according to the 
former way of reckoning, ftands in the place of 
ten-thoufandth parts. The reafon of this latter way 


: a , 6000 Paley 
of reading is plain 5 for .5 are ~ saat and ~~ are — 
700 8 80 aes 700 80 
——-, and —— are » and — §, +, ——, 
16000 1000 “ 10000 } 10000” 10000” 10009" 

8 
and — —?_. all added together, make — 7 sage 


Giaken are fed in the expreffion of decimals as 
well as whole numbers, and for the fame reafen, 
Thus .067 may be read either no tenths, fix hundredth 
parts, feven thoufandth parts; ot fixty feven-thoufandib 
parts. But cyphers on the right hand of a decimal 


number (if nothing follows them) are as infignificant © 
as cyphers onthe Jeft hand of a whole numbers” and 3 


yet cy phers are fometimes p laced after decimals, for 
‘ the 


- 
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the fake of regularity, or when we want to increafe. 
the number of decimal places. 

From what has here been faid, it will be eafy to 
multiply or divide any number by. 10, 100, 1000, 
ésc. only by removing the feparating point towards 
the right or left hand. Thus the number 345.6789 
being multiplied by 10, becomes 3456.789; and 
being multiplied by 100, becomes 34567.89: and 
_ the fame number 345.6789 being divided by 1o, 
becomes 34.56789; and being divided by 100, 
becomes 3.456789: thus again, the number 345 
being divided by 10000, becomes .0345; for to 
divide by 10000, is the fame thing as toremove the 
feparating point 4 degrees towards the left hand, if 
there be any feparating point in the number given; 
but if there be none, as'in the prefent cafe, then to 
“puta feparating point four degrees towards the left 
ase which in this example cannot be done, but by 
the help of a cypher i in the firft decimal place. 


Of the addition and fubtraétion of decimad 
Sractions. 


- 18. The chief advantage of decimal arithmetic 

above that of common fraétions, confifts in this, 
that in decimals all operations are performed as in 
whole numbers: this will prefently appear from the 
feveral parts of decimal arithmetic, as they come 
now to be treated of in order; and firft of addition 
and fubtraétion, - 

Addition and fubtraétion in decimals are performed 
after the fame manner as in whole numbers, care 
being taken, thar like parts be placed under’ one 
another ; as for example, .507 are added to .89 
~ thus; 

ve | te ‘890, 
607 fubtra&ed thus; .567; or thus; .567. 

eat : 03233 2323. 
eae, 32: tae p 
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Of the multiplication of decimal fraétions. 


19. Multiplication of decimals is alfo performed as 


in whole numbers, no regard being had to the deci- __ 
mals as fuch, till the produ& is obtained; but then, ~ 
fo many dacitmal places muft be cut ee from: the * 


right, hand of the produé, as are contained both’ in 
the multiplicator and multiplicand: as for inftance; 


Tet it be required to multiply 4.56 by 2.3: here, — 


confidering both factors: as whole numbers, I mul- 
tiply 456 by. 23, and find the produé to be 10488 ; 


but then, confidering that there was one decimatin the ©’ 


multiplicator, and. two in. the multiplicand, I cut » 
off three decimal places from the right hand of the 


produét, andthe true product ftands thuss) 10.488. 
To fhew the reafon of this operation, let the two 

- factors be reduced to fimple fractions according to 

the common way, and ee fhall have 2.3 equal to 


OF 


23° and 4.56equal to + ot ‘and thefe two fraétions 


multiplied tovether make wich divide by 1 0009, ; 
as 1090 f zh. 


which is done by cutting off the three laft figures, 


according to arr, the 17th, and the quotient will be 
10.488. Another example may be this: let it be 
required to multiply 45600 by .23: the product of 
45600 multiplied by 23 is 1048800: but as there 
were two decimals in the given multiplicator, and 
none in the multiplicand; I cut off two decimal 
places from the laft produét, and the true product 
will be found to be 10488.00, or 10488. Laftly, 
Jet it be required to multiply 000456 by .23: here, 


neglecting the initial cyphers in Ae. multiplicand, I 
multiply 456 by 23, and the product is 10488: 
then | confider, that there were two decimal places in 
the multiplicator, and fix in the multiplicand, and 


confequently that eight decimal places are to be cut 


off from the laft product but the laft product — 


confilts 


\ 
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_ confifts of only § places; therefore I place three cy- 
phers to the left hand, with the feparating point be- 
fore them, and fo make the true product .o0010488, 
There are various compendiums of this fort of mul- 
tiplication to be met with in Oughired and others; but 
they are fuch as, by alittle exercife, any one tolerably 
well grounded in this. part of Arithmetic will eafily 
difcover of himfelf as they lie in his way. 


Of the divifion of decimal fractions. 


20. Divifion in decimal fractions is performed, firft 
by confidering them as whole numbers, and dividing 
accordingly ; and then cutting off from the right 
hand of the quotient, as many decimal places as the 
dividend hath more than the divifor, ‘The reafon 
whereof is manifeft from the soth article: for fince 
‘the divifor and quotient multiplied together are to 
make the dividend, the divifor and quotient ought 
to have as many decimal places between them, as. 
there are in the dividend; therefore the quotient 
alone ought to have as many decimal places as the 
dividend hath more thanthe divifor, : 

Example the 1/7; Let it be propofed to divide 
10.488 by 2.3: here dividing the whdle number 
10488 by the whole number 23, I find the quotient 
to be 456: but then confidering that there were 3 
- decimal places in the dividend, and but one in the 
divifor, I cut off two places from the right hand of 
the quotient, and fo make the true quotient 4.56. 

Example 2d; Let it be propofed to divide 5678.9 
by .06: here, becaufe there are two decimal places in 
the divifor, and but one in the dividend, I fupply 
_ the deficient place by putting a cypher after the di- 
_vidend, thus, 5678.90; then dividing the whole 
number 567890 by the whole number 6 (for fince 
_ 6 is now confidered as a whole number, the cypher . 
before it may be neglected), I find the quotient to 
be 94648, which is not to be funk, becaufe the di- 

| | vidend 


¢ 
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vidend was made to have as many decinsal places as 
the divifor ; but as this quotient is not exact, if for a 
greater degree of exactnefs I would continue it toany 
number of decimal places, fuppofe 2, inftead of one 
cypher after the divifor, I would have put three, and 
then the quotient would have come out 94.648.33, and. 
this quotient is much more exact than the former, as 
Jying between 94648.33 and 94648.34: but it 
ought further to be obferved concerning this quo- 
tient, thatif the divifion was to be continued in inf- 
nitum, the figures in the decimal places would be all. 
3’s: this is evident from the work; for the two laft 
dividuals are the fame, and therefore they muft all 
be the fame. 


To reduce a vulgar fraction to a decimal fradion, 


21. Since every fraction may be confidered as the 
quotient of the numerator divided by the denomina- 
tor (fee art. 13th,) we have an eafy rule for redu- 
cing a vulgar fraction to a decimal fraction, which is 
as follows: put as many cyphers after the numera- 
tor as are equal in number to the number of decimal 
places whereof you intend your reduced fraction to 
confift, and call thefe cyphers decimal; and then © 
dividing the numerator by the denominator, the quo- 
tient will be a decimal number equal to the fraction 
firft propofed, or perhaps a mixt number, if the 
fraction propofed was an improper one. | 

Example 1/; Let this fraction -% be propofed to 
be reduced to a decimal one confifting of four deci- 
mal places; here putting 4 decimal cyphers after the 
numerator 3, I divide 3.0000 by 49, and the quo- — 
tient uncorrected is 612: but now confidering that — 
there were 4 decimal places in the dividend, and none 
in the divifor, and confequently that four decimal 
places are to be cut off from the quotient, whereas 
it confifts but of three; I fupply this defect of places” 
by a cypher at the left hand, and fo make the quo- 
fient .o012, 7 eit 

i _ Example 


\ 


Art. 21,22. | Of Decimal Fractions. 6r 
Example 2d; Let this fraction +2 be propofed to 
be reduced to a decimal fraction, confifting, if pof- 
fible, of fix places: hete dividing 7.000000 by 16, 
I find the true quotient to be .4375, the two laft cy- 
phers in the dividend being ufelels. it 
Note. When this divifion runs ad infinitum, it will 
_ be impoffible for. the reduction to be exact in a finite 
number of terms; but an approximation may be 
made, that fhall come nearer to the quotient than the 
leaft aflignable difference, by taking more and more 
terms. 


To reduce the decimal parts of any integer to fuch 
other parts as that integer 15 ufually divided into. 


22. To explain this rule, and to give an example 
of it at the fame time; let .245 of a pound fterling, 
that is, three hundred forty: five thoufandth parts of 

a pound, be given to be reduced into fhillings pence 
and farthings: here then I obferve, that as any num- 
ber of pounds, multiplied by 20, will give as many 
fhillings as are equal to the pounds, fo any decimal 
parts of a pound, multiplied by 20, will give as many | 
fhillings,. and decimal parts of a fhilling, as are equi- 
valent to the decimal parts of a pound; and fo on 
-as to pence and farthines: multiplying therefore 

-345 by 20, the produc is 6 and .goo, or 6.9, 
which fignifies, that .345 of a pound are equivalent 
to fix fhillings and nine tenths of a fhilling, which is 
ufually written thus; 6.9 fhillings: again, multi- 
plying this laft decimal .9 by 12 for pence, I find © 


that .9 ofa fhilling are equivalent to 10.8 pence: 


laftly, multiplying .8 by 4 for farthings, I find thar 

> .8 of a penny are equivalent to 3.2 farthings; as 
for the .2 of a farthing, 1 neglect it, there being no 
_ Jower denomination, or at leat not intending to de- 

. feend any lower; and fol find .345 of a pound to 
amount to fix fhillings and ten pence three farthings. | 


Jo 
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To reduce the common parts of any integer into 
equivalent decimal x oie of the Jame. 


23. This reduétion beirig the reverfe of the fore 
it. might be performed by divifion, as that was by 
multiplication; but, when all things are confidered, { 
do not know whether the following method may not > 
be thought as eafy and as intelligible as any: let it 
_ then be required.to reduce 2 hours 34 minutes 56 
feconds into equivalent decimal parts of a day. 
Now in one day there are 86400 feconds; and in 
two hours 34 minutes 56 feconds there are 9296 
feconds; therefore two hours 34 minutes 56 fe- 


conds are equivalent to a of one day: reduce 


this vulgar fra@tion to an equivalent decimal, by the 
Jaft article but one, and you will find it to be.10759; 
therefore 2 hours 34 minutes 56 feconds are — 
equivalent to .10759 of one day. But there is one 

article ftill remains to be adjufted, and that is, to 
how many decimal places the foregoing fraction muft _ 
be reduced, fo as to exprefs accurately enough the | 
parts of a day to a fecond of time. Now ® now 


this, I confider that one fecond of time is of 


Ti00 


one day; therefore T reduce: 4-4 toina decimal - 


ae 
fraction, at leaft as far as to the firlt fignificant figure, 
and find it to be .cooor; whence I conclude, ‘that. 
to exprefs the parts of a-day to a fecond of time by 
any decimal, that decimal muft not confift of fewer — 
than 5 places, becaufe there were 5 places in the de- 
cimal fraction .ooo01. Now to fhew that the deci- 
mal fraction above found, to wit, .10759 exprefles 
the time propoted to a fecond, reduce it back again, 
by the laft art. and you will find it amount to 2 hours 
34 minutes 55.8 feconds. 

For another example, let us take che reverfe of 
that in the laft art. that is, let it be Pe tO ré- 
f 4 duce 


as will admit of an exact {quate root, 1 
of the reft; and therefore, whenever a n 
‘poled to have its fquaré root extraéted, ‘the artift. 


“Art, 23,24. Of Decimal Fraftions. 63 


duce 6 fhillings 19 pence 3 .2 farthings into equi- 
valent decimal ‘parts ‘of a pound: one pound con- 
tains 960 farthings, or g600 tenths of a farthine; 


and 6 fhillings 10 pence 3%.2 farthings contain 3312 
tenths of a farthing therefore 6 thillings 10 pence’ 


tA Bel» 
3.2 farthings are equivalent tO oFa0 of a pound; 


a a ~ being athieed to a decimal, is, .ooor &e. 
Reis the firft fignificant figure is in the 4th place ; 
therefore I reduce the fraétion 332 22—, to four deci- 


600 
mal places, and they amount to Fie: that is, .345 
of a pound; fo that in this particular cafe three 
decimal places are futiticnt to exprefs exactly the fum 
propofed. 


Of the extraction of the fi Square root in decimal 
| fr ractions. 


24.. Flaving treated of the multiplication and divi- 
fion of decimal fractions, it would be altogether 
needlefs to fay any thing’ concerning the rule of pro- 
portion, which is but a particular application of both: 


‘therefore I fhall now pafs on to the extraction of the 
‘fquare root, at leaft fo far as it concerns decimal frac- 
tions. There are but few fquare ines or fuch 


comparifon 
mber is pro- 


mutt firft determine with himfelf, to how many de- 


cimal places it is proper the root fhould be continued; 
and then, by annexing decimal cyphers, if need be, 


_ to the right hand of the number propofed, he muft | 


~ 


make twice as many decimal places there as the root 


is to confift of, after this, he muft put a point over 
the place of units, and then, paffing by every other 
: figure, he mutt -point in like manner all the ret, 


both to the right hand, and to the left: by” this” 


means 


. ; 
= 
“s Ms Ses 
\ 
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means the number will be prepared, and the f{quare 


root may be extracted as in whole numbers, provided — 


that fo many decimal places be cut off from the root 


when obtained, as were firft defigned. 
Example 17; Let the root of 2345.6 be required 
to two decimal places. The number, when prepared, 


ftands thus, 2346. 6000, ot asa whole number, thus, — 
234560003 and its fquare root, when extracted, will — 


be 4843 nearly; and therefore 48.43 will be the root 


fought. To try this root 48.43, multiply it into — 
itfelf, and the four firtt figures of the fquare will be. 
2345, which are all true; nor can it be expected any | 
more fhould be fo, becaufe there were but four places 
true in the root, no notice being taken of the reft; 


but had the root been extracted true to 5 places, that 


is, tO as many places as the original {quare coenfifted - 
-of, it would then have been 43. 4313 multiply this — 


‘number into itfelf, and 5 of the firft figures of the 
product, taken with the leaft error, will be 2 234.5. 6, 
which is the original fquare itfelf, 


Example 2d; Let the root of 0023456 be re- i 
quired to 5 decimal places. Here putting a cypher 


in the aap of units to dire the Ria ee thus, 


Gd Ok Ss RY S 


used fag root $068 49. 


_ ‘Phat the fuppofed fanate ought to have twice as . 
many decimal places as the root, is evident, both a — 
priori, and @. pofteriori: @ priori, becaufe in extraét- 
ing the fquare root, two figures are brought down 


_.from the {quare for every fingle figure gained in the 


-root; and @ poffériari, becaufe the root multiplied | 
-into itfelf is to produce the fquare; and therefore, — 
from the nature of multiplication, the {quare ought | 


te have twice as many decimal places as the root. 


THE. 


THE 


ELEMENTS of ALGEBRA. 


é 


The Definition of Alcebra.’ 


SHALL not here detain the young 
ftudent with a long hiftorical account of 
| the rife and progrefs of Algebra; nor 
| EL even fo much as with either the etymo- 
| logy or fignification of the word; which would con- 
tribute but very little to his informiation, till he has 
made a further progrefsin the fcience itfelf, and where- 
_of he will ind enough in Dr. Walfs and others. Nor 
indeed is it a fubject altogether fo proper at this time 
to be infifted upon; this art, like many others, ha- 
_ ving now confiderably outgrown its name, and being 
| often employed in arithmetical operations very dif- 
ferent from what its name imports. All I fhall ad- 
vance then, by way of definition, is, that A/gebra, in 
“the modern fenfe of the word, is the art of computing 
by fymbols, that is, generally fpeaking, by letters of 
' the alphabet ; which, for the fimplicity and diftinct- 
~nefs both of their unas: and characters, are mich 
more commodious for this purpofe than any other 
| he or eS whatever. 


In 
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In this way of notation, itis ufual to fubfticute let- 
ters not only for fuch quantities as are unknown, and ~ 
confequently fuch as cannot well be reprefented other- 
wife, but alfo for known quantities themfelves; in 
order to keep them diftinét one from another, and to 
form general conclufions. As for inftance; fuppofe 
it was demanded of me, what two numbers are 
thofe, whofe fum is 48, and whofe difference is 14: 
here, if J only put x; or fome other letter, for oné | 
of the unknown quantities, and ufe the known ones 
48 and 14 as I find them in the problem, 1 hall 
only come to this particular conclufion, to wit, that 
the greater number is 31, and the leffer 17, which 
numbers will anfwer both the conditions of the prob- 
lem. Butif, inftead of the known numbers 48 and 
14, I fubftitute the general quantities a and 4 refpec- 
‘tively, and fo propofe the problem thus; What two 
numbers are thofe, whofe jum is a, and whofe difference 
tsb? I fhall then come to this general conclufion, 
viz. that Half the fum of a and b will be the greater 
number, and half their difference will be the lefs: which 
general theorem will fuit not only the particular eafe 
abovementioned, but alfo all other cafes of this pro- 
blem that can poffibly be propofed. HowI come by 
thefe two conclufions, will be fuffictently fhewn in 
the courfe of this work; as alfo many other advan- 
tages attending this way of fubftituting letters for 
known quantities, befides thofe already mentioned. ° 

What I have here faid, was only to illuftrate in’ 
fome meafure the definition already given of Alge- 
bra, and fo fhew, that letters are there ufed, not fo 
much to fignify particular quantities as fuch; as to 
fignify the “telation they have to one another in any — 
problem or computation. From all which it may be 
obferved, that Jétters reprefent quantities in Algebra 
jut in the fame manner as they do perfons in ye 
mon life, whién two or more perfons are diftinét] 
be confidered, with regard to any compact, law- Lit, 
@r in aly other relation Whatevere ve 

ol Be 
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N. B. A fingle quantity is fometimes reprefénted 
_ by two or more letters, when it is confidered as the 
| product of the quantities, fignified by thofe letters 
fingly: thus 2d is the product of the multiplication 
of a@and 2; and abe is the product arifing from the 
continual multiplication of a; 6, and c. But of this — 
more particularly under the head of multiplication, 


Of affirmative and negative quantities in algebras 


| 2, Algebraic quantities are of two forts, affirma- 
tive and negative : an affirmative quantity is a quan-. 
tity greater than nothing, and is known by this 
| fign “bs a negative quantity is a quantity lefs than 
nothing, and is known by this fign—: thus + a 
_fignifies that the quantity @ is affirmative, and is to 
be read thus, plus a, or morea: —Qd fignifies that 
the quantity 4 is negative, and muft be “read thus,’ 
minus b, or lefsd. 

The poffibility of any quantity’s being lefs than ~ 
“mothing is to fome a very great paradox, if not a 
downright abfardity; and truly fo it would be, if we 
fhould fuppote i it poffible for a body or fubftance to 
be lefs than fothing. But quantities; whereby the 
different degrees of qualities are eftimated, may be 
eafily conceived to pafs from affirmation through 
nothing i into negation: ‘Thus a perfon in his for- 
tunes may be faid to be worth 2000 pounds, or 1000, 
or nothings of — 1000; or— 2000; in which two 
Taft cafes he is faid to be 1000 or 2000 pounds worle 
than nothing: thus a body may be faid to have 2 
_ degrees of heat, or one degree, oF no degree, or — 

ne degree, or —s two decrees: thus a body may be 
faid to have two degrees ‘of motion downwards, or 
one degree, or no degree, or—~one degree, or— 
“two: degrees, ée. Certain it is, that all contrary 
guantities do neceffarily admit of an intermediate ftate, 
_ which: alike partakes of both’ extremes, and is bett 
ri Pepoiented by a cypher or o: and: if it is proper to’ 
ite: | E 2 fay 


~ 


68. AFFIRMATIVE AND NecaTIVE ° Boox 1, 


- fay, that the degrees'on either fide this common limit — 


are greater than nothing; I do not fee why it fhould 


not be as proper to fay af the other fide, that the 
degrees are lefs than nothing ; at leaft in comparifon - 


me 


to the former. That which motft perplexes narrow — 


minds, in this way of thinking, is, that incommon — 


life, moft quantities lofe their names when they ceafe 


‘to be affirmative, and acquire new ones fo foon as 
they begin to be negative! thus we call negative 
goods, debts; negative gain, lofs; negative heat, 


cold ; negative defcent, afcent, €S¢: and in this fenfe 
indeed, it may not be fo eafy to conceive, how a. 
quantity can be lefs than nothing, that is, how a_ 
quantity under any particular denomination can be 
faid to be lefs than nothing, fo long as it retains that: 
denomination. But the queftion i is, whether, of two. 
contrary quantities under two different names, one’ 


quantity under one name may not be {aid to be lefs’ 
than nothing, when compared with the other quan-_ 


tity, though under a different name; whether any 


degree of “cold may not be faid to be further from” 
any degree of heat, than is lukewarmth, or no heat” 


at all. Difficulties that arife from the impofition of 
feanty and limited names, upon quantities which in 
' themfelves are actually unlimited, ought to be charged 
upon thofe names, and not upon the things them- 
felves, as | have formerly obferved upon another oc- 
cafion; fee introduction, art. 11. In Algebra, where 
quantities are abftractedly confidered, without any 


regard to degrees of magnitude, the names of quan- 
tities are as extenfive as the quantities themfelves ; fo. 


that all quantities that differ only in degree one from 
another, how contrary foever they may be one to 


another, pafs under the fame name; and affirmative 


and negative quantities are only diftinguifhed by their 
figns, as was obferved before, and not ‘by their names; | 


the fame letter reprefenting both: thefe figns there- 


fore in algebra carry the fame diftinGion along with 
| sii as do particles age oe fometimesin coms 
fe i a mon 


| 


Art. 2,3. ALexrsraic QuantTiTies. 9. 
mon language, as in the words convenient and incon- 
venient, happy and unhappy, good health and bad 
health, &c. : 

Thefe affirmative and negative quantities, as they 
are contrary to one another in their own natures, fo 

_ Tikewife are theyin their effects; a confideration which, 

if duly attended to, would remove all difficulties con- 
cerning the figns of quantities arifing from addition, 

-fubtraction, multiplication, divifion, &c: for the re- 
fult of working by affirmative quantities in all thefe 
operations is known; and therefore, like operations in 
negative quantities, may be known ye the rule of 
contraries, 

Before we proceed any further, it may not be amifs 
to advertife, that if a quantity has no fign before it, 
it muft always be taken to be affirmative; and that if 

~ it has no numeral coefficient before it, unity muftal- 
ways be underftood: thus 2 a fignifies4-2 a, and 4 
fignifies 1 aor--ta | 

~By the numeral coefficient of a quantity, I mean, 

the number or fraction by which that quantity is mul- 
tiplied: thus 2 a fignifies twice ‘5 or @ taken twice, 


and the coefficient is 2: 34, or = “fignifies 3 of the 


tf plantisy a, and the coefficient is 3. | 

Mi The fign “of .a negative quanti ty is never 
omitted; nor the fign of an affirmative one, except 
when fuch an affirmative quantity is confidered by 
itfelf, or happens to be the firft in a feries of quan- 
tities fucceeding one another: thus we do not often 
smention the quantity a, but the quantity a; nor 
the feries + a—2—c-+-d, but the feries a—b—o4-d, 
We fhall now confider me feveral operations of algee 
ppkaie quantities. . 


Of the addition of Weis quantities. 


- 3. This article I hall divide into feveral para- 
= gephs: as, 
E 3° | vf, 


90 ADDITION or Book I. 
iff, Whenever two or more quantities of the fame 
denomination, and which have the fame fign betore 
them, are to be added together, put down the fum 
of their numeral coefficients with the common fign 
before it, and the common denominator after it: thus 
++ 2 a and -+ 3 aadded together make + 5 a, for the 
fame reafon as 2 dozen and 3 dozen added together 
make 5 dozen: thus again, 34d, — 4b, and—5ab, 
when added together, make —12ad; for the fame 
reafon as feveral ‘debts added together make a greater 
epee ee 

od, If two quantities of the fame deuotbantion 
which have different fiens before them are to be added 
together, put down only the difference of their nu- 
meral coefficients, with the common denominator after 
it, and the fign of the greater quantity before it: for 
in this cafe, the quantities to be added being contrary 
one to ‘another, the lefs quantity, on which fide fo- 
ever it lies, will always deftroy fo much of the other 
as is equal to itfelf’ Thus -}- 5 @ added to—2 @ 
rakes -- 3 a; as if a perfon owes me 5000 pounds 
upon one account, to whom I owe 2000 upon ano- 
ther, the balance upon the whole will be 3000 pounds 
on my fide. If it be objected, that this is ’fubtraétion, 
and not addition; [anfwer, that the addition of —2a4 
will at any time have the fame effect as the fubtra@tion 
of -+- 2a; but I deny that the addition of — 2 ais the 
fame, or will have the fame effect as the fubtraction of 
—2a. Other examples of this cafe may be thefe; 
‘+. 7 a added to—7 a gives 0, 4-34 added to—12¢ 
gives — 9 a; -[-a addéd to —— 54 gives — 443 +54 
added to — a gives F445 ; “Ws ey added to — 3 @ gives 
ee Carer | 
3d, When many quantities ue the fame denoaittd: 
tion are to be added together, whereot fome are affir- 
mative and fome negative, reduce them firft’ to two, 
by adding all the affirmative quantities together, and _ 
ali the negative ones, and then to one by the laft pa- 
gagraph. Thus — SPE if pare when added | 
pogethet, 


Art. 3. ALGEBRAIC QUANTITIES. = 1 
together, make 2¢; for-+-10@and-+-8a make aL 
184a,—g94@ and—7a@ make — 164; and-+ 184. 
and — 164 make + 2a. 
4th, Quantities of different denominations will not 
incorporate, and therefore cannot otherwife be added 
together, than by placing them in any order one after 
another, with their proper figns before them, except 
the firft, whofe fign, it affirmative, may be omitted. 
Thus ++ 2¢ and— 35 and + 4c and — sd, when add- 
ed together,’ make 2a — 34-+- 4c — sd: thus a and 
b added together make a-+-2; and hence it is, that 
whenever two quantities are found with this fign-t-be- 
twixt them, it fignifies the fum arifing from the addi- 
tion of thofe two quantities together: thus if ¢ ftands 
for 7, and @ ftands for 3, @-+-4 will ftand for 10, 
and fo of the reft: but if —4 is to be added to a, the 
fum mutt be written down thus, a—/; for toadd—4A, 
is the fame as to fubtraét +- 3d. a 
5th, Compound quantities, whofe members ere all 
of different denominations, are likewife incapable of | 
being added any other way, than by being placed one 
after another without altering their figns: thus 3a-|- 
46 added to 5c—6d can only make 3¢-+- 4) -+- 5¢ 
— 6d. But if the members are not all of different de- 
nominations, it may then be convenient to place one 
compound quantity under another, with like parts 
under like, as far ag it can be done, as in the follows 
ing examples ; | 
a+ ‘+ Fora and @ added together make 
a—b 2a;and-+ 6 and —d added together 
-  deftroy one another, and fo make. 
2a *.- oor *; which character in Algebra 
is always ufed to fignify a vacant 
place. | | 
ax—3af-4b— sc+-6d—ye * 
10x-+-ga—8b— 7c—6d *—5f © 
y2%--6a—4b—12¢ #-—7e—of. 
E 4. Notes 
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#4 That in the addition, fubtraction, and mul. 
tiplication of compound algebraic quantities, it mat- 
ters little which way the work is carried on, whether 
from right or Jeft, or from left to right, becaufe here — 
are no referves made for higher places, 


» 


Of the fubtrattion of algebraic quantities. 


4. Whenever a fingle algebraic quantity is to be - 
fubtracted from another quantity, whether fimple or 
compound, firft change the fign of the quantity to be. 
fubtracted, that is, if it be affirmative, make it, .or 
at leaft call it, negative, and vice verfa, and then add 
it fo changed to the other: for fince (as was before, 
hinted) the fubtracting of any one quantity from ano- 
ther, is the fame in effect as adding the contrary; and 
fince SHEPEINS the fign of the quantity to be fubrradt- 
ed, renders that quantity juft contrary to what it was 
before, itis evident, that after fuch a change it may 
be added to the other, and that the refult of this ad-. 
dition will be the fame with that of the intended fub- | 
traction. Thus may the rule of fubtraction, by 
changing the fgn of the quantity to be fubtracted, 
be at any time changed into that of addiction, juft as 
the rule of divifion in 1 fractions, by inverting the terms_ 
of the divifor, was changed -into that of multiplica- 
tion, As for example, --é fubtracted from a leaves 
a—b, becaufe —b added to a makes a—d; fo that 
a—b may be confidered either as the fum of 4 and —2 
added together, or as the remainder of 4-2 fubtraéted 
from a, or as the difference between a and J, or as the 
excefs of a above 4, all which amount to the fame 
thing: as if a fienifies ip and 63, a—2& mutt 
- ftand for w and fo Of the ret 
~The rule of fubtraction fee given is aniveetae 
though there will not be always occafion to have re- 
courte to it: for fuppofe 34 is to be fubtrated*from . 
7a, every one’s common fenfe will inform him, bie 

there. - 
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there muft remain 4a, juft as threefcore fubtracted 
from fevenfcore leaves fourfcore. 


Other examples of algebraic fubtraction may be 
‘x 5 thefe that follow. 
if, 74 fubtracted from 54 leaves—2a, becanfe 
—7aadded to--5a makes——2a, by the 2d» para- 
 eraph of the laff article. | 
~ 2d, g@ fubtracted from o leaves— ga, - becaufe 
9a added to o makes — ga. ae 
3d, %2a fubtracted from—3a leaves— 15a, 
becaufe—-12 @ added to—3a4 makes—154, by 
‘the firft paragraph of the laft article. 
~ 4th, — 34 fobtracted from — 84 leaves— 5a, 
becaufe + 34 added to—8 a4 makes — 54. 
sth, —74 fubtracted from — 3 a leaves+- 4a, 
becaule -+ 7 a added to — 3a makes -} 44, 
_ 6th, — 6a fubtraéted from o leaves + 62, be- 
caufe-|- 6.4 added to o makes—b 6a, 
ath, — 5a fubtracted from 54 leaves -- 104, 
 -becaufe-+ 54 added to -+- 54 makes -- 104. 
«8th, —6 fubtracted from a leaves a-1- 4, becaufe 
--b added to @ makes a---, by the 4th paragraph 
of the laft article. | 
_ gth, —2 fubtracted from 7 leaves 9, becaufe +- 2 
added to7 makes g. 
From the firft of thefe examples it appears, that 
a greater quantity may be taken out of a Jefs, but 
then the remainder will be negative; juft as a 
gamefter that has but 5 guineas about him may 
lofe 7, but then there will remain a debt of 2 gui- 
neas upon him. By the laft example it appears, 
-that— 2 fubtracted from 7 leaves g, that is, that 
if a negative quantity be fubtracted from an affir- 
mative one, the affirmative quantity will be fo far 
from being diminifhed thereby, that it will be increaf- 
ed; a principle which I fear will be found fomewhat 
hard of digeftion, efpecially by weak conftitutions : _ 
by therefore, 
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therefore, to ftrengthen my patient as far as lies in 
my power, I fhall fuggeft to him the following 
confiderations : 

iff, In any fubtra@ion, if the remainder and the 
Jefs number added together make the greater, the 
fubtraction is juft: but in our cafe, the remainder 
g added to the lefs number — 2 makes the greater 
number 7; therefore~~ 2 fuptracted from 7 leaves 


2dly, In all fubtraétion whatever, the remainder is 
the difference betwixt the greater number and the 
lefs; but the difference between -7 and— 2 is 93 
therefore — 2 fubtracted sted from -}- 7 leaves 9. 


3dly, 7 is equal to g—2 by the fecond paragraph 
of the laft article; therefore—2 fubtracted from 7 
will have the fame remainder as—-2 fubti fubtraéted from 


g—z2: but—z2 fubtrated from 9—2 leaves 9; 
therefore — 2 fubtracted from 7 leaves 9. In fhorr, 
the taking away a defect, in any cafe whatever, will 
amount to the fame as adding fomething real: as if. 
an eftate be incumbered with a mortgage or a rent- 
charge upon it, whoever takes off the incumbrance 
jut io much encreafes the value of the eftate. 

4thly, The lefs there is taken from 7, the more 
will be left; if nothing be taken, there will remain _ 
7; therefore if lefs than nothing be taken, there 
ought to remain more than 7, 

srbly, If, after all that has been faid, or perhaps 
all that wilh be faid in this abiteacted way, fome 
fcruples fill remain, let us apply the principle we 
have already advanced, and try whether we fhall meet 
with any better fuccefs that way. Let it then be 
required to fubtraét the compound quantity a— 2. 
from the compound quantity 6 ¢4-7: in order to 
this, 1 place a under 6a, and—2 under 7, and 
then fubtract.as follows; @ from 64 and there re: 
mains 54, — 2 from 7 and (if our affertion be true) 
there remains 9; therefore the whole remainder is 
| 0-19 


\ 
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sa+9. Now I dare appeal to every one’s common 
fenfe, whether this fubtraction be not juft: for certain 
_ jt is, that if a be fubtracted from 6a-+-7, the re- 
mainder will be 5a-+-7; and if fo, then itis as cer- 
tain, that if a—2 be fubtraéted, which is lefs than 
the former by 2, the remainder will be greater by 2, 


| that is, 54 +9. But to proceed; 


Other examples of the. Jubtrattion of compound 
algebraic quantities may be thefe. 


a+b Thus 7—3, or 4, fubtracted from7 *#-4-12 
a—b +43, or 10, leaves twice 3,0r 6. 3ae4-7 


From = t2x-+4+-6a—4b—12¢ 8 *—7e—sf 
‘Take ax—za-+sb— 5c-+-6d—7e—# 


med 


SRR ea 


Remains 10x-+-9a-— 8— yo—6d tof 


fee 


—e a ee 


- Proof 12%--6a—4b—1 22 i acre | mad) 


If never a member of the fubtrahend be found to. 
be of the fame denomination with any member of 
the number from whence the fubtra¢ction is to be 
made, change the fign of every member of the 
fubtrahend, and then add it to the other. As if 
5¢—6d is to be fubtracted from 3¢—4), firft 
change the fign of 5¢ —~6d, and make it — 5¢-} 6d, 
and then add it to the other, and you will have 
34—4b— 5c-+ 6d for the remainder, — * 


Of the multiplication of algebraic quantities. 


And firft, how to find the fign of the product in 
multiplication, from thofe of the multiplicator 
and multiplicand given. | , 
6. Before we can proceed to the multiplication 
of algebraic quantities, we are tg take notice, that 
. Hes “ | sea i 


- 
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if the figns of the multiplicator and multiplicand be 


both alike, that is, both affirmative, or both ne- 


gative, the produé will be affirmative, otherwife it. 


veld be negative: thus + 4. multiplied into + 3, or 
—4 inte — 3, produces in either cafe 12: but 
— 4 multiplied into-} 3, or-} 4 into— 3 produces. 


in either cafe — 12. 
If the reader expects a demontftration of this rule, 


he muft firft be-advertifed of two things: fiz, that 


numbers are faid to be in arithmetical progreffion 
when they increafe or decreafe with equal differences, 
as.O, 2, 4) 63 oF.6; 4, 2,.03, alo’as'3, a, ao 
4y Oy: — 43 12,50, “+125 OF = 12, 05 +- 12: 
whence it follows, that three terms are the fewett 
that can form an arithmetical progreffion; and that 
of thefe, if the two firft terms be known, the third 
will eafily be had: thus, if the two Grit terms be 4 
and 2, the next willbe o: if the two firft be 12 and 
o, the next will be — 12; if the two firft be— 12 
and o, the next will be. 12, &e, 
' adly, If. a fet of numbers-in’ arithmetical pro- 
ereflion, as 3, 2, and 1, be fucceflively multiplied 
into one common multiplicator, as 4, or if a fingle 
number, as 4, be fucceffively multiplied into a fet 
of numbers in arithmetical progreffion, AS 3, 2, and 
I, the products 12, 8, and 4, In either cafe, will be 
in arithmetical progreffion. 

This being allowed (which is in a manner. ‘felf-_ 
evident), the rule to be demonttrated refolves itfelf 
into four cafes : 


hs That + 4 multiplied into ++ 3 produces 
adi 1A ‘That — 4 multiplied into ne 3 produces 


— 12. 

gdly, That 4- 4 multiplied into — 3 produces 
— 12. 

And laftly, that — 4 multiplied | into — 3 produces 
+12. Thefe cafes are generally exprefied in fhort. 
thus: firft 4- into a9 gives --; fecondly — into -+- 

- gives 


s 
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gives —3 thirdly -- into — gives —; fourthly — 
into — gives -+-. | 3 : 

Cafe 1ft, That -+- 4 multiplied into -+ 3 produces 
+ 12, is felf-evident, and needs no demonftration ; 
or, if it wanted one, it might receive it from the firft 
paragraph of the third article ; for to multiply -+- 4 by 
-|- 3 is the fame thing as to add 4-}- 4 ++ 4 into one 
fum; but 4-+-4-+ 4 added into one fum give -|- 12, 
therefore -|- 4 multiplied into -- 3 gives-b 12. 
Cafe 2d. And trem the fecond paragraph of the 
gdart. it might in like manner be demonftrated, 
that—4 multiplied into-}-3 produces—12: but I fhall 
here demonftrate in another way, thus: multiply the 
terms of this arithmetical progreffion 4, 0, —4, into 
‘-1-.9, and the products will be in arithmetical! pro- 
oreffion, as above; but the two firft products are 
a12.and ©; therefore the third will be — 12;  there- 
fore — 4 multiplied into + 3 produces — 12. 

Cafe 3d. To prove that-++- 4 multiplied into— 3 
‘produces — 12; multiply -}. 4 into-}- 3, 0, and— 3 
{ucceflively, and the products will be in arithmetical 
-progrefiion; but the two firft products are 12 and o, 
therefore the third will be—12; therefere -- 4 
multiplied into — 3 produces — 12. 

Cafe 4th, Laftly, to demonftrate, that — 4 mul- 
_ tiplied into — 3 produces -[- 12, multiply — 4 into 
3,0, and— 3 fucceffively, and the products will be 
in arithmetical progreflion; but the two firft pro- 
duéts are — 12 and.o, by the fecond cafe; therefore 
the third produét will be 4-12; -therefore-— 4 mul- 
tiplied into — 3 produces -f- 12. 
© Caf. 2d, -- 4, O,-— 4 Caf. 34, -|- 4, -|- 45 +-4 
etal. OF ANB) om Bain 8 0 ot 39 aqitarrs 

+12, O12. | +12, 0,—12. 
Caf. 4th, — 4,—4.— 4. : 
mPa BesosQarmne 


= 


Thefe 
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Thefe 4 cafes‘ may be alfo more briefly demon 
» ftrated thus: 4 multiplied into -+-3 produces--125 
therefore — 4 into-}- 3, or +- 4 into— 3 oaght to 
produce fomething contrary to-+-12, thatis, —12: - 
butif—-4 multiplied into-L 3, produces — 12, then’ 
—4 multiplied into —3 ought to produce fomething 
contrary to—12, that is, ++12; fo that this laft 
cafe, fo very formidable to young beginners, appears 
at Jaft to amount to no rhore than a common principle. 
in Grammar, to wit, that two negatives make an 
affirmative; which is undoubtedly true in Grammar, 
though perhaps it may not always be obferved in 
languages. | z 


Of the multiplication of fimple algebrai¢ quantities. 


_. 6. Thefe things premifed, the multiplication of 
. fimple algebraic quantities is performed, firft by mul | 
tiplying the numeral co-efficients together, and then 
putting down, after the produét, all the letters im — 
both faétors, the fign (when occafion requires) being 
prefixed a's above directed. Thus 4 4 multiplied inte 
3.4 produces 124d, | ihe 

Though this kind of language (for it is no more}: 
like all others, be purely arbitrary, yet that a more 


rational one could not have been invented for this’ . 


purpofe, will appear by the following confiderations 
If any quaritity, as 4, isto be multiplied by any nums. 
ber, a8 2, 3, Or 4, the. product cannot be better re- 
prefented than by 43, 35, 4%, &c; therefore if dis) 
to be multiplied by a, the product ought to be called’ 
aé: butif d multiplied into a produces a4, then 45 
multiplied into @ ought to produce 4 times as much, 
that is, 4.4 3, laftly, if 4 2 multiplied into 4 produces 
440, then’ 40 multiplied into 3.4@.eughtto producé 
3 times as much, that is, 124d. | ii 
Hence it is, that whenever in Algebra two or more 

Jetters are found together, as they ftand in a word, 
_ without any thing between them, they fignify the pro- 

4 a duct 
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duét arifing from a continual application of the 
quantities reprefented by them: thus 2d fignifies the _ 
product of a and multiplied together; and adc fig- 
- nifies the product of the quantity @ multiplied into 
_é: thus aa fignifies the produ& of 4 multiplied into 

itfelf, ot the {quare of a, and not 24; and therefore 
_ whoever fhews himfelf unable to diftinguith betwixt 
2a and aa, difcovers as great a weaknefs as one that 
is not able to diftinguifh betwixt 2 dozen and a dozen 
dozen or 12 times 12. 3 

It is a matter of no great confedquerice in what or- 
der the letters are placed in a product; for ad and da 
differ tio more frofn oné another than 3 times 4, and 

_4times 3: and yet it is convenient that a method be 
 obferved, left like quantities be fometimes taken for 
unlike; therefore the beft way will be, to give thofe 
_jettets the precedency in a product, that have it in 
_ the alphabet; except when an unknown quantity is 
_ tnultiplied by fome known one, and then it is ufual 
to place the known quantity before it. 

Note. For the fignification of this mark x, fee in- 
troduct. at the clofe of the 7th article. Note allo, 
that this mark = is a mark of equality, fhewing that 
_ the quantities between which it ftands, are equal to 
each other, and muft be read as the fenfe requires: 
thus 2x6= eat may be read thus; 2x6 equal 
_ 3X4 equal to 12: or thus; 2X6 is equal to 3X4» 
which isequaltor2. 


Examples of fimple algebraic multiplication. 
aft, aabx5a=20a0b. 2d, —sabx6be—=—30abbc. 
_ 3d, 6acx—7bd=—4 2abcd.4th, —7axX—b=-+-70b. 


bth, NX 3X BKM, 6th, —xx—w==- xe. 
Of —5abX—L 3 =—rcab. 8th, 2axtb=ay sabe 


Diftinétions 
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D gaa to be obferved betwixt addition and 
multiplication. 


"That the young algebraift may not confound the 
Operations of addition and multi plication, as is fre- 
quently done; I fhall here fet down fome marks of 
diftinétion, which he ought to attend to: 

As firft, a added to a makes 2, but @ multiplied, 


- gnto a makes aa. 


2dly, a added too makes a, but a multiplied into : 
o makes o. 


3dly, a added to—a makes 0, but a multiplied into 
+—@ makes — aa, 

Athly, —a added to—a makes—~2a4, but—a | 
multiplied into—a makes + aa. 4 

sthly, a added to 1 makes a-+-1, but a multiplied | 
into 1 makes a. 

6thly, 2a added to— 3) makes 2 Aa— 30, but 2G 
multiplied into— 34 makes— 646. 

For a further confirmation of the learner, I have 
added, by way of exercife in his algebraic language, — 
the following equations; which I defire he would 

compute after me. Suppofe a==7, and b= 3: then 
we fhall have 1ft, 24+-d==10. adly, a—b=4. 
gdly, yo bana 5. 4thly, 4a—5b==13. 5sthly, 
Gae249. bthly, abaz21, 7thly, do=9.  8thly, 


'4@aa=343. ogthly, a2b=147. 1othly, 2bb=63. 


rithly, bbb==27. 12thly, a@a4-2ab-+bb=49-+-42 © 
-+-9=-100. 13thly, aa—2ab--bh—=49—42-4-9 = 
16. 14thly, aaa+-34ab-\-30bb 4-5) bb= 343-4441 

-+-189-+-27==1000, —15thly, AME Ioee o Tg 


Ba Arai 89—27=64. 


- Of powers and their indexes. 


7. Whenever in multiplication a letter is to be re- 
peated oftener than once, it is ufual, by way of com- 


-pendium, to write down the letter with a {mall figure 


aftex 
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after it, fhewing how often that letter is to be re- 
. peated: thus-inftead of x« we write x”, inftead of 
xxx we write x, inftead of xxxx we write x*, &c. 
Thefe products are called powers of x; the figures 
reprefenting the number of repetitions are called the 
indexes of thofe powers; and the quantity x, from 
whence all thefe powers arife, is called the root of 
thefe.powers, or the firft power of #; x” is called the 
- fecond:power of «, x° the third power, «* the fourth 
power, &c. Vieta, Oughtred, and fome other ana- 
lyfts, inftead of fmall letters ufed capitals ; and inftead 
of numeral indexes, diftinguifhed thefe powers by 
-pames: thus Vieta in particular called x, X [quare ; 
wi, Xcube, x*, X fquare-fquare; x°, X fquare-cube + 
we, X cube-cube; «’,. X fquare-fquare-cube, &c: 
which names Oughtred contraéted, and wrote them) 
thus; Ag, Xc, Xqq, XGe, Xece, Xgqe, Se: but 
now thefe names are pretty much out of ufe, except 
the two firft, when applied to a line fquared or cubed. 
Ifwe fuppofe w==5, we fhall have 2x==10, x*=25, 
Qk a= 1s y Keel 2 55) devo 20) x'sz6e5, be, . 
The multiplication of thefe powers is eafy : thus 
KK ax’, becaule wxXuxnssxxxxw : Whence it may 
be obferved, that the addition of indexes will always 
anfwer to the multiplication of powers, provided they 
be powers of the fame quantity; for as 2-+-3==5, fo 
ow xwrsaw’, EFc: but if they be powers of different 
quantities, their indexes muft not be added: thus 
a@xxn=aa'n®, and a’x*xatwi=a’x®. And here it 
mutt be obferved, that if a number be found between 
two letters, it muft always be referred to the former 
letter; thus a°x* does not fignify ax2x*, but a°xx’, 


The multiplication of furds. 


8. This mark + fignifies the fquare root of the 
number to which ig is prefixed, and is generally pre- 
fixed to numbers whofe fquare root cannot be other- 
wife exprefled, either by whole numbers or fractions: 

My thus 
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thus 4/2 fignifies the fquare root of 2; /a the fquare 
root of a, &c, Thefe roots are commonly called 
_ furd roots, or irrational roots, becaufe their propor- 
tion to unity cannot be expreffed in numbers. | 

Whenever two furd numbers are to be multiplied 
together, the fhorteft way will be, to multiply the 
numbers themfelves one into the other without any 
regard to the radical fign, and then to prefix the ra- 
dical fign to the product. Thus if a is to be mul- 
tiplied into /4, the produ& will be ad; which I 
thus demonftrate: let Va=2, and./d==y; then will 
wma, and y°==b, and x’y’==ab, and xy=V/ab 3 but 
xy, OF usyscn/ axl b by: the fuppofition 5 therefore, 
Vaxvb=Vab. Thus /2X/ 21/6. 

Thefe multiplications are of confiderable ufe, not 
only in matters of {peculation, but alfo in practice : 
for fuppofe I had occafion to multiply the fquare root 

of 2 into the {quare root of 3, if I had not this rule; 
I muft firft extragt the root of 2, to what degree of 
exacinefs I think proper for my purpofe: then again 
I muft extract the root of 3 to the fame: degree of 
exactnefs, and laftly I muft multiply thefe two roots 
together, before I can obtain the number wanted : 
but after it is known that /2x%/3==4/6, the whole 
operation -will then be reduced to the extra@tion of 
the root of 6 only: nay it fometimes happens, that 
two roots, though both irrational, fhall have a ra-. 
tional product : “thus Waxy SV 16=4, and wae 
KJ ac jit sd Rca tn 


Of the. multiplication of compound algebraic | 


quantities. 


_ g. Themultiplication of compound algebraicquan- 

tities is performed, firft by multiplying the multipli- 
_ cand into every particular member of the multiplica- © 
tor, and then reducing the whole product into the 
leaft compafs shee ota 


2 nme Y As 
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As for example; let it be required to multiply this. 
compound quantity 6x—7a—8d into this compound 
_ guantity 2x—3a-4+-4d: here having put down the 
multiplicand, and the multiplicator under it, and 
beginning at the left hand (for it is all one which 
way the cperation is carried on); I multiply the whole 
multiplicand into 24, the irft member of my multi- 
plicator, and the product is 12xv—14ax— 16dx, 
which J put down: then I multiply the multiplicand 
into— 3@, the next member of the multiplicator, 
and the product is — 18ax-}-214a-}-24ab; whereof 
the firft member—18ax, I place uhder—14ax be- 
fore found, being of the fame denomination, for the 
conveniency of adding; the ret, to wit, 4-2 1aa+- 
24ab, \ place in the firft line: this done, I now mul- 
tiply by 44, the Jaft member of the multiplicator, and 
the produ& is 246x—28ab—32bb; whereof | place 
24bx under—16dx, and —28ab under 4-240), and 
the laft member —3244 I place in the firft line, as 
having no quantity ot the fame denomination to join 
with ic: laftly 1 reduce the whole product into the 
leaft compafs poffible; and it ftands thus: 12%v— 
~Sat iSaely 1aa-—4ab—32bb. See the work: 


ax —24a -+-4b 
12xx rapt 1 6bx-1-2 1aa-+-24ab—32b5 
—1S3aw-+ 24bx —28ab 


eee 


Sum 10x —32ax-|- 8bx-f-2140— eb aaanke 3 
Example 2d. 


3x-f-4a 5b 
3x—4a --5) 
gxx--12ax—15bx—1 ae oab—25bb 
—1 Bai 5 bx -20ab 


eereeten® pon 


: ee 
Oee se ' — 1 6aa-+-40ab—2 50. 


Fo2 Example 
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Example 3d. 
6xx—7an-l8aa 
2Kx— 3ax-+-4aa 


ppc eet . s . 
12x'—14ax'-L16a’x’—2 40% x4-3 24° 
—18ax>--214°x’—28a>% 


+-24a°x* 


 Tam*—— 3 200716 1a"x"—520°%-+3 20" 
Example 4th. Example sth. Example 6th. 


we 


a—b a+b ab 
aa-\-ab—bb aa-+-abtbb  aa—ab--bb. . 
—ab +-ab —ab 


(aoe Se Comer ee ee or ee 


emcees, 


aa *—bb.  aat-r2abtbb. aa—zab-+bb. 


- Nv B. A dah over two or more quantities figni- 
fies that all thofe quantities are to be taken into one 
conception, or to be confidered as making up but 
one compound quantity: thus a-++-bxc—d does -not 
fienify that which arifes from multiplying dx¢, and 


¢ 


then adding a—d to the product, as it might be mif- | 


taken without.the dafh; but it fignifies the product 


of the whole quantity a--6 multiplied into the whole 


quantity c—d. 
Lhe proof of compound multiplication. 
1 o. Inthe 34 example we multiplied 6xx—7ax--8aa 
into 2%x—3ax-|-4aa, and the productamounted to 12.x* 


—320x°+-61a'°x’—52a°x-+-32a*: let us try this in 
numbers, and fee how it willanfwer. Inorderto which, 


we may fuppofe @ and x equal to any two numbers © 


whatever; but the fimpleft way of tryal will be to 


make. 
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-— make a equal 1, and x==1; and then we fhall have 
- in tne multiplicand 6%«=6, —-7ax=—7, and-+-8aa 
=-+8, and 6—7-+-8=7: therefore the multiplicand 
is 7: again, in the multiplicator we have 2xv=-2, — 
3aXK==—3, +-4ca=>--«, and 2—3-++-4==2; therefore 
the multiplicator is 3: and 7 the multiplicand, mul- . 
tiplied into 3 the multiplicator, gives 21 for the pro- 
du&. Let us now examine the feveral parts of the 
product, as they are here reprefented in letters, and fee | 
whether they wii] amounttothat number:124*—=12,— 
— 32ax°==—32,-+- 61a°x’ = 61, — 520°x=— 52,-+- 
32a°==-1-32; and 12—32-+-61—>5 2-|-32 amount to 
juft 21. This may ferve as a proof to the work, 
though not a,neceffary one: for it is not impoffible: 
but there may be a confiftency this way, and yet the 
work be falfe; but this will rarely happen, unlefs it 
be defigned. But the work may ftill be confirmed 
by making a=1, and x=—1; forthen the multipli- 
cand will be 6-}-7-++-8 21 ;andthemultiplicator 2-3 
-+-4==9; and the produ& 12-+-32-++-61-++-52-1.32= 
189, which is the fame with the product of 21 the 
multiplicand, multiplied into 9 the multiplicator, 


How general theorems may be obtained by 
multiplication in Algebra, 


11. Fromthefe algebraic multiplications arederived 
and demonftrated many very ufeful theorems in all the 
parts of Mathematicks; whereof I fhall juft give the 
learner a tafte, and then proceed to another fubject. 
- In the fourth example of compound multiplication 
we found, that 2-4 multiplied into a—éd produced 
aa—bb; whence Linfer, that The fum and difference of 
- any two numbers multiplied together will give the dif- 
ference of their fquares, and vice versa: for a and 6 
will reprefent any two numbers at pleafure ; 44-4 their 
fum, a—dé their difference, and aa—dé the difference 
of their fquares: thus, if we affume any two numbers 
whatever, fuppofe 7 and 3, the difference of their 
CRM. Fos {quares 
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{quares is 49—9, or 40; and 10 their fum, multi- 
plied into 4 their difference, makes alfo 40. 

But here I am to give notice once for all, that in- 
{tances in numbers ferve well enough to illuftrate a 
general theorem, but they muft not by any means be 
Jooked upon as a proof of it; becaufe a propofition 
may be true in fome particular cafes inftanced in, and 
yet fail in others; but whenever a propofition is found 
‘to be true zm /peciebus, that is, in letters or fymbols, it 
is a fufficient decane ot of it becaule thefe are 
‘univerfal reprefentations. 

In the 5th example it was thew, that c+-b multi- 
_ plied into itfelf produced aa—--22b4-b),; whence I in- 
fer, that Jf @ number be refolved into any two parts 
whatever, the fquare of the whole will be equal to the 
fquare of each part, and the double rectangle, or product 
of the multiplication of thofe parts, added together : thus 
if the number 10 be refolved into 7 and 3; 100 the 
quare of 1o, the whole, will be equal to 49 the fquare 
of 7, and 9 the fquare of 3, and 42 the double pro- 
duct of 7 and 3 multiplied together: for 49-+-9-1-42 
= 100. 

In the 6th example we found, that z—b multiplied 
into itfelf, produced, aa—-2ab-4-bb;. whence I infer, 
that Df from the fum of the fquares of any two numbers, 
be fubtracted the double product of thofe numbers, there 
will remainthe fquare of their difference: for aa-+-bb is 
the fum of the fquares of @ and 4, and 240 is their 
double produét, and aa—zab-+-4b was found to be the 
{quare of a—db, that is, the fquare of the difference of 
aandb: thus inthe numbers 7 and 3, the fquare of 
7 is 49, the fquare of 3 is nine, and the fum of their 
{quares is 58; and if from this be fubtracted the double 
product 42, the remainder wiil be 16, the fquare of 
4, thatis, the fqua re of the difference of the numbers 

and 3 
‘ Thele two laft theorems are in fubftance the fourth 
and feventh propofitions of the fecond book of Euchids 


Oat: 


(Arter. Divifion of Algebraic quantities. "Bm 
Of the divifion of fimple algebraic quantities. 


13. The divifion of fimple algebraic quantities, 
where it is poffible in integral terms, is performed, firft 
by dividing the numeral coefficient of the dividend by 
~ the numeral coefficient of the divifor, and then put- 

ting down after the quotient all the letters in the di- 
-vidend, that are not in the divifor; the fign of the 
quotient in divifion being determined by thofe of the 
divifor and dividend, jult in the fame manner as the 
fign of the product in multiplication is determined by 
thofe of the multiplicator and multiplicand; that is, if 
the figns of the divifor and dividend be both alike, 
whether they be both affirmative, or both negative, 
the quotient will be affirmative, otherwife it will be 
negative: thus if the quantity —12a6 is divided by 
— 34, the quotient will be-+-45; which | thus demon- 
ftrate: In all divifion whatever, the quotient ought 
to be fuch a quantity as, being multiplied by the di- 
vifor, will make the dividend; therefore, to enquire 
for the quotient in our cafe, is nothing elfe, but to 
enquire what number or quantity, multiplied into — 
—3a, thedivilor, will produce—t12ad, the dividend, 
Firft then I afk, what. fign multiplied into—, the 
fien of the divifor, will give —, the fign of the divi- 
_ dend, and the anfwer is-+-; therefore +-is the fign 
of the quotient: in the next place I enquire, what 
number multiplied into 3, the coefficient of the divi- 
for, will give 12, the coefficient of the dividend, and 
_ the anfwer is 4; therefore 4.1s the coefficient of the 
quotient: Jaftly I enquire, what letter multiplied into 
g, the letter of thedivifor, will produce ad, the deno- | 
minator, or literal part of the dividend, and the anfwer 
- is b; therefore Dis the letter of the quotient: and thus 
at laft we have the whole quotient, which is--4d, 
And this way of reafoning will carry the learner 
through all the other cafes. 
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Examples of fimple divifion in Algebra, 


Poke ft, 4ab) 24abbc ( 6be. 

2d, --7) —354b (—5ab. 
— 3d, —x) —3rx (+ 3e. 

4th, 7 Bene +724) (—'8. | 
5th, —4a° }— 6ca* (+ 154°, . 
6th, 4°) Gow? (+ 15x7, ate 
4th, 144°") —-Boa'a® (—15a°x". 
Stns wy een {Sige 2 
eS Tye AN sake Id Me b. 


_ Of the notation of algebraic frattions. 


Whenever ‘a divifion according to the oreyoid 
method is found impoffible, the quotient cannot be 
otherwife exprefied than by a fraction, whofe nume- 
rator is the dividend, and denominator the divifor; 
~ fee the introduction, art. 13. As, if it was required — 
to divide @ by 6, which divifion is impoffible ac- . 
cording to the foregoing rule, the quotient muft be 


expreffed by this fraction = which is ufually read 


thus, a by 4, that is, a divided by 4, or the quotient 
of adivided by 2: for in Algebra the word dy is, 
generally fpeaking, appropriated to divifion, as the 
word into is to multiplication. 
If’ the numerator, or denominator, or both, be 
compoundquantities, the refpective fractions muft be 
ath a a+b 
written thus 
Giibete. mcd 
If a divifion be Nie poffible according to the 
foregoing rules, and partly impoffible, it muft be pur- 
fied: as far as it Is poifible, and the reft muft be repre- 
fented by a fraction, as in common divifion: thus 


if ad+-bd--c was to be divided by d, the quotient 
would be ofb+5 oe Of 


Art 15, _ Proportion in numbers. 89 
Of proportion in numbers. 


15. Therule of proportion in Algebra is fo very 
little different from the rule of proportion in common 
arithmetick, that one example of it will be fufficient. 
_ Let then the following queftion be put: Jf a gives 
b, what will c give? Here the fecond and third terms 
multiplied together produce 4c; and the quotient of 


o 
this, divided by the firit term a, cannot otherwife 


be expreffed than by the fraction it this is evident 


from the notation of fractions explained in the 13th 
article. But as I have hitherto purpofely avoided 
all confideration of proportion, chufing rather to 
appeal, upon all: occafions, to the common idea 
every one has or thinks he has of it, than to be 
more particular, it may not be improper, now we 
come to reafon more clofely upon things, to enter 
more diftinétly into the particular nature of propor- 
tion, fofar atleaft as it relates to numbers, and fhew 
wherein it confifts. 

According to £uclid, four numbers are faid to be 
proportionable, that is, the firft.number is faid to 
have the fame proportion to the fecond, that the 
third hath to the fourth; or the firft ts faid to be to 
the fecond, as the third is to the fourth, when the 
firft number is the fame multiple, part or parts, 
of the fecond, that the third is of the fourth: but it 
will be afked perhaps, How can we know, what 
parts, part, or multiple, any one number is of ano- 
ther? Lo which I antwer, by a fraction, whofe nu- 
merator is the former number, and denominator the 
latter: thus the fraction 2 exprefly fhews, that the 
numerator 2 is two third parts of the denominator 3; 
for this is certain, that 1 1s 3 part of 3, and therefore 
2 mutt be2 of it: forthe fame reafon the fraction +2 
fhews that the number 12 is, 5? or 3 of the number 
8; and laftly, the fraction +? fhews that- the num-. 

‘ - ber 
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bef t2.is)7 2 0f) or zy ‘times the number 4; and con- 
fequently, that 12 is a multiple of 4, as containing 
it juft 2 times without any remainder: therefore, to 
any one ‘whe underftands fractions, Euclia’s defini- 


tion of proportion may be more diftinétly expreffed | 


‘thus: eur numbers are faid to be proportionable, 
when a fraction whofe numerator is the fixft number, 
and denominator the fecond, is equal toa fraction whofe 
numerator is the third number, and denominator the 
poner th Thus 2 is to3 as 4 is to 6, becaufe 2 is equal 


po.8 4, thus 12 is to 8 as 15 is to 10, becaule *, ; equals 


xs both being reducible to 3; thus 4 1§:t0 6ias 4 1S 
t0.12, becaufe 2 % equals 4, for each is caval to # 

laftly, 6 is to 2 as 121s to4, becaule 2 = bibs, 
_, From this idea of proportionality may ns demon, 
{trated a very ufeful theorem in Algebra; which is, 
that Whenever four numbers are prgporitonalie, the 
produdl of the extreme terms multiplied together will be 
equal to the produét of the two middie terms fo, mul. 
tiplied : for let z, 5, ¢, and d, be four proportionable 
numbers in their order, that is, Jer 2 be to & as ¢ 1S 


tod; | fay then that a d the prod. & of the extremes | 


will be equal to 4c the product of thetwo middle terms: 
for fince @ is to b asc isto d, it follows from what 


ue already been laid down, thatthe fraction Fis equal 


to the fradtion — multiply both the terms of 


es eae 
the fraction F into d, and both thofe of the fiaEeion | 


< into } (which multiplications may be made with- 
out altering the values of the fractions), and then you 

bc. 
bid be 


divided by Jd. is equal to the quotient of be divided 
by bd; ee ad mutt be oe ta dc, that is, 


“the 


that is, the quotient of ad. 


ee ee ee 


Art. 15, 16. Properties of Proportionality. gt 
the product of the extremes mutt be equal to the 
product of the middle terms, Q, H. D 

The converfe of this propofition is allo true, ta 
wit, that Whenever we have an equation in numbers, 
wherein the product of two numbers on one fide is found’ 
equal to the product of two numbers on the other, fuch 
an equation may be refolved into four proportionals, by 
making the two numbers on either fide, the extremes ; 
and thofe on the other fi de, the middle terms: thus 
if ad= bc; by making a and d the extremes, and 
band ¢ the middle terms, we fhall have @ to 6as¢ 
to d: if this be denied, let abetobasctoe; then 
we fhall have ae== bc by the laft; but ad—= de by 
the fuppofition ; therefore Peper therefore ¢ 
ie d, and a istob as ¢ 1s to d. Q, E. D, 


- 


: NTO 6 “ois Gy: 


' Whence if a, 6, and ¢, be continual proportionals, 
that is, if ais tob as@ is toc, we fhall have 6?=ae: 
and é¢ converfo, if °==ac, thena, 6, and ¢, will be 
continual proportionals, . 


The common properties of proportionality in 
numbers demonftraied, 


16. From what has been delivered in the laft article, 
may be demonftrated ai] or moft of the common 
properties of proportionable numbers with a great 
deal of eafe, fome of the moft ufeful whereof I thall 
here throw together into one fingle article, for the 
reader to perule, either at prefent, or hereafter, as he 
. fhall fee occafion. 

Firft then, from what has been faid, may the rule 
‘of three, which confifts in finding a fourth propor- 
tional, be moft diftinétly demonftrated: for let a, b 
and ¢ be three numbers given, in order to find d, a 
fourth elspa Mes fince aistod as ¢ is to d, 
you will have ad the product of the extremes, equal 
| ta 


i 
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to bc the product of the middle terms; divide both ~ 
fides of the equation by a, and you will have d= 


c nappa : 
—: which is as much as to fay, that if three num- 
a 


bers be given, a fourth proportional may be obtained 
by multiplying the fecondand third numbers together, 
_ and dividing the product by the firft. 

In the role of three inverfe, let the numbers when 
difpofed according to form be a, 6, and c; then 
whofoever attentively confiders the nature of that 
rule, will eafily fee, that the fourth number there 
fought for, is not to be a fourth proportional to the — 
three numbers given as they are difpofed in the order | 
a, b, c, but as “they ftand in the order c, 4, a, or 
¢, a, b, and therefore, in this cafe, the fourth number 

’ ab 
will be vm 

Secondly, if two proportions be equal to a third, 
they mult be equal to one another, becaufe if two 
fractions be equal toa third, they muft be equal to 
one another: thus if ais to bas ¢is tod, andc is to 
daseis tof, we fhall have a to 6 as ¢ to f. : 

Thirdly, if ais to bascis to d; then & will be 
to aasd toc, which is called inverfe proportion: for 
if ais tod as cistod, we fhall havead—=dc; make 
band.c the extremes, and you will have 8 to gas 
d toe, 

Fourthly, if aisto b asc istod; we fhall have, 
by permutation, @ to ¢ as 4 to d: for fince a is to} 
as.cis to d, and confequently gd= 4c, make a and 
d the extremes; andcand & the middle terms, and 
you will have a to cas 4 tod. 

Fifthly, if @ is tod as ¢ is to d, and any two 
multiplicators whatever be affumed, as e¢ and f; I. 
fay then, that ea isto fd as ec to to fd: for fince 
aistodascistod, and foad=dbc; multiply both 
tides of the equation by the product ef, and you will 

have 


Art.16. Properties of Proportionality. — 93° 
have adx¢fmbexef; but adxefmeaxs d, 
and dcxef==fbxec; therefore eax fd = fboxecs 
make ea and fd extremes, and the proportion will 
- ftand thus; eaistofd asecto fd, In like man- 

ner, mutatis mutandis, it may be demonftrated, that 


ety ae 8a tol théne seh Geco es ents 
iV Shiga eng 4 
to—. 

Sixthly, ifa is tod as cis tod; then a’ is to J’ as 
c is to ad: for fince a is to bas cistod, and fo 
ad=bc; fquare both fides of the equation, and 
you will have a’ DTC's make a* and d* extremes, 
and you will have a* to 4* as ¢* to d*. And by 
taking thefe fteps backwards, it will alfo appear, 
thae if @ is‘to & asc’ is tod : 21S to Phi tO, 


and V/ a is tov bas c is tow d. 
Seventhly, ii a is to b as ¢ is to d; then by 
_ compofition (as it is it is called) a+b is is to ; as Gana 
is‘to d; or a+-é is to a as cd is to c: for 
fince a is to b as ¢ is to d, and confequently 
ad=be; add bd to both fides of the equation, and 
you will have ad4-bd=bc--bd; but ad+-dd is 
the produc of a--b multiplied into d, as is ea- 
fily teen; and dc-+-dd is the product of 4 multi- 
plied into nto cd; therefore a--bxd=bxetd, 
make a+b and d extremes, and you will have 
a--b to 2 as c-Ld to d. Again, fince bcmads 
add ac to both fides, and you will have ac-l-be 
> == ac-tad, that is, a-+-bxe=axc-+d 3 make 
a-|-b.and ¢ extremes, and you will have ab 
to a as c-t-d toc. 
__Eighthly, if ais tob as ¢ isto d; then by divifion 
aot is to 6 as c—d is to d; or a—b.is to a 
3 Be AN Cu as 
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asc—dtoc. This propofition is demonftrated by. 
—fubtra@ion, juft in the fame manner as the laft was 
by addition. 

Ninthly, if to or from two numbers in any given 
proportion, be added or fubtracted other two numbers 
in the fame proportion, the fums or remainders will 
ftill be in the fame proportion with the numbers firft 
propofed : thus if the numbers ¢ and d bein the fame 
proportion with the numbers a and J, thatis, if as 4 
is to fo is ¢ to d, and if to or from the former two | 
numbers be added or fubtracted the latter, we thal] 


have not only ae to bd as ato b, but alfo a—c 


to —d.as ato b: for fince, by the fuppofition, ais 
to bas ¢ isto d; it follows by permutation, that a is 


to ¢ as b is to ds and by compofition, that a-F¢ is to is to 
a as bd, to; and again by permutation, that a-+e 
is to d--d as ais tod: in like manner by permuta- 


tion and divifion we fhall have a—c to 5—d as a to b. 

Tenthly, if there be three numbers a, 4, and c, 
and other three numbers d, e, and /, proportionable to 
them, and in the fame order: that is, if as ais tod 
fo dis toe, and asd is toc focis tof; I fay then, 
that, ex equo, the extremes will be in the fame pro- 
portion, (vz.) that a willbe tocasdistof: for 
fince by the fuppofition, ais to d as d is toe; by 
permutation we fhall have a todas 6 toe; and for 
the fame reafon, fince A is toc ase 1s to £2 we fhall 
have dtoeasctof: fince then a is to d asd toe, 
and d toe as c tof; it follows from the fecond pro- 
| pofition, that gisto dasctof; and by permutation, 
thataistocasdtof. . 

Eleventhly, if there be three numbers, a, 4, and ¢, 
and three other numbers d, e, and f, proportionable to 
them, but in a contrary order, fo that ais tod ase 
tof, and ato ¢ as d toe; I lay, that the extremes 
will {till be proportionable, to wit, that a will be to 
casdiof-: for fince a is to 2 as e tof, we have 

afmmbes; | 


Art. 16. Properties of Proportionality, oF 
af=be; moreover, fince } is to ¢ as dto e, we have 
cd == be; therefore af==cd; make a and f extremes, 
and you will have ato casd tof, 

_ N.B. lf there be two feriefes of numbers, as a, , ¢, 
€Fc.3 d, €, fy Sc. 3 each feries confifting of the fame 
number of terms; and if all the proportions between 
contiguous terms in one feries be refpectively equal 
to all thofe in the other, that is, each to each, as 
they ftand in order; as ifabe to 4 as dto e, and dto 
casetof, &Sc.3; thenthe extreme terms of one feries 
will be proportionable to the extreme terms of the 
other: for the demonttration of the tenth propofition 
may be extended to as many terms as we pleafe ; and 
this proportionality of the extremes is faid to follow 
ex quo ordinate, ot barely ex equo, that is from a 
refpective equality of all the proportions in one feries 
to their correfpondents in the other, in an orderly man- 
ner. But if every proportion in one feries has an 
equal proportion to anfwer it in the other, but not ina 
correfpondent part of the feries ; as if abe to bas etof, 
and bto c asd to e, &c.; then though the extremes 
will ftill be proportionable, as will be evident by con- 
tinuing the demonftration of this eleventh propofition; 
yet now the proportionality of the extremes is faid to 
follow ex equo perturbate, that is, from an equality 
of al] the proportions in one feries to all thofe in the 
‘other, but in a diforderly manner. | 
 Twelfthly, if 2 isto das c¢ is tod; we fhall have 
a-\-b to a—b as c---distoc—d: for fince a As to 
bas c is to 4, we fhall have by compofition, a-+-é 
to a as ¢-+dis to ¢; we fhall have alfo by divifion, 
qb to.a as c—d to ¢; and by inverfion, a to a—é 
as ¢ to c—d: fince then we have a--+-é toa as cd 
toc; and.4 to a—bd as ¢ to c—d, that is, fince we 
have three numbers, a---4, a, anda—-, and other 
three numbers proportionable to them in the fame 


eee 


order, to wit, c+d, ¢, andc—-d3 it follows ex equa 
4 | | that 
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that the extremes will be proportionable, that is, that 


Po 


a--b will be to a—b as c-l-d is to c—d. 

’ Thirteenthly, if there be a feries of numbers, 4, J, 
m,n, whereof &.is to] as ato b, and / to mas cto d, 
and mto nase tof; I fay then that & the firft term 
will be to the laft, as ace the produ@ of all the 
other antecedents to 2 df the produc of all the other 
confequents: for kis to 1 as @ to ’, by the fuppo- 
fition; and we fhall find that aistodasacetobce — 
by multiplying extremes and means; therefore & 
isto /asacetodce; and for a likereafon/ is tomas 
bce to bde, and m isto as bde to bdf; therefore, 
ex aque, kistonas ace to bdf. ? 


Of the extraction of the /quare roots of fimple 


algebraic quantities. 


17. The extraction of the fquare root of fimple al- — 
gebraic quantities is fo very eafy, that it needs not to 
be infifted on. Thus the fquare root of aa is-}-or—a, 
the fquare root of gaa is-+-or—3a, and that of 4aabb 
is-t-or—2ad: this is plain from the definition of the 
- {quare root; for the fquare root of any quantity, fup- 
pofe of 4aabb, is that which, being multiplied into 
itfelf, will produce 4246: now—2a) multiplied into” 
itfelf will produce 42a, as well as-++-2a), and there- — 
fore one quantity 1s as much its fquare root as the 
- other. 

When the fquare root of a quantity cannot be ex- 
tracted, it is ufual to ficnify it by this mark »/: thus 
/ 20a fignifies the fquare root of 24a; thus Waq—~4b — 
fignifies the {quare root of the whole quantity aa—ab; : 


a—4b | 
thus —* fignifies a fraGtion whofe numerator is — 
2 
the {quare root of the whole quantity 2za—4b, and 
400—a> 
——— fignifies 
124 of 


whofe denominator is 2a; thus 7 
2 


the | 


Art. 2t;°22. Atcesraic Quantities, 97 
s ~ id | i 40b0—a' p 

the {quare root of the whole fraction, ——— , that - 
7 | 12a | 


is, the fquare root of both the numerator and deno 
minator. | 

When the fquare root of a quantity cannot be ‘ex- 
tracted, the quantity may fometimes however be re- 
folved ifito two factors, whereof the one is a fquare, 
and the other is not; and whenever this is  poffible, 
the root of the fquare may be extracted, and the ra-_ 
dical fign may be prefixed to the other factor ; ;, thus 
12@a equals 4aa%3; thefefore /1 2 aaK2asa/ 3. 


The feveral rules of frattions exempli ified in 


algebraic quantities. 


22. Fractions in Algebra are treated juft in the 
fame manner as in common arithmetic, only ufing 
algebraical inftead of numeral operations; as will 
plainly appear from the following examples. 


Examples of the reduction of fracteons from higher to 


lower terms, according to introduction art. 7th. 


7 Nee, saunas | 
The fraétion dividing both the numerator and 
ee ae ee: 

denominator by the fame quantity 24, will be re- 
| Pe. E Steg 
duced to the fra€tion —, a fraction of the fame value 
with the former, but expreffed in more fimple terms: 
whence we may infer, that whenever a common letter 
of factor is to be found in every member both of the 
numerator and denominator, it may be cancelled every- 
where, without affecting the value of the fraction ¢ 


.. ac--be : at-b 
thus the fra@tion —_-— , expunging c. becomes —, 
cd-ce d-+-e~ 


a fraGion of the fame value. But if there be any one 
member wherein the factor is not concerned, it muft 


& Rut 
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not be expunged at all: thus the fraction 


“Hae 


cannot be reduced, becaufe the factor ¢ 1s not to be 2m 


found in e. 


Note, That cancelling here, is not ot fubtracting, but. 
dividing: thus to cancel the letter 2 in the quantity — 
ab, fo as to reduce it to a, isnot to fubtraé 4 from 
ab, but to divide ad by 4, in which cafe the quotient _ 


will. be a. 


Examples of fractions reduced to the fame pes 
nation, according to introduction art. bla 


b ia 
I ft. The fractions — _-, > pind when reduced tothe 


a 8b 6c. 
——, —,and— 


24. 4a 


fame denomination will ftand thus ; 


ed. The fabivons .: and a fo reduced, will ftand 


be 7 t 
3 


ad pol 
thus; —and—. 3d. The faétions er the and ‘ 
s 


bd bd 


actbhe 


a after Pela! will ftand thus: o>, sd bac gy | 


qsuy” gsuy” qsuy” 
st 
and ha 


the rule for this reduction demontftrates itfelf: for in 


this example it is impoffible not to fee, that all thefe 


fractions, notwithftanding this reduction, ftill retain : 


their former values: thus the firft fraBtion 5 | 9 bY 


cancelling common factors, is reduced to a Its ee 


. And here I cannor but obferve, that now: 
u 


mer value; and the fame may be obferved of all the a 


reft: .and this example amounts to a demonftration, 


becaule it is comprehended in general terms. Buttogo 
| on: 


Art. 22. in ArceBratc Quantirizs, 99 

a : - 4 | : é' : ri . I i 

on: 4th, The fractions —, ae and —, being reduced 
‘age a C 


Suge be ac ab 
to the fame denomination, become —, —, and —. 
abe abe abc 


sth And laftly ra Sd cy Pink ie oes, 


55 aa — bb 
of the Arft fraction multiplied into ae the de- 
tiominator of the fecond, makes ad; and 1 the nu~ 
merator-of the fecond fraétion multiplied into a--d, 
the denominator of the firft, makes 2-4; and the 
product of the two denominators a4 and a—d mul- 
tiplied together is aa—dd, as in the 4th example of 
: the 9th article, | 


hip 1 the numerator 


Bsample of addition in fraélions, according to 
: introduction art. oth. 


ift. Thefe fradtione 2S —,— ~ and = -“ when added 
iledeas 


together, make “eee mc 
ad. The fradtion added to the ffaction = 
makes or Qe 
Z 


—~b 
3d. The fraftions —, — and jaety when added | 


3 
12a—8b-+6¢ 


eae make - 
. 24 


ath. The aa : added to.the fraction S makes 
ad-bbe, 


bd | 
G 2 pth. 
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ee b ‘i a Bt 
5th. aadded to ee that is, - added to af makes: 


eee 
ae nis 
6th. — * added to — ze makes ae 
ath. The fractions ats —,and when added 


u 
spl ara cai 
qsuy 


8th. < added OL, — gives a ‘ 


together, make —— 


gth. —; added to —— —s ae 


5th example of fractions reduced to the fame deno- 


mination. ® 


Examples of fubtraétion in fractions, according to 
introduction art. 10th. 


Note firft, If the figns of both the numerator and 


denominator of any fraction be changed, whichis no — 


Bp | 


24 : } 
oives——— . See the | 


more than multiplying both terms into — 1, the va- 


lue of the fraétion will {till remain. «| 
Secondly, The denominator of a fraction is always 


fuppofed to be affirmative; and therefore if at any » 


time it happens to be otherwife, it muit be made affir- 
mative by changing the figns of both terms. 


b 


Thirdly, -\- ‘s and — —— are the fame in ie as 


-l-a 


b 


vifion: and fometimes this latter way of notation is 


- more convenient than the former. 


— g : ) 
ae and -——-, as is evident from the nature of di. 


Fourthly, — 
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Fourthly, Therefore the fign of the numerator js 
the fign of the whole fraction; and to change the ign 
of the former, is the fame in effect as to change the 
fign of the latter. 

Fifthly, Whenever one algebraic fraction is to be 
fubtracted from another, the fafett ‘way will be to 
change the fign of the numerator of the fraction to be 
fubtra&ted, and to place it after the other, and then 
to reduce them at laft into one fraction: for if the 
fubtraction be deferred till after the reduétion is over, 
one may make a ee and fubtract the wrong 


quantity. Thus, 1ft, , £ faberaded from — gives 


2a—4b 10a—172b 


Ms 35. 
od. — fubtraéted from ee: gives i= ‘aE 
S qs 
b Sp ac 
3d. — fubtra&ed from a gives ae a e: 
c ee c 


Beach, 
th. fi — 
4th. - a7 ubtraéted from - — gives SS ge Lear ; 
2b 


aa—bb 


Examples of multiplication in fractions. 


The multiplication of fra&tions is performed by 
multiplying the numerator and denominator of the 
multiplicand, into the numerator and denominator of 
_ the multiplicator refpectively. 


Thus rft. CxXGeo ; 


a3 SP, 24 AT: Se Le! 

4q9 6r 24gr 8r 

Pan wan, an @ erets at: 

- 3d. Ren Es oR 
a: G 3 ath 
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‘4th, —Kb=— =a. 


pins aN sas 
7th. ar ko a 
Sth. SX GX SST 
oth. ote xd, or Sot ds ee 


Ae fe gk debe 2) 5 dieleime 
roth. dfx FOF Py ae xfs 
rith. at “yds, or OEE STE 


aac bt : 
: Fi f a ; 


This multiplication might alfo be performed thus :_ 


d oF 
a} xe 
ppg 
-Teth. ope Xa ME a 
Or, ene oe : pa See the work : 
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{ 


b 
ate 
b 
oT 
ab, bb. 
Ram ae 
ab 
re 
2ab. bb 
od aa ee 


Examples of divifion in fractions. 


Divifion in fradtions is performed by multiplying 
the direct terms of the dividend into the inverted 
- terms of the divifor: thus, 


ot Ee ? | b Ee 
i ft. =) Be a 2d. =) ; (=. 
REG ae 
5th. =) - a, or ab. 

: . b b 
6th. d-+=) a+- ae 


Wa 
a/b 


soil for if we make x= 


qth, Vb) Va ( 

7 hie : 
b d 
Ga I thal. 


xe we fhall have xv =>, andw = vo. 


3 


$04... Or Equations, Boos 
I fhall only give one example more, and that fhall 


be of the rule of proportion, as follows: Jf 2 gives 


piste ae, | 
tall what will — give ? Anfwer, —: for © the fe- 


d | TN ASA 
cond number, multiplied into T the third, produces 
. bc 


and this divided by the rt quotes ae | 


Of equations in Algebra; and particularly of % 


Jimple equations, together with the. manner of 
refoluing them. J 


23. Amequationin Algebraisa propofition wherein 
one quantity is declared equal to another, or where 
one expreffion of any ‘quantity is declared equal to 
another expreffion-ot the fame quantity: as when 
we fay 7 = 4; where 3 is faid.to poffefs one fide of 
the equation, and 2 the other. 


Am, affecked , quadratic equation is an equation 
conGfting of three different forts of quantities; one | 


wherein the {quare of the unknown quantity is con- 
cerned, another ‘wherein the unknown quantity is 
fimply concegned, and a third wherein it is not ¢con- 
cerned at all: as if w¥— 2x 2; fuppofing x to be 
an unknown quantity... | ml 

If either the term wherein the fimple power of x 
is concerned, as-+2 4, or that which is called the 


is 
abfolute term, to wit, 3, be wanting, the equation — 
; .*% { q 


is fill a quadratic equation, though incompleat. 


Some indeed there’ are, who rank this latter fort of © 


equations under the denomination of fimple equa- 


tions; and fo fhall we, upon account of their ealy 


relolution; »though,. properly fpeaking, .a fimple 


equation %§ that wherein {ome fimple power of (the 


_ unknown 


- aes ni om 
— ee ae 


Art.23.... Or Equations. vie age 
unknown quantity is concerned, all others being ex- 
cluded:: as if 3x26; 2~-+ 3=-4x—5, &c. 
The ufe of thefe equations is for reprefenting more 
conveniently and more diftinctly the conditions of pro- 
blems, when tranflated out of common language 
ipto that of Algebra. As for example; let it be 
_ propoefed to find a number with the following: pro- 
_perty, to wit, that 2 of it with 4 over may amount 
to the fame as +’, of it with 9 over: here, putting 
x for the unknown quantity, the condition of this 
problem, when tranflated out of common language 
into that of Algebra, will be reprefented by the 


a 


a ed? te Sak Seah i So 
following equation, to wit, iy +4= re 9: for 


“toa : MN. 2s ache Ok 
2 of w, that is, 3 OF a 9 therefore — - 4 


fignifies 2 of x with 4 over: and fince this expreffion, 
according tothe problem, amounts to the fame with 


eee BL ers 
the other, to wit, rho ; hence it is that we pro- 


nounce them equal to one another. 
Now fince, in the foregoing equation, as well asin 
‘almoft all others arifing immediately from the con- 
ditions of problems themfelves, the unknown quan- 
tity is embarrafled and entangled with fuch as are 
known, the way to difengage it from fuch known 
quantities, fo that itfelf alone poffefling one fide of 
the equation, may be found equal to fuch as are en- 
tirely known on the other, thatis, in the prefent cafe, 
to determine the value of the unknown quantity w, is 
what iscommonly called the refolution of an equa- 
_ tion: for the effecting of which, feveral axioms and 
“proceffes are required ; fome whereof, namely fuch 
-as moft frequently occur, I thall here put down; the 
eft I fhall take notice of occafionally, as they offer 
themfelves, © | fie haat 


As 


‘ 
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ge the refolution of fmple equations. 
AXIOM I. 


| Whenever a sic is to be multiplied by a whole 


number, it will be Jufficient to multiply only the numera- 


tor by that number, retaining the denominator teh fame 
as before. Thus + multiplied into 2, gives 2, for, 
the fame reafon that 4 fhillings: multiplied i into 2 gives 


8 fhillings: thus in the ne example following, | 


iy TAN ig, ak le 21% 
=—— multiplied into'3, gives: mera 
12. 12 


AXIOM 2. 


But if. the whole number into, which the fraction is 
to be multiplied, be equal to the denominator of the 
fraction, then throw away the denominator, and the 
numerator alone will be the produé?. Thus the fraction 


a ok ne she ae Paw | 
i multiplied into J, gives = ora: thusin the firft 
1% 


| a i fy lh ; 2 
example, — multiplied into 3, gives 2x; and catry 


multiplied into 12, gives 21%. 
AXIOM 3, 


if the two fi des of an equation be multiplied or 
divided by the fame number, the two produéts, or quo- 
tients, will fill ve ssa 4 each ibe Thus in the 


“firft example, where i "445 a =<} 93 if both. 


fides of the sagt be multiplied into 25 we fhall 


have 2x-t12= i = + 27; and if again this laft 


equation be multiplied into 12, we fhall have 
oge 144 = 21a} 324. 


Axiom . 


* 
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If a quantity be taken from either fide of an equation, 
and placed on the other with a contrary fign, which is 
commonly called tranf{pofition, the two fides will be equal - 
toeach other. Thus if 7--3==10, tranfpofe -}-3, and © 
you will have 7=-ro—3: thus if 7—3==4, tranfpofe 

-—~3, and you will have 7=-4-+-3: thus if (as in the 
firft example) 24x-+-144=-21"-+-324, tran{pofe 21x, 
and you will have 24~w—21x-}-144==324, thatis, 
ax-1-144>=324; and if again in this laft equation you 
tranfpofe 144, you will have 3N==324—144=2180. 

Tranfpofition, therefore, as it is here delivered, is 

_ nothing buta general name for adding or fubtra&ing 
€qual quantities from the two fides of an equation; 
in which cafe it is no wonder if the fums'‘or differences 
ftill continue equal ta each other. As for inftance, in 
this equation a—b=c, tranfpofing —d we have ac 
-d : and what-is this, after all, but adding 4 to both 
fides of the equation? for if b be added to a—bd, the 
fum will bea; and if d be added to cy the fum will 
be c--b; therefore a=c-+d: again in the equation 
a+b=c, tran{pofing -+-2, we have a= c—b, which is 
nothing elfe but fubtracting d from both fides of the 

equation, 


The 1ft Procefs. 


If, when an equation is to be refolved, fractions be 
Sound on one or both fides, it muft be freed from them by 
- multiplying the whole equation into the ceronin ators 
i thofe fractions Succeffi ively. 


The 2d Prdcets: 


After the equation as thus reduced to integral terms, 
if the unknown quantity be found on both fides the equation, 
let it be brought by tranfpofition to one and the fame fide, 
viz. to that fide which after redutlion ‘gaan exbibit it 
afirmative 


7 The 
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The 3d Procefs. 
After this, if any loofe knows quantities be found on the 
fame fide with the unknown, let them alfo be brought 
Aue tion to the otber fs de of the equation. 


| The Way Procefs. 
Lf now » the unknown quantity bas any coefficient before 


it, divide all by that coefficient, and the aqyatia rails be 
refolved, 


The 5th Procefs. 

If the whole. equation can be divided by the auicieuin | 
quantity, let fuch a divifion be made, and. the equation — 
will be reduced.to a more fimple one. Thus in the 16th 
example you have 615x—7«xx—= 48; divide the whole 
equation by x, and you will have 615—7x*= 48. 


Jn the 13thexample you have = = Bt divide 
| ; 2 
the whole by #, which is done by dividing only- the 
numerators of the two fractions, and you “will have 
Ae TOY 85h « 


eee 


abo Mmm 


The 6th Procefs.. | 

Tf at laft the fquare of the unknown quantity, a not 
the unknown ¢ quantity itfelf, appears to be equal to fome 
known quantity on the other fide of the equation, then 
the uiknown quantity muft be made equal to the fquare 
voot of that which is known. Thus in the 14th ex 
ample we have wv= 36; therefore x==6, and not 18: 
in the 15th, we have xx=264; therefore w=38,-the 
fquare root of 64, and not 325 its half. 


Examples of the refoluttan of jimple equations. , 


24. This preparation being made, I fhall now give 
fome examples of the refolution of fimple equations 5 _ 
| and | 
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and my firftexample fhall be the equation given in 
the laft article, in order to trace out the dunes there 


defcribed. 
Example r. 


ON oe 
: +4>— +9 | 
In this equation it is plain, that there are two frac- 


ee’, aim ’ 
tions, —, and re which muft be taken off at two 
12 


feveral operations, thus: as 3 is the denominator of 
the firft fra&tion, multiply the whole equation by 3, 
rs 216K 


and you will have 27+ a ey again, asthe 


denominator of the remaining fraQiion i is 12, multiply 
all by 12, and you will have 24x 144—2 rb 3243 
which is an equation free from fractions. 

_ 2dly, It muft in the next place be confidered, that 
in this laft equation 24x-++-144—=21"-+324, the un-— 
known quantity is concerned on both fides, to wit, 
24x” on one fide, and 21” on the other; tranfpofe 
therefore 21x, and you will have 24x—2tx-+ig4g=— 
324, that is, gx--144—=324. If it be afked why I 
chofe to tranfpofe 21* rather than 24%; my anfwer 
is, that had 24x been tranfpofed, the unknown quan - 
tity, or its coefficient at leaft, after reduction, would 
have been negative, contrary to the rule in the fecond 
procefs; for, refuming the equation 24%-L-144==2 14-4 
324, if 24x be iranfpofed, we fhall have 144==21%— | 
24x+-324, that is, 144—=-—3x-}-324: but even in 
_ this cafe, another tranfpofition will fet all right ; for 
if —3w be tranfpofed in this laft equation, we thall 
then have 3x-1-144-+-324 as before: all that can be 
faid then againft this latt way is, that it creates unne- 
ceflary tranipofitions, which an artift would always 

endeavour to avoid. 

— 3dly, Having now reduced the equation to a much 
greater degree of fimplicicy than before, to wit, 3x-1- 
144==3243. becaule the unknown quantity 3x has 


{till 
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ftill a loofe quantity, viz. 144 joined with it, tran{pofe 
that quantity 144 to the other fide of the equation, | 
and you will have 3v==324—-144, that is, 3x—=180. 

N, B. By a loofe quantity I mean fuch a one as is 
joined with the unknown by the fign ++ or —, and 
not by way of multiplication, as is the coefficient 3 in | 
the laft are 

4thly, By this time the quantity “is very near enh 
difcovered; for if 3v==180, it is but dividing all. 
by 3, and ee fhall have x==60: 60 therefore is the - 
number defcribed in the laft article by this property, 
to wit, that 2 of it with4 over, will amount to the 
fame as +2 of it with 9 over: and that 60 has this 
property, will now be eafily made to appear fynthe- 
tically ; for 2 of 601s 40, and this with 4 over is. 445 
moreover sa of 60 is 35, and this with nine over is 
alfo 

N. B. A demonttration that proves the connection 
between any number and the property afcribed to it, 
is either analytical or fynthetical: if this connexion 
is fhewn by tracing the number from the property, 
the demonttration of it is called an analytical demon- 
{tration ; but if it isfhewn by tracing the property 
from the number, the demontftration i is then faid toi 
be fynthetical. 

Example 2. 


= --i2= on + 6, 
Here multiply by 3, and you will have 2¥--36=% 


12x 


——-1 18; multiply again by 5, and you will have 


—tor--180==12K-}-90 ; tranfpofe 10x, and you will 
have 180=121—10x-+-90, thatis, r8o=:2x-1-90, or 
rather 2”-|-9g0==180, for I generally choofe to have 
the unknown quantity on the firft fide of the equa- 
tion: tranfpofe 90, and you will have 2x==180—go0, 
that is, 2x==90; divide by 2, and you will have 
a5" | -, (Shea 
| The | 


Art. 24. | SIMPLE EQuaTIons. | ie 
: The Proof. 
The original phy gost was — pat aaa ao aoe 6: 
20 
now if x=45, we have Rate oo 20, as pon Le = 49: 
: again, we have == ai and 4 oe an en ye aii 
eee ef Ae | 
fore me +i a -|- 6, becaufe the amount of both 
| 7 Example 3. 
§ dame a. 2: therefore 3x--20== 48; 
therefore saat 20==20x-}-48;therefore 1 20=—=207— 


18x-}-48, that is, 120-248 ; ; therefore 120-——48 
‘==2x, that is, 2¥==72; therefore v= = hag 7 


gx 


The Proof. 


‘The Sata equation was be Bah 5 = 2 Fast now 


it we thal have = oe Wil and == +5 = 32: 


we fhall alfo have ne = 30, and an woh ; there- 


fore if x= 36, we fhall have i as eth ae p+ 26 


‘ Example 4. 
ce Ar ee all Hones, Sia 
ler 8: therefore7x—40= 64; 
Sarvehies 70%'—400==72"—6403 therefore—400=— 
42% —70% —640, thatis, —400==2x—640, or rather 
2x-——640==—400; therefore 42 040-op that i is, 
Ae==240 5 an Woes P20. 
“The 


1Tes | RESOLUTION OF Book 1. i 
The Proof. 
The original equation, c— i ee 2° — 8; buts 
10 | 


i x | 
= 120; therefore = 1053 therefore — —5==100: 


gx | ee | 
moreover — =108; therefore —- —8=100; there- 
SLe 16, 


L8o Oe rie 
fore er oe ’ 


Example 5. 
yp 63 x 
12 
therefore 60 posal built = 7992— 63x; therefore 60 x | 
+ 63%—364==7992, that- is, 123x864 = 7992 § 3 
therefore 123%=7992-+-864, that is, ein 2: 
and wo=7 2. 


—8ayi—: therefore 5x—72—=-666——= 


The Proof. 
one 


The original equation, 8s bod 


: x ey bpaeymch - 
therefore 2 eho; therefore 2> — 8 = 32: again, 
| 9 | 9 | | 
: be | 
1242; therefore 74 = 74.— 42232: there-. 
12 2 ar 


fore 4 Rpaay Ale 


fort Sx—192==1152—6e; therefore 8x-| 6x—192 = 

1152, that is, 14x—I192==1152 ; therefore 144 

452) 192s that is, 14x==13445 and K2200, ca | 
The 
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The Proof. 


: The original bigs een a ve96; 


Fani63 7 Ae 2: again, oe 12; therefore 24 


| | x x 
<=24—-12==12; therefore re et ee 
Example 7. 


56— 3489": | pherstor 224— 3x == 192 

4 
— 5 therefore 1792 —24x7 => 1536 —20%3 
therefore 1792 = 1536--24r—20x, that is, 1792 


me 1536-4+- 48; therefore 1792 —1536== 4x, that 
is, 4x2 565 and x= 64. 


The Proof. 
_ The brigisial ge <= ok ; os 


64 3 therefore ~ — == 48; therefore s6—2 i = 56 
F: ; 


— 48 = 8: again, Be == 40; therefore 48 — 7 


248-4028 ; therefore 56 si eal ZB 57 
Example 8. 


| _fo- oe a2.8' therefore 324—4" 2272; there- 


—* fore 324 = 12 +- 4; therefore 324 —72 == 4s 
that is, 4¥==252; and e453, Re 
H The 


ti4 | JResoturion or Book I. - 


HS EhetProok 
_ The original equation, 36 —. = =i 8 56, SB 2H 3 


| therefore = a ==28; therefore 36 — sla 36 oo 08 
9 9 : 
rasnl of 
Exainple 9. 


528 — 12.4 


20 176—4 
— = ; therefore 2 x == ——————-5, 


———— 


3 5 
therefore 10 v == 528 —12.4; therefore tow as 12% 
hese Chet, aed and: w=ZA. 


“The Proof, 


: “4 >" @ e Ld 2 v I 6— 4x , y ; 7 
The original’equation, —-.== ————-@_ #= eas 


2x 
therefore — = 16:, again, 4 «= 96; therefore 


76-—A4N 
176— 4x4 176 —96= 805. therefore ea | 
80 2x. 176—A 
= ee | therefore aid = prs Bice 
oh 3 5 


_ .Example to. 


— es 29 : therefore 3x 


720—20% 
: ee 
==1165 ees 18 x 720— 20x = 696, that ~ 
iS, 720—21==696 5 therefore 720 = 2«-} 696; — 
therefore 720 — 696 = atts Ae 1S, 20=E2.4'5 and 
nd | 


. The ) 
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The re, 


9G: 
The Reade equation, va See aa = 29; 


ym 123 Eye ae ES = 93 5“ == 60; therefore 
; 4 


180— 
a a cherefore’ a2 ean 
I 180— | 
> % 20; therefore Sek Sn == 29a 


Example 11. 


te Cah 
antl 4x8 
Multiply by 2~-+3, and you will have 4s = 

114x--171 
SAREE TS 
have 1i80x— 225 == 114+ 1713 therefore 180% 
“T14" —= 225 = mar ae that is, 660 225 = on Bae 
_ therefore 66x == 171 -- 225, that is, 66x = 3963 
and x==6, 


— ; multiply by 4#— 5, and you will 


The Proof. 
AS ERR hate = 
The original equation, ——-— —+—~__, 6: 
ee? a aeaheg 4n— 5°" : 
therefore 27 == 123 therefore 2 x-+ 3 = 153 there- 
fore eet 1? 3: again, 4% == 24; therefore 
Be reps. 15 | 
| aa aie ag 
4 —5 == 195 OAL eure = <= 3; theres 
. ; i Wed jaa 1g 


2 Example 
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/ Example 12. : 
8 Bilt yy ,  648x—86. 
vi —— : therefore 128 = at —_ 
3xu—4 5x—6 x—O ae 
, fustéfore 640% — 768 = 648 x — 864 ; therefore 


9 ie 


—768 = 648x— Pe 864, that is, —768=8 x a 


—864 ; therefore ea 864 — 768 = 8x, thatis, 8x 
=s96; and w==12 = 


The Proof. eee a. 


Uh) 8 erG. oe 
The original equation, i = a mae conte; 
ae i233 therefore 3 —— 4 = 323 there- 
fone 28 8 4: again, 52 = 605 theres 
“ 216 216 
fore 5¢— 6 = 54; therefore te eee 4 
28 6 
therefore i baer 
BAT 4s ot 8 


, “Example 13._ 

ys ETS gid, | 

ae = 4 divide both numerators by x, and | 

2 , Ka O 

you will have ro eae: BY ; therefore 42=—= me, 

therefore 42 x—126 = 35: #—70 5 therefore 42 «— 

35% — 126 = — Jo, that 1s, 7 x—126==—70; 

‘therefore 7 X= 126-— 70, that is, 72 = rk and 
Hime S,, 


The Proof. 
35. 


t—3 
fore +—2=263 420= 3305 therefore —— 


“The original equation, = =; ee theres 


40-0. 348 
eg 6 
== 56: 
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== 56: again, mr ae and 35v==280; therefore 


28 x 
33° ics ig a 5S rhescfore i hota = 35% : 
K——3 5 t—Z, t==3 


Example 14. 


MY—12 9 ww—4 -2NX¥—12- 
—— = ———: therefore xx—12=— ———-; 


3 | 4 
therefore 4 wx — 48 = 3xx — 12; therefore 4 xv— 
3 av — 48 = — 12, that is, wx — 48 = — 12; 
therefore xx = ++ 48 oa 2 that is, wx == 36; and. 
esx 6." 


The Proof. 
12 xe —4 6 


vxv— 
The original equation, —~—— = Keone 
4 : 


therefore xv = 36; therefore xx — 122224; there- 


UX —— 12 24 s ' 
fore ————- = — = 2: again, XYX— 4 = 32; 


3 3 | 
to ata eS 
therefore ~~ = 2 = 8 ; therefore Doce oe 
j ket | 
x—4 
oh, 
Example: er 
2 3 
ae — 8 = 12: therefore 5x7 — 128 = 192; 


therefore 5 vx = 192 -}- 128, that is, 5 x x= 3205 
therefore xx == 64; andy = 8. | 


The Proof. 


The original equation, ae —S == 1235 x= 83 


therefore xx==64; therefore 5 xx = 320; therefore 


ex 20. Ee 
Re ee pe 205 therefore 2 


16. I ce 10 


xv 


H 3 Example 
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Example 16. | 
615% —7 xxx 48 x: divide the whole by wz, 
and you will have 615 — 7xx = 48; therefore 615 
== 7x x"-- 48; therefore, 615—~ 48 =7-xx, that is, 
74x==567 ; therefore, x81; anda. 


The Proof, 


The original equation, 615 x —yuxxe= 48x; 

== 93) thereforew #s> 815 -thérefore.aex. =eipanes 
7x “C= F102; apain, 615 % == 5535 thetereyaeee 
O1se— 70xw == 5535— 5103 = 4322: laltly, 48x 7 
==432 ; therefore 6154 — 7xex = 48x. | 


TH ER 


rr er te 


ELEMENTS or ALGEBRA. 


By. Koved: 


Preparations for the folution of Algebraic problems. 


N folving the following problems, I _ 
fhall Hake ufe of a fort OF mixt Alge- 
bra, ufing letters only in reprefenting . 
unknown quantities, and numbers for 
fach as are known: This method, as I take it, will 
be the beft to begin with: but afterwards, when my 
young fcholar has been fufficiently exercifed in this 
way, I fhall then introduce him into pure Algebra, 
which he will find much more extenfive than the for- 
mer, not only as it enables him analytically to find 
out general folutions, taking in all the particular 
cafes that can be propofed in the problem to which 
the folution belongs, but alfo as it enables him after-. 
wards to demonttrate the fame folutions or theorems . 
fynthetically. | 
And becaufe I am not yet to fuppofe him fkilled in 
any of the mathematical fciences, I fhall draw my 
problems, generally fpeaking, from numbers, either 
confidered abftractedly, or elfe as they relate to com- 


mon life. | 
| H4 If 


Atl, 25. 


120 Preparations for the Solution of Boox If. 

If a problem be juftly propofed, it ought to have 
as many sa tet conditions comprehended i in it, 
exprefsly or implicitly, as there are unknown quan= — 
tities to be difcovered by them; and it muft be the 
chief bufinefs of an Algebraift, to fearch out, fift and 
diftinguifh thefe conditions one from another, before 
ever he enters upon the folution of his problem. 

I faid, that fo many conditions ought to be com- 
prebended in the problem exprefsly or implicitly, - 
becaufe it may happen, that a condition may not be 
exprefied in a problem, and yet be implied in the na- 
ture of the thing; thus in the 44th problem, where 
feveral rods are to be fet upright in a ftreight line,’ 
at Certain intervals one from another, it is implied, 
though not aaiers that the number of intervals 
mutt be lefs than the number of rods by unity. 

Sometimes a condition may be introduced into a 
‘problem, that includes two or more conditions; as 
when we fay, four numbers are in continual propor- 
tion, we mean, not only that the firft number is to 
the fecond as the fecond is to the third, but alfo, 
that the fecond number is to the third as the third is_ 
to the fourth. ) ) 
_ ‘Whenever a problem is propofed to be folved alge- 
braically, the Algebraift mutt fubfticute fome letter of 
the alphabet for the unknown quantity: and if there 
be more unknown quantities than one, the reft muft 
réceive their names from fo many conditions of the 
problem: and if the problem be juftly flated and ex- 
amined, there will ftill remain a condition at laft, 
which, tranflated into algebraic lanouage, will afford - 
hit an equation, the refolution whereof will give the 
unknown quantity for which the fubftitution was . 
made; and when this unknown quantity is once dif- — 
covered, the reft will be eafily difcovered by their 
names. Suppofe there are four unknown quantities 
ina problem; then there ought to be four conditions: 
now the firft unknown quantity receives its name ar- 
bitrarily without any condition ; therefore the other 

paid 
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three muft take up three of the conditions of the 
problem for their names; and the fourth condition 
will ftill be left to furnifh out an equation. 
_ The learner muft here be very careful to make no 
pofitions but what are fufficiently juftifiable, either 
from the exprefs conditions of the problem, or from 
the nature of the thing; all the liberty he is allowed 
in cafes of this nature is, that he is not obliged to 
draw out the conditions. in the fame order as they are 
_ given him in the problem, but may makeufe of them 
in fuch an order as he thinks will be moft convenient 
_ for his purpofe; provided that he does not make ufe. 
_ of the fame condition twice, except in company with 
others that have not been confidered. 

My method in the forty-four following problems 
will be, to put down the anfwer immediately after 
the problem, and then the folution : for, in my opi- 
nion, this way of putting down the anfwer firft, will 
not only ferve to illuftrate the following folution, but 
may alfo ferve to fix the problem more firmly in the. 
minds of young beginners, who are but too apt to 
neglect it, and to fub(titute chimerical notions of their 
own, that are not to be juftified, either from the con- 
ditions of the problem, or common fenfe. 

After the learner has run over fome of thefe prob- 
Jens, and has got a tolerable infight into the method 
of their refolution, it will be very proper for him to 
begin again, and to attempt the folution of ‘every 
problem himfelf, and not to have recourfe to the folu- 
tions here given, but in cafes of abfolute neceffity : 
but after the work is over, he may then compare his 
own folution with that which is here given, and may_ 
alter or reform it as he thinks fit, 


_ The folution of fome problems producing fimple 
3 equalions. | 
PROBLEM I. 
26, What two numbers are thofe, whofe difference 1s 14, 
and whofe fum, when added together, ts 48? 
An}, 
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Anf. The numbers are = 31 and 17: for 31—1 17S 
143 and 31-+-17=-48. ~ 


SO Low TWO NL, |e 
In this problem there are two unknown quantities, 
to wit, the two numbers fought; and there are two 
chiniitohs: firft, that the lefs number when fubtraéted 
from the greater muft leave 143 and fecondly, that 


the two numbers when added together muft make 48: 


therefore I put ~-for the lefs number; and to find a 


name for the al I have recourfe to the firft con- | 


dition of the problem, which informs me, that the 


difference betwixt the two-numbers fought is 143. 
therefore, if I call the lefs number x, I ought to call. 


the greater x-+-14: thus then I have gor names for 


both my unknown quantities, and have ftill a condi=. 


tion in referve for an equation, which is the fecond: 
‘now according to this fecond condition, the twa num- 
bers fought, when added together, muft make 48; 
therefore x and x--14 whenadded together muft make 
48; but « and x-+14 when added together make 2x 
+14; whence I have this equation, Dowels 1425483 


therefore 2v—=48—-14-==34 ; therefore x, or the leis. 


number==17, andx--14, or the greater num Berea r 


as above. 
In our folutyon of this problem, the notation was 


drawn from the firft condition, and the equation from | 


the fecond; but the notation might have been drawn 


from the fecond condition, and the equation from the 


firft, thus: put w for the lefs number fought; then 
becaufe the fum of both the numbers 1s aR, i you 
fubtraé&t the lefs number » from 48,: the remainder 
Anas will be the greater number, 0 that the two 


numbers fought w Ai be x, and 48—wx-: fubtraét the 


former number from the latter, and i remainder or 
difference will be 48—-2x~; but, according to the firtt 
condition of the problem, this difference ought to be 


143 therefore 48—2x==14: refolve this equation, 


and you will have w=n17, and 48—v==31, as above, 


PROBLEM . 
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* 
z 


P ROBLEM 2. 
27, Three perfons, A, B and C, make a Wink contri- 
bution, which in the whole amounts to 76 pounds: of 
this, A contributes a certcin fum unknown; B con- 
tributes as much as A, and 10 pounds more, and C 
as much as both A and B together: I sad their 
feveral contributions. 
Anf. A coatributes 14 pounds, B 24, and C: 38: 
for 14-1-10==24, and 14-+-24=38, and rqbeg-f38 
3= 76. 


SoLuTtitoON. 


In this problem there are three unknown quantities, 
and there are tliree conditions for finding them out; 
firft, that the whole contribution amounts to 76 
pounds ; fecondly, that B contributes as muchas 2, 
and 10 pounds more; and laitly, that C contributes, 
as much as both Aand B together. 

Thefe things being fuppofed, | frft put x for 4’s 
contribution; then fince, according to the fecond con- 
dition, B contributes as much as “A, and 10 pounds 
more, J put x-+-10 for B’s contribution ; s laltly, fince 
C contributes as much as both 4 and B together, I 
add wand x-++-10 together, and fo put down the fum 

ex--10 for C’s contribution: thus have I got names 
for all my unknown quantities, and there remains {till 
one condition unconiidered for my equation, which 
that all the contributions added together make 76 
Poche: ; therefore Ladd-x, and x-l-10, and 2x--10 
together, and fuppofe the fum 4x+-20==76; there- 
PENG 4870-20256); therefore x, or A’s contri- 
bution, equals 14; «-+-10, or B’s contribution, equals 
243; and 2w-}-10, or C’s contribution, epi 38, as 
above. 


WR RO: Bo Bom) 3% 
Aas. Suppofe all things as before, except that now, the 
avhole contribution amounts to 2 76 pounds; that of 
! this, 
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‘this, A contributes a certain fum unknown; that B 
contributes twice as much as A, and 12 pounds more ; 


and C three times as much as B, and 12 pounds mores 


I demand their feveral contributions, 
Anf. Acontributes 24 pounds, B 60, and C 192: 


for 24X2-+-12==60; and 60x3-+-12=192; and 24+ | 


60-+-192=276. 


SoLvuTioNn.- 


Put x for -4’s contribution; then, becaufe B con- 


tributes twice as much as 4, and 12 pounds more, 
B’s contribution will be 2x-}-12; therefore, if C had 
contributed juft three times as much as B, his contri- 
bution would haveamounted to 6x-|-36; but, accord- 
ing tothe problem, C contributes this, and 12 pounds 
more ; therefore C’s contribution is 6x--483 add thefe 


contributions together, to wit, x, 2x-+12, and 6x-- 


48, and you will have gx--+-60==276: therefore 9x—= 
276—60==216; and x, or 4’s contribution, equals 
24.3 whence 2%-+-12, or B’s contribution, equals 60; 


and 6x-+-48, or C’scontribution, equals 192, as above, 


ADVERTISEMENT. 


I know not whether it may not be thought imper- 


tinent here co put the Jearner in mind, that after x. 


was found equal to 24, the other two unknown quan- 


tities, 2v-1-12, and 6x-+-48 were found, by fubftituting - 


24 inftead of x. 


PROBLEM 


29. One begins the world with a certain fum of monty, . 
which he improved fo well by way of traffick,' that, at. 


the year’s end, he found be bad doubled bis firft flock, 


except an hundred pounds latd out in common expences 5 
and fo be went on every year doubling the laft year’s — 
frock, except a hundred ayear expended as before; and — 
at the end of three years, found himfelf juft three times — 


as rich as. at firft: What was his firft fiock ? 
5 | a a 
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Anf.. 140 pounds: for the double of this is 280, 
_ and 280—100==180 pounds at the end of the firft 
year; the double of this laft is 360, and 360—100=—= 
260 pounds at the end of the fecond year; again, the 
_ double of this is 520, and 520—1t0o=420 pounds at 

the end of the third year; and 420 pounds is juft 
’ three times as much as 140 pounds, his firft ftock. 


SOLUTION. 


Put x for his firft ftock, that is, let x be the num- 
ber of pounds he began with; then the double of this 
is 2x, and therefore he will have 2v—100 at the end 
_ of the firft year; the double of this is 4x—200; 
therefore he will have 4x--200—100, that is, 4x— 
00 at theend of the fecond year; the double of this 
is 8v—600; therefore he will have 8x—600—100, 
that is, 8v—v7o0o0 at the end of the third year; but 
_ according to the problem, he ought to have three 
times his firft ftock, that is, 3x, at the end of the 
third year; therefore 8x—700=-3x; therefore 8x— 
3x——700=—=0, that is, 5x—-700==0; therefore 5x== 
700; and x, or his firlt ftock, equals 140, as above. 
To this problem | fhall add another of a like kind 
. for the Jearner to folve himfelf. 

One goes with a certain quantity of money about him to 
 a@tavern, where be borrows as much as be had then 
about him, and out of the whole, fpends a filling ; 
with the remainder be goes to a fecond tavern, where 
be borrows as much as he had then left, and there 
alfo foends a filling; and fo he goes on to a third, 
and a fourth tavern, borrowing and [pending as be- 
fore; after which be bad nothing left: I demand how 
much money be had at firft about bin. Sh 
 Anf. +§ of one fhilling, that is, 11 pence farthing, 


| PROBLEM: s. 

30. One has fix fons, each whereof is four yearsolter than 

bis next younger brother; and the eldeft is three times 

as old as the youngeft : What are their feveral ages ? 
En, 
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Anf. 10, 14, 18, 22, 26, 36: for 30, the age’ 

of the eldeft, will then be jutt three times 10, that is, 

three times. the age of the youngett. 


| SovuTion. 

For their feveral ages put x, «+4, rg, stay 
#16, x-|-20; then according to the problem x---20 
the age of the eldeft, ought to be equal to 3x, that ts, 
three times the ase of the youngeft; fince then 3¢=— © 
x-l-20, we fhall “have 3x—wx===20, that is, 2v==220, 
aha x==10, as above. | A eet 


PROBLEM 6, 

31. There is a certain jilo whofe bead is 9g inches ; we 
tail is as long as the head and half the back; andthe 
back is as long as both the bead and the tail together : a 
I demand the length of the back, and of the tail. 

Anf. The Jength of the back is 36 inches, and | 
that of the tail 273 for 27==9-+-3°; and eee 


5:60. Ulrer ON: 
For the lensth of the back putw; then will x be 
equal to the length of both head and/tail together, — 
by the fuppofition ; therefore if from x, the length 
of the head and tail together, you fubtraét 9, the 
length of the head, there will remain x—g for the - 
lenoth of the tails but according to the problem, the — 
tail is as lone asthe head and half the back ; there- — 


w : 
fore t—9==—--93 therefore 27—18—> -v-{-18; there: 


CP Beige ae. that is, w—18==18; andy, the 
leneth of the back, equals 18-1836 ; ; therefore _ 
vg, the length of the tail, equals 27, as above. 


PROBLEM ¥7. 

32. One has a lease for 99 years; and being afeed bow 
much of if was already expired, anfwered, that two 
thirds of the time paft was equal to four fifths of the 
une to come , I demand the times paft, and to come. | 

ecu 2 
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Anf. The time paft was 54 years; and the whole 
term of years was 99; therefore the time ‘to the 
expiration of the leafe was 45 years: now 2 of 54 is 
36; and + of 45 is sf 


| SoLru rr on. 
“Put « for the time paft; then, fince thewhole term 
of years was 99, if x the time paft be fubtracted from. 
99 the whole time, there will remain g9—w for the 


; ike 
time to come; but 2 of the time paft is —; and 4 


ae 6 
ON oa ame 3 oa ih ; there- 


of the time to come is oe 


5 
Ao x SS 
ein: sid al 37; therefore 27 = Fe ei 


5 
3° rox == 1188—124; therefore rov--1ex= 
1188, that is, 221188; and. the time paft—54 
years; therefore 99—wx the time to come equals 45 
years. 
To this problem I fhall add two others of the fame 
nature, without any folution. 


Firft, To divide the number 8 4. into two fuch parts, that 
three times one part may be equal to four times theother. 
Anf. The parts are 48 and 36: for inthe firft place, 

48-|-36==84; and in the next “place, three times 48== 

144= four times 36. | 


Second, To-divide the number 60 into two 0 fae parts, 
that a feventh part of one may be equal to an eighth 
part of the other. 
Aaf, The parts are 28 and 32; for inthe firft place, 
28-32-60; and in the next place, : 4 of 2 8 Fane 


-Seme of 32. 


| ProBLEM 8. | 
8 3. lt is SG iglbed to divide the number 50 into feo ae 
parts, that 3 of one part being « raded to 5. of the 
other, may make 40. 
a S ts ( As 
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4nf. The parts are 20 and 30: for in the firft place, 
20-4-30=2503 and in the next place, 32 of 20, which — 
is 15, added to § of 30, whichis 25, makes 40, 


SOLUTION. 
Put « forone part, and confequently 50—w for the ; 


other part; then we fhall have 2 of » = ee and zof 


50-1“ rei Avie , but, aceordiing to the problem, — 

thefe two added together ought to make 4o ; whence | 

250—5x 
; : 22 = 4o: -mul- 


IOOO—— 204 


we have this. equation, ~— eS -\- 
4. 


tiply by 4, and you will have 3x-}- == 160; 


multiply again by 6, and you will have rSkst 000 
—20%=9 60, that 1s, 1000—2*=960 ; thera fare 
1ooo==2x-+-960; and 1000—960=2x, that is, 2x== 
40; and x, which is one of the parts fought, will be 
203 whence 50—x or the other part will be 30, as- 
above. 


Ocher two problems of the fame nature. 


Firth: Zt as requir ed to divide the number 20 into twe 


uch parts, that three times one sail being added te 
_ five times the other may make 8a. 


Anf. The parts are 8 and 12: for GoLia=20; ‘and. 
8x3--12X5, that is, 24-60-84. 


Second: Jt is OA to divide the number 100 into 
two fuch parts, that if a third part of one be fub- 
tracted from a fourth part of the ether, the remainder 
may be 11. 
_ Anf. The parts are 24 and 76: for firft, 24 added 
to. 76 makes 100; and fecondly; } part of 24, which 
is 8, fubcracted from 4 of 76, which is 19, leaves 11. 


/ 


PROBLEM 


Art. 345 35. Brgaecing Simple Equations. 


PROBLEM Qe: @ 

34. Two perfons A and B engage at play : ; A has 72 
guineas and B 52 before they begin; and after a cér- 
tain number of games won and lofe between them, A 
rifes with three times as many guriens. as B; 1 de- 
mand how many guineas A won of Be. 

Anf. 21: for 72+ 21 = 93;.and 52—21==313 
and 93 =31X3: 


SOLUTIQN. . 

Put x for the number of guineas 4 won of B, and 
confequently that B loft; then will 4’s laft fum be 
72--x, and B's laft fum 52—x: now, according to 
the problem, .4’s laft fum is three times as much as 


B’s laft fum;-that is, three times 52—x, or 156— 
3x; therefore ples 156—34; therefore 72--x--2% 
==156, that is, 72-+-4x=156; therefore 4x=156— 
72==84 ; therefore «, the money 4 won of et pune 
24 guineas, as above. . 


PROBLEM 10, 
3 rf One. meeting a company of beggars, gives to each 
. four pence, and bas fixteen pence over; but if he 
would have given them fix pence apiece, be would 
have wanted twelve pence for that purpofe: I demand 
the number of perfons. 
Anf. 14: for 14X4-} 165725 14X6—=12. 


IO be D TO Wee 5.) 

Put » for the number of perfons; then if he gives: 
them four pence apiece, the number of pence giver 
will be four times as many as the number of: perions, 
that is, 4; therefore 4x-}-16 will exprefs all the 

_ money he had about him 3 and foalfo will 6« —12 
by a like way of redfoning; therefore 4x + 16 =6 # 
—12; therefore 166d 24%—— 1 22812 f there= 
fore 2161-1 2==28; and x, the, number of perfons 
eee 14, as above, 

~ParospLem 
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PROBLEM II. | 


36. What two numbers are thofe, whofe di erece iS..4¢ 
and the difference of thofefquares is 112 ? ; 
Anf. 12 and-16: for 16—12=24, and ROX AOr 

12X12, that is, 256—144==1 12. | 


SOLUTION. 


The lefs number, x. x-}-4 
_ The greater, oe or CO 
, | tx} 4x-F 16 
met ia 
The fquare of the greater, xv--8x-+16 
The fquare of the lefs, xx 


_ The difference ot their {quares, * Bx-F16 5 | 
whence 8x-- 161123 therefore 8y—112—16=96; 
_ therefore * the lef number eqoals. 12, and x-f4 the — 
greater equals 16, as above. 7 


PROBLEM, 12. 


397. What two-numbers are thofe, whereof. the. greater ; 
48 three, times:the lefs, and the fum of whofe Vquares is 

_ five times the fum of the numbers ? 
Anf. The numbers: are 6.and 2, whofe fam is 8: 
now 6 = 3 times 2; and 6x6-+-2x2==40==5 times 8. 


SOLUTION. 


The lefs number . 
_ The greater, te 
Their fum, 4Xe 
The fquare of the lefs, xX. 


The fquare of the greater, 9xx. 
| The fum of their fquares, 10xx. 

But, according to the problem, the fum of their 
{quares is 5 times the fum of their numbers, that is, 
5 times 4% or 20%; therefore LOXK==202 ‘and 10% 

‘a 203 


yy 
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==20; and x the lefs number = 2; whence 3x the 
_ greater equals 6, as above. : 


PROBLEM 13. 


38. What two numbers are thofe, whereof the lefs is to 
the greater as 2 to 2, and the product of whofe mul-. 
tiplication is 6 times the fum of the numbers? 

__ Anf. The numbers are to and 15, whofe fum is 

25: for 10 is to 15 as 2:to 3. This will be plain by 
putting the queftion thus; if 2 gives 3, what will 10 

- give? for the anfwer will be rs: etal numbers will 

alfo'anfwer the fecond condition of the problem ; for 

LOX 5-51 50=225x6. 


SOLUTION. 


Put x'for the lefsnumber ; then to find the greater 
number’ fay, if 2 gives 3, what will x give: ? and the 


| anfwer i is- a, therefore, if x ftands for the lefs num- 
ber, ‘the greater number will be as their fum will 


be arti j eabae ore and the product 


t 
34 3K 
of their Be a ou aX —, or ———; but, accord: 


ing tothe problem, the ott of their multiplica- 
tion ought to be fix times the fum of their numbers, 


x Ox ZH 
that is, fix times ae or 2 ; therefore ——— == 
2 2 2 


“a and 3x7==30%; and Bx 305 and x the lefg 


number equals 103 therefore 3" the greater usce 


equals 155, a8 above. 
I 2 | Prosiim 
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Pei 8 PropLlem I4. 


39. Two perfous A and B were talking of their money 3 
fays A to B, Give me five fhillings of your money, and 
tT fhall have jut as much as you will have left: fays 
Bro A, Rather give me five Joillings of your money, 
ana J foal then have juft three times.as much as you 
_ will have left: How much money had each 2 } 
Anf. Abad ts fhillings, and B 25: for then, if 
A borrows 5 fhillings of J B, they will have 20. fhil- 
lings each; on the other hand, if 4 lends B 5 fhil- 
lings, then will 4 have to fhillings left, and B will. 
have 30, which is three times as much. 


SOLUTION: 


Put » for 4’s money ; then if 4 borrows five fhil- 
lings of B, A will have x-++5, and B by the fuppoli- 
tion, will have the fame left, to wit, #-+-5; but if 
B, after having lent 4 five fhillings, has x-++5 left, he 
mutt have had x-}-10 before ; therefore if x reprefents : 
fs money, x-}-10 will reprefent B’s: letus now fup- — 
pofe B to borrow 5 fhillings of 4; then will B have 

x15, and A will have x—5; but, according to the 
problem, B in this cafe ought to have three € times as 
much as A has left, that is, three times Cin. or 
au—~15; therefore gx-—145==x-+15; therefore 3x—x 
—15=e15, thatis, 2¥—is5—=15,; therefore 2y==15-4 
35==30; therefore x, or d’s money, equals 15 fhil- 
lings, and RT-A0, or B’s,==25, as above. 


/P.R-O BL EM 15, 


40. What two numbers are thofe, the produB of a 
multiplication is 108, and whofe $7 is equal to twice 
1 their difference ? 


Anf. 18 and 6: for the e produ&t of their multiplica- 


tiom is 108 ; and their fum his is equal to twice theit 
difference, 12. 


SOLUTION. | 


Art..40, 41. . producing Simple Equations. 133 


‘| 
; SOLUTION, 


» For the greater number | put x; ‘then, ‘had their — 
fum been 108, I fhould for the other number have 
put 10o8—-x; but it is not the fum of their addition, 
but the product of their multiplication, that is equal 
to 108 ;. sgh if one number be called x, the 


08 
other will be- Peer which I thus demonftrate: let y be 


the ether number: then will «xy or xys=108 by the 
fuppofition ; divide both fides of the equation by *, 


108 
and you will have y = == ——;3 as was to be demon- 
x 
ftrated. This being admitted, the feats, between 


: sashit’ | On): 108 
the greater number x, and the lef —, a ae ; 


x 


/ 


* at glee , 108 Om 
and their fum is oi a i but, by the condition of 


the problem, this fum. ought to ‘to be e equal to twice the 


108 216 


1 
difference, that is, to twice sie OF tom saad 
16 


2 08 
cherefore 2%— —— == += t's ab derore 2xx—216 
* 


=xx-+108 ; therefore se iA 25h tog that is, 


vv—216 == 108; therefore ax= 108 -}-216 = 324; 
108 
_ therefore x the greater numbe- equals 18, and a 


the lefs equals-6, as above. 


PROBLEM 16. 


ql. itis required to divide the number 48 into two Mush 
parts, that one part may be three times as much above 
20, asthe other wants of 20. 

Af, The two parts are 32 and 16: for 32 WuGesaGs : 

moreover,32 is 12 above 20, and 16 wants,4 of 20, 


and 42 1s three times 4. | , 
4 SoLuTION, - 
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SOLUTION. . 
Put » for the lefS number fought; then will 48—x | 
be the greater, and the excefs of this greater above 
20 will be 28—w, as is evident by fubtracting 20 
from 48—wx; again, the excefs of 20 above the lefs 
number (which is, what the lefs number wants of 20) 
is 20—-x ; and according to the problem, the former 
excefs is three times the latter, that is, three times 
20—x ; or 60—3x; whence we have this equation» 
28—x==60—3x; therefore 28—x-+-3x==60, that is, 
28+-2~—=60; therefore 2x=60—28>=32; therefore ~ 
w the lefs part=16, and 48—x the greater = 32, as 
above. | 


Another folution of the foregoing problexs. 


Put » for what the lefs number wants of 20; then 
will the lefs number be 20—wx, the greater 20-4 3x, 
and their fum 40-}+-2x; but, by the problem, their 
fum is 48; therefore 404-2748; therefore 2x48 
—40=:8 ; therefore x==4; whence 20—w the lefs 
number = 16, and 20-}-3x the greater 32. i 


PROBLEM 17, 


42. One has three debtors, A, B, and C, whofe parti- 
cular debts be has forgot; but thus much he could re- 
member from his acccunt, that A’s and B’s debts to- 
together amounted to 60 pounds; A’s and C’s to 80. 
pounds ; and B’s and C’s to 92 pounds: Idemand the 

| particulars, | 
Anf. A’s debt was 24 pounds, B’s 36, and C’s 56: 
for 24-+-36=260, 24-}-56=-80, and 36-++-56=92. 


SOLUTION, 


Put » for A’s debt; then, becaufe 4’s and B’s to- 
gether made 60 pounds, B’s debt will be 60—m«; ~ 
again, becaufe A’s and C’s together made’ 80 pounds, — 
C’s debt muft be 80—w* ; now fince, according to the 

I ee problem, 
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problem, Bs and C’s debts when added_ together 
make 92 pounds, I add 60—x, and 80—x together, 
and fuppofe the fum 140—2x%=92; whence 2x-}-92 
=3140; and 2x4=140—92==48; and, thatis, /’s 
debt,=24 pounds: whence 60—x, or B’s debt, =36 
pounds; and 80—x, or C’s, is 56 pounds, as above. 
PROBLEM 18. 

43» One being afked bow many. teeth be had remaining 
gn bis head, anfwered, Three times as many as he had 
loft; and being afked how many he had loft, anfwered, 

As many as, being multiplied inte + part of the. number 
left, would give all be ever bad.at fifi: I demand 
bow many he bad loft, and how many be bad left ? 
_Anf. He had loft.8, and had 24 left: for then 24 
the number ‘left, will be equal to 3 times 8, the 
number loft; and moreover 8 the number loft, mul- 
tiplied into 4, that is, intoz part of 24 the number 
left, will give 32—=24-18, all he ever had at firft. 


OMe ALLO Mer”. 
Teeth loft, ie 
left, 2 i. 
inal * "44, 


& part of the number left a. or 53 this, multi- 


plied into the number loft, makes =x x OF =; but, 
according to the problem, this product is equal to all 
he ever had at firft; whence = —4x; and xv=8x; 
and ay the number loft,—=8 ; whence 3x, the number - 
left,=24, a8 above. : 

PROBLEM 19. 
44. One rents 25 acres of land at 7 pounds 12 billings 


per annum ; which land confifts of two forts, the bet- 
14 re ter 
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ter fort be rents at 8 foillings per acre, and the worfe . 
at 5s: I demand the number of acres of each fort. 
Anf. He had_g acres of the better fort. and 16 of — 
the worfe: for g times-8 fhillings=72 fhillings; and 
16 times 5 fhillings==80 fhillings ; and 72-f-8o=152 a 
fhillings = 7 “pounds r2 hillings. 4 


SOLUTION. 


Put x» for the number of acres of the better forts « 
then will 25—» be the number of acres of the worfe, 
fort, becaufe both together make 25 acres: moreover, 
fince he paid 8 fhillings an acre for the better fort, he 
muit pay 8 times as many fhillings as he had acres, 
that is, 8¥: and fince he paid 5 fhillings an acre for 
the worfe fort, he muft pay 5 times as many fhillings 
as he ‘had acres of this fort, that is, 25 —xX5, or 
125—5x: put both thefe rents together, and they 
will amount to 8x-L-125—<«, or 3x-+-125 hhillings; - 
but they amount to 152 fhillings by the fuppofition; 
therefore 3¥-4-125-=152 therefore 3x—=152—125=> 

27; therefore x, the number of acres of the better 
fort, = g, and 25—-x, the number of ‘the worfe fort, 
me POO a 


ee 20. 


45 One bires @ labourer into bis garden for 36 days upon 
the following conditions; to wit, that for every day be 
taboured, be. was to receive two | foillings and fixpences 
and for every day be was abfent, be was to forfeit one 
foiling and fixpence: now at the end of the 36 days, 
after due deductions made for bis forfeitures, he received 
clear 2 pounds 18 fbillings: I demand how many days 
. pe laboured,..and bow many he was abfent. -. 

Anf. He laboured 28 days, and joitered 8: for. 
28 half-crowns amount to 3 pounds 10 fhillings due | 
ro him for wages; -and.8 eighteenpences amount to 
12 fhillings due from him ip forfeitures ; and this lat- - 
ter fum fubtraéted from the former, leaves 2 pounds 
18 fhillings to be received ha 

| ‘Solera 
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Souurt ON. 


Put x for the number of days he laboured; then 
will 36—w reprefent the number of days he was ab-. 
fent: again, fince he was to receive 30 pence for 
every day he laboured, the pence due to him in wages 
will be 30x%, or 20”; and fince he was to forfeit 18 
pence for every day he was abfent, the pence. due 


from him in forfeitures will be 18x 30—wx, or 648 
—18wx: fubtract now 648—18x, the pence due from: 
him in forfeitures, from 30x, the pence due to him 
for wages; or, which is all one, add 18x—648 to 
gox, and there arifes 48v—648, the pence to be re-" 
ceived clear: but he received clear 2 pounds 18 fhil- 
lings, or 696 pence, by the fuppofition; therefore 
48x—648=—=696; therefore 48x—=648-1696— 13443 
therefore «, the number of days he laboured, =28; 

and 36—x, the number of days he loitered, —=8, as 


ARave- 


PROBLEM 22. 


47- One lets out a certain Jum of money at 6 per cent. 
Junple intereft ; which intereft in 10 years time wanted 
but 12 pounds of the principal: What was the prin- 
cipal ? 

Anf. The principal was 30 pounds, and the intereft 
18 pounds ==30—12: for as too pounds principal 
is to its annual intereft 6 pounds, fo. is 30 pounds 
principal to its annual intereft 1.8 pounds; and 
therefore its 19 years intereft will be 18 pounds. 

ae SOLUTION. 

Put x for the number of pounds i in the principal; 
then, to find its intereft for one year, fay, if roo 
‘pound principal give 6 pounds intereft, what will x 


6x 3 
principal give! 2 and the anfwer will be pea: this will 


be the intereft of « for one baal and therefore its 
aici intereft 
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Ox - 


Xe 
intereft for ten years will be sai or 75> oF s : but, 


according to the problem, this score i is to bex~—12; 
for it is to want juft 12 pounds of the principal, by 


the fuppofition; therefore x — 12 = ae therefore 


5x—60=3%; therefore 5x—3x—60==0, that is, 2x 
—6o=0; therefore 2x==60, and x the principal=go. 


and A the Io years intereft = = 18 pounds, as above. 


PROBLEM 23. 

43. One lets out 98 pounds in two different parcels, one 
at 5, the other at 6 per cent. fimple intereft, and Bs 
intereft of the whole in 15 years amounted to 
pounds: What were the two parcels ? 

Anf. The parcel at 5 per cent. was 48 pounds, sng 
the other at 6 per cent. was 50 pounds: for in the 
firft place, 48-+-50==98 ; and moreover, the annual. 
intereftof 48 pounds at 5 percent. amounts to 2 pounds’ 
3 fhillings; and the annual intereft of 50 pounds at 
6 per cent. is 3 pounds; therefore the whole intereft 
amounts to 5 pounds 8 fhillings in one yéar; and’ 
confequently to 81 pownds in 1 es years. 


SOLUTION, | : 
Put x for the number of pounds in the parcel at 5 
per cent. and confequently g8 — x for the number 
of pounds in the other parcel at 6 per cent.; then, to 
find the annual intereft of «x, fay, if 100 pounds 
principal give 5 serait: nie what will w give?) 


and the anfwer will be = el : again, for the gther par- 


cel, fay, if 100 pounds principal give 6 pounds in- 
tereft, what will 98—w give? and the anfwer will be 


88—6x 
aaa add thefe two interefts together, to wit, 


PL 


 f00 
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bru: ete 5x-+-588-—6x 


— , and the fum will be =—— 
100 100 


this i is the intereft of the two par- 


88— 
that is, >— = tale alg 


cels for one ‘year ; and therefore, in 15 years time, 
8820—1 50 


the intereft_muft amount to ; but it a- 


mounts to 81 pounds, by the fuppofition; therefore 
8820—15% 

100 
“therefore 8820==15"-+4-8 100; therefore 15v==8820— 
8100720; therefore x, the ‘parcel at 5 per cent.=48 
pounds; and 98—w, the parcel at 6 per cent. = 50 
ands. as ADDVES 


= 81; therefore 8820 — 157 = 8100; 


-PROBLEM. 24, 


49. A gentleman bires a fervant for a year, or 12 months, 
and was-to allow him for his wages fix pounds in mo- 
ney, together with a livery cloak of a certain value agreed 
upon : ” but after f.ven months, upon fome mifae- 

. meanor of the fervant, be turns him off, with the 

_aforefaid cloak and 50 Jfhillings in money, which was 
all that was due to him for that time: I demand the 
value of the cloak. 

 Anf. The value of the cloak was 48 fhillings: for 

then his whole wages for 12 months would | be 168 

fhillings; and by “the rule of proportion, ‘his wages 

for 7 ‘months would be 98 thillings; ‘whence fab- 
tracting 48 thillings, the value of the cloak, there 
would remain 50 ‘fhillings due to him in money. 


So.vu Tt orn, 


“Put » for the’value of the cloak in, fhillings ; then 
will his whole wages for 12 months be olen a0 and 
his wages for 7 months, may be found by the golden 
ms) 
rule, faying, as 12 isto 7, fo is a-}-1 20 to Bites — 


ial but, 
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but, according to the problem, his wages for 7 months 
was the cloak and 50 fhillings in money, that is, 


x-+so; therefore x-+-so=— ———— es ae 


600=7x-+-8 40; therefore ‘ais Sopa 
is, 5x-+600=—-840; therefore 5x=— 840——600=2403 
tiicrefre x, the value of the cloak in some is 4 
as above. 


; therefore Taxed, | 


PROBLEM 25. be ace: 


50. One di difributes 20 /hillings among 20 people, giving. 
6 pence apiece to fome, and_.16 perce apiece to the 
refi: I demand the number of perfens of cach deno- : 
mination. ) 
Any. There were 8 perfons who received 6 pence 
apiece; and 12 who received 16 pence apiece: for 
in the firft place, 8-12-20 perfons; and fince 8. 
fixpences are equivalent to 4 fhillings, and 12 fixteens 
La to 16 fhillings, we fhall have i inthe next ste 
|-16==20 fhillings. 
SOLUTION. Deisbigiws’ 
Putx for thenumber of perfons whoreceived 6 pence 
apiece; then, fince there were 20 perfons in all, 20x 
will be the number of rhofe who received fixteenpence - 
apiece: the number of pence received by the former 
company will be 6x; and the number of pence re- 


ceived by the latter will be 20—x«x16, that is, 320 
—16x; and therefore the whole number of pence 
received will be 6x-+-220—16w%, or 320—1I0w% 3 buty 
according to the problem, there was received in the 
whole, 20 fhillings, or 240 pence; therefore, ee lovee 
1ox==240; therefore 10x-+-240==320; therefore rox 
==320-—240==80; therefore x, the number of per? 
fons who received fixpence apiece, is 8, and confe- 
quently 20—s, i number of the reft, is 12, as 
above. : mee : Sige 
PRoBLBM 


Ld 
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Pr OB ie M 26, 


. itis required to divide 24 Jhillings into 24 pieces, 
inh Gifting only of ninepences and tbicieenpincedalfe 
pennies. 

Anf. There mutt be 8 ninepences, and 16 thirteen- 
-pencehalfpennies; for in the firft place, 8-+-16—=24 
‘pieces; and fince 8 ninepences are equivalent to 6 
thillings, and 16 thirteenpencehalfpennies to 18 fhil- 
‘lings, we havein the next place 6-{-18==24 fhillings, 


SoLUTION. 


Put x for the number of ninepences, and conte- 
quently 24—x for the number of thirteenpencehalf- 
_ pennies: now the number of halfpence equivalent.to 
the former is 18x, becaufe there are 18 halfpence in 
every ninepence; and the number of halfpence equiva- 
lent to the latter is 24—2X2 7, oF 648 — 27%, be-~ 
_caufe there are 27 halfpence: in every thirteenpence- 
halfpenny piece: therefore the number of halfpence 
_ €quivalent to the whole, will be 18 x-- 648 — 274, 
that is, 648—gwx; but, according to the problem, the 
whole amounts to 24 fhillings, or 576 halfpence ; there- 
fore 648—gv==5 76; therefore gx-+-576==648 ; there- 
fore 9x=648—576==72; therefore x, the number of 
Minepences, is 8; and 24—w, the number of thirteen- 
-pencehalfpennies, is 16, as above. | 


PROBLEM 27. 


52. Two perfons, A and B, travelling together, A with 
100, and B with 48 pounds about bim, met a com- 
pany of robbers, who took twice as much from A as 
ME B, and left A thricé as much as they ee B: u 
demind bow much they took from cach. 

_ Anf. They took 44 pounds from B, and twice as 

much, that is, 88 pounds from. 4, fo they left B 4 

pounds, and A 12 pounds, ro is 3 times 4. 

~ SOLUTION. 


9 
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SoLuTron 


Taken from B,. x. 
from A, 2%. — 
Left B, 48—x. 
Left A, 100—2%. 


But, according to the problem, they left 4 three — 
times as much as they left B,. that is, three times — 
48—x, Or 144-—34%; therefore 100—2x=144— 3x3 
therefore 100—2x+1-3%==144, that is, roo-t-x==1443 
therefore x, the fum taken from B,=144—100=44; 
and 2x, or 88, is the fum taken from A, as above. 


PROBLEM 30. 


65. There are two places 154 mils diftant from each 
other; from whence two perfons fet out at the fame 
time with a defign to meet, one. travelling at the rate 
of 3 miles.in twohours, and the other at the rate of 
5 miles in 4 hours: I demand bow long.and how far. 
each travelled before they met. 

An... As our travellers were fuppofed voth to fet 
out.at the fame time, and they muft both meet at the 
fame‘time, it follows, that each muft perform. his — 
journey in the fame'time; I fay then, that each per- _ 
formed his journey in 56:-hours: for if in-2 hours 
the firft travelled 3 miles,.in 56 hours he muft travel — 
84 miles, by the rule of proportion: in like manner, 
if in 4 hours the fecond travels 5 miles, in 56 hours 
he muft travel 79 miles 3. and 84-}-70 = 154 miles, — 

the whole diftance. © | | 

SOLUTION, 

Put x for the number of hours each travelled; 
then, to find how. many miles the firft travelled, fay, 
if in 2 hours he travelled 3 miles, how far did he — 


4 e P 4 F : “ 
travel in x hours? and the anfwer is et then for~ 
iis the» 
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the other fay, if in 4 hours he travelled 5 miles, how ~ 


far did he travel in x hours? and the anf{wer is as 
| 4" 
therefore both. their. journies put. together make 2 
: 2 
y x: ; i i 
ef ri but they both travelled the whole diftance, 


154 miles; therefore i* pes = 154; therefore 2x 


1Ow 
a as 308: therefore 12.¢-+ 10x, that j is, 224 


== 12323 therefore We, the number of hours each 


travelled, = 565 therefore a the number of miles 


“the firft travelled, = 84; and — , the number of 


miles the fecond travelled, = 70, as above. 


PROBLEM 31. 


5 6. One fets out from a certain place, aud travels at the 
rate of 7 miles in 5 hours; and-8: hours after, another 

 fets out from the. fame place, and travels the fare 

road at the rate of 5 miles in, 3 hours: I demand.bow 
long and bow far the firft mufttravel before be is over- 
taken by the fecond. 

Anf. The firft muft travel 50 hours, and confe- 
quently 70 miles; the fecond muft travel s0—8, or 
‘42 hours, and confequently: alfo. 70 miles:  fince 
then they both fet out from the fame place, andthe 
fecond traveller has. now travelled as tar as the farft, 
he moft have overtaken the firft. | 


SoLuTLON. 


. _ Pas for the number of hours the firft travelled, 
“and Cc nfequently x—8- for the number of guts 


wherein the fecond travelled; then, to:find the miles 
trayelled 
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travelled by the firft, fay, if in.5 hours’ he travels 
7 miles, how far will he travel in x hours? and the 


an{wer is Lig then for the other fay, if in 3 hours 


he travelled 5 miles, how far will he travel in x—8 
x 
hours, and the an{wer i is Sen ; but as thefe two 
travellers both fet out Sain the fare place, and mutt 
come together at the fame place, it follows, that they 
mutt both travel the fame length of fpace; therefore 
x——40 a ; . oo 
SREP oath ; therefore 5x — 40:= = ; theres 
fore 25”¢—200 = 21%; therefore 25%—-21% —~ 200 ° 
==o, that is, 4x—-200==0; therefore 4x==200; and 
x, the hours travelled. by the firlt, == 50; whence 
x—, the hours. travelled by the fecond, = 42 ; 


= the miles travelled by fu firft, = 70; and 


é 


cata the miles travelled by the fecond, = 70, as 


above. | 
PRoBLE Mi 26v aig “¥ 
. A fhepherd driving a flock of Joeep in time of war, 

Silo a company of foldiers who plunder him of half bis — 
flock, and half a fheep over ; the fame treatment he meets — 
with from a fecond, a third, and a fourth company, 
every fucceeding company plundering bim of half. the 
flock the laft- had left, and half a foeep over; infomuch — 
that at laft be had but 7 focep left: I demand how many 
be bad at firft. 

Anf. His flock at firft confifted of 127 fheep; © 
and if the firft company had only robbed him of half 
his flock, they would have left him 63% fheep; but» 
as they plundered him of half his flock, and half a _ 
fheep over, they left him only 63 fheep; in, like © 
manner the fecond company left him 3th the third 
15, and the fourth 7 

Nba 
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'_N.B. Before I enter upon the folution of thid 
problem, I muft put the learner in mind of what he 
has beeii told before, (introduction, art. 13.) to wit, 
that a fraction may be halved two ways, either by 
halving the numerator; or doubling the denomi- 
nator. — | , 
2 | SOLUTION. 
_ Put x for the number of his firft flock; then, had 
the firft company only taken half his flock, they 
would have left him the other half, viz. =; but they 


took half his flock and half a fheep over; therefore 


‘they left him juft. fo much lefs, to wit, ~— o 
—: again, had the fecond company only taken 


“half > ae they would have left him half, 
to wit, om but by taking half a fheep more, they 


—2—4 2x —6 


8. 


> Or 


‘ oy gfe oe 
left bine arena ~, that is, - 


ee in like manner the third compahy left 


<— 2x—6—8 t—t1 — | 
ja eae ——, or, and 


I a a a 
: ae SAE ae RE alt Saree 8 | 
pieialt eyunany lhe him pn Ot as but 
they left him 7 fheep, by the fuppofition; therefore 


—— 73 and x—15=-112; and « his firtt num- 

a <= Pay, as‘above. | 

j | iy ROBLEM 37: | 

“62. One buys a certain number of eggs, ‘ie whereof. 

a ie ‘in at 2 @ penny, and the other Gah at 3a 
K 


Ho pe nny 5 
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‘ 


penny ; theje be afterwards fold out again at the rate 


of 5 for twopence, and, contrary to bis expectation, 


loft a penny by ‘the bargain : what was the number : 


of bis eggs ? 


‘ Anf. The number of his egos was 60; half 


whereof at two a penny coft him 15 pence; anid the 


other half at three a ‘penny, ten pence; and the — 


whole 25 pence: but 60 eggs fold out at 5 for two 


pence, would only bring him in 24 pence, as appears _ 
by the rule of proportion ; ; therefore he loft a penny — 


by the bargain. 


SOLUTION. 


Put x for the number ofieggs; then fay, if 2 egos 


coft one penny, what will - — one half of his eros 


coft? and the anfwer will be a and for: the fame 


Sy the other half at three a pemny! will a him — 


oN 


= ; fo that for the whole he muft pay — ses 6 or 


again fay, if five eggs were fold for an pence, what i 


vay yb 2 
were. x egos fold for? and the anfwer will be ei 


ata | Laer: 
1 Slee will be the number of pence he received 


| | vee Ber ae : 
paid for them, and the remainder —— — —, oF 


* 


for his egos; fubtract this from=—, the pence he / 
| : 12 ey 


— will be his lofs; but by the fuppofition, he lof : 


one penny ; therefore bom BS and « the number of 


‘eggs will be 60, as above. | 


PROBLEM — 


Pe | 


a 
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PROBLEM 39. 


64. Ut is required to divide the number.90 into two fuck 
parts, that one part may be to the other as 2 to 2. , 
Anf. The numbers are 36 and 54: for in the firft 
- place, 36-+-54==90; and in the next place, if both 
36.and 54 be divided by 18, the quotients will be 2 
and 3; whence | infer, that 36 1s tO 54 a8 2 to 2; 
for a common divifion by the fame number cannot 
alter the proportion of the numbers divided ; and 
therefore if, after this common divifion, the quotients 
be'to one another as 2 to-3, the dividends muit be 
alfo in the fame proportion. 


SovuTiown. 

Put x for the lefs part, and 90—w for the other; 
then will x be to go—w as 2 to 3, by the fuppofition ; 
but by art. 15, whenever there are four proportionals, 
the product of the extremes will be equal to the 
product of the middle terms; here the extremes are 
x and 3, whofe produdt is 3x; and the middle terms 
are go—wx.and 2, whole produét is 180—2,; there- 
fore 3v==180—2«; therefore 5x==180; and w, the 
lefs part, = 36; and 90 —x, the greater, = 54, as 
above. 

: PROBLEM 4l. 

66. What number is that, which, being feverally added 

10 36 and 52, will make the former fum to the latter 
as 3 to 4% 

Mi The number is 12: ao 36-112 is to oar 
as 48-is to 64, as $2 is to 24, as S BitO 4. 


| SOLUTION. 
_- Put .« for the number fought, and you will have 
this proportion; 36-+-x is to gash as 3 to 4.. Whence 
>by multiplying extremes and means you will have 
-144-b4nze1 56-1343. therefore 144-2156; there- 


fore «the number fought = 12, «as above.: 
ae K 2 : PROBLEM 
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PROBLEM 42. 


67. A bookbinder fells me two paper books, one contain- 
ing 48 beets for 3 foillings and 4 pence, and another 
containing 75 foeets fer 4 fhillings and 10 pence, both 
bound at the fame price, and both of the fame fort of 
paper: I demand what he allows bimfelf for bind- 
ing. | | 
Anf. He reckoned 8 pence for.binding; fothatthe — 

price of the paper of the firft book was 32 pence, and 

the price of the paper of the latter 50 pence: now 

‘if this anfwer be juft, the two prices ought to bear 

the fame proportion to one another as the two quanti- 

ties of paper; and fo we fhall find them: for 32 pence 

are to 50 pence as 3 are to °°, that is, as 16 to 25; 

and 48 fheets are to 75 fheets as + are to 75, that is 

alfo, as 16 to 25. 


eh ve SOLUTION. 
~ Put x for the number of pence reckoned for bind- 


ing then we fhall have 40—w for the price of the 


paper in the firft'’book, and 58—w for the price of the 
paper in the fecond book; and 40—x will be to 58—x 
-as.48 t0 75; multiply extremes and means, and you | 
will have this equation, 2784—48x—=3000—7ocx; 
therefore 2784-+-27x==3000 ; therefore 27x—=216; 
and «x the number of pence reckoned for binding 
= 8, as above. ; MOD 
se L PROBLEM 490... 207 
68. What number.is that, which, being feverally added to 
15,27, aud 45, will give three numbers in continual 
proportion. ) 1 |) atta 
N. B. Three numbers are faid to be in continual 
‘proportion, when the firft is to the fecond as the fe- 
- cond isto the third. ~ | * 
—— Anf. The number fought is 9: for 15--ge=o4; and 
: o7-l-9==36; and 45-+9=543 and 24 is to 36 as 36 ns 
is to 54: for 241s to 36 as 34 isto’ 35, that is, as 
, : 2 to 


) 
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2 to 3; and 36isto 54 as 74 isto +4, that is alfo, as 
aR REN | 


SOLUTION. 


"Put x for the number fought; then we fhall have 
this proportion, w--r5 is to wlo7, as x-|-27 is to 
x45; where the two middle terms are x--27 and 

- x-+27:; multiply extremes and means, and you will 

have this equation, xx-+-60r-+-67 6—=xv-1-5 4x7 293 

therefore 60x-+-675=54x--729 3 therefore 6x-+-675 

==729; therefore 6x==2543; and «the number fought 
=g, as above. 


Of the method of refoluing problems wherein more 
unknown quantities than one are concerned, and 


veprefented by different letters. 


70. Hitherto we have ufed but one fingle letter in 
every problem for fome one unknown quantity in it; 
and if there were more, the reft received their names 
from the conditions of the problem ; but in cafes of 
a more complicated nature, where many unknown 
quantities are linked and entangled in one another, 
this method will be found very aithadics and_ there- 
fore, in fuch cafes, the Algebraift i is allowed to ufe as 
many different letters as he has unknown quantities, 
provided he finds out as many independent equations 
tor difcovering their values; fee art. 92: for though 
in every equation wherein more unknown quantities 
than one are concerned, they hinder one another from 
being found out, yer if as many fundamental equa- 
tions at Ar{ft be given as there are unknown quan- 
“tities, ic will not be difficult, in many cafes, from 
thefe to derive others that are more fimple, “till at 
laft you come to an equation wherein but one only 
unknown quantity is concerned, in which cafe all the 
reft are faid to be exterminated. 

Whenever two or more equations are propofed, 
ar Anvolving, as many unknown quantities, thefe equa- 
K 3 tions 


hs 
te 
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tions muft Girt be prepared by freeing them from frac- 
tions where-ever there are any, and by ordering every 
particular equation fo, that all the unknown quanti- 
‘ties may poffels one fide of the equation, and fuch as 
are known the other; or elfe, that all the quantities 
may poffefs one fide of the equation, and a cypher 
the other; it will be alfo convenient, that in every. 
particular equation, the nan quantities be placed 
inthe fame order. 

_ In laying down rules for exteriibacine unknown 
quantities, I fhall begin with the fimpleft cafe firft, 

which is that cf two y equations, and two unknown — 
quantities; and when I have givens ae examples 
as fhall be thought proper in this cal e, I fhall then 
proceed to others where more unknown quantities are 
to be exterminated. 

But here 1 mutt not forget to advertife the reader, 
that, as | am now treating of fimple equations, and 
problems producing fuch equations, I fhall not med- 
die with any cafes of extermination which. lead to 
equations of higher forms: when I come to treat of 
quadratic equations, I may then perhaps add fome- 
thing further upon this fubjeét; but to undertake to— 
explain all the various methods of exterminating un- 
known quantities would be an endlefs tafk, and a 
moft intolerably laborious and tedious one both to 
the writer and the reader, whom I cannot yet fuppofe 
to be fo far gone in Analytics, as to be willing to. yey 

chafe this fort of knowledge at any rate. 4 

Let then x and y be two y unknown quantities to be _ 
found out by the help of the two following equations, 
AX—5y==2, and 6x—7y=-4: Or the queftion may be 
{tated thus: if 4n—5y==2, and 6x—7y==4, what are 
w and y? Now as thefe equations want no preparation, 
put them down one under another; then upon a bye 
piece of paper multiply the firft equation (4¥—sy==2). 
_ by 6 the coefficient of x in the fecond equation, and 

the product will give this equation, 24”—30y==12 5 
again, multiply the fecond equation (6x—7y==4) by 


4» 
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4, the coefficient of x in the firft equation, and the 
product gives 24x—~28y==16; fubtract now either of 
thefe two laft equations from the other, and w will be 
exterminated: 1 choofe in the prefent cafe to fubtraé 
the former equation from the latter, that the coeffi- 
cient of y after fubtraction may be affirmative, thus; 


24K—28y—=16 
248—30y==12 
a ee : 

From this fubtraction you have the following equa- 
tion, 2y==4, which put down under the two firlt equa- 
tions to make a third; then refolve this third equa- 
tion 2y==4, and you will have y=2, which put down 
_ under the reft for a fourth equation. 

Having thus found the value of y=2, put this va- 
lue inftead of y in the more fimple of the two firft 
equations, fuppofe in the equation 4x—sy==2, and 
you will have 4v—1o=2; whence 4x12, and x=3, 
which put down for a fifth equation, and the work 
1s done; for x is now found equal to 3, and y equal 
to 2, and thefe numbers three and two being fubfti-. 
tated for ¥ and y refpectively, will anfwer both the 
conditions. of the queftion, that is, you will have 
 4e¥—5y==12—10=—=2, and 6x—7y=18—14=-4. 


ift Equ. 4u— ty 

2d, d leh ahh 
3d, * oye. 
4th, pile Nee 
5th, x t= : 


The coefficients of x, the quantity to be extermi- 
_ nated in the two firft equations, were 4 and 6: now, as 
_thefe numbers admit of a common divifor without 
any remainder, namely 2, divide them both by 2, 
and the quotients will be 2 and.2; ufe now thefe 
numbers 2 and 3 inftead of 4 and 6, and the opera~ © 
tion, as a sik as the equation refulting from it, will 

Kh 4 ie ae 
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become more fimple: for the firft equation multiplied 
by 2 inflead of 6, gives 12x—15y==6; and the {e- 
cond equation multiplied by 2 inftead of 4, gives 


12k—1Ay—=8 ; ; and the difference of thefe two equa- 
tions is y==2. 


Another way of exterminating > the unknown quan= a 


tity x is as follows: find out the value of w in refpect: 
of y, in the more fimple of the two firft equations ; 
then, fubftituting this. value inftead of » in the other 
equation, you will have an equation, wherein y alone 
is. concerned: thus in the foregoing example, the 
firft equation was 4x—sy==2, therefore 4x==5y-+-2, 


PAK ; fubftitute now this value aed ar i 


inftead of w in oh fecord equation, nen by 


ame and you will have this equa- 


ana ao 


making 6x= 


203 spi ok : 


tion, ter 


pe Raves ; therefore 30y-|-12—2 8y=z | 


16; ‘therefore 2y-+-12 = 16; whence 2y==4, and 
ayn? 


J=23 and x, or - =3, as before. 


N.B. 12, What has here been faid concerning ie 
extermination of the quantity x, may as well be ap- 
plied to the other quantity y, except that its cocfh- 
cients 5 and 7 will not admit of a common divifor, 

as did the numbers 4 and 6. 
 adly, OF the two differént ways of extermination 
here laid down, fometimes one will be found more 
expeditious, and fometimes the other, as will appear 
by the following problems. 
3dly, In the cafe of. two unknown quantities, if the 
value of either of them can be had in integral terms 
in both equations, equate the two values one. to the 
other, 'and you will have the other unknown quantity, 
by means whereof the firft will alfo be known; and 
this makes a third way of extermination, whereof 
: there: 
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there are fo many examples in the following problems, 
that nothing more needs here to be faid of it. | 
Whenever two quantities, as x and y, are multi- 
plied together to produce a third, wy, the two multi- 
_plicants x and y are called factors, or efficients, in 
which cafe, each is faid to be the other’s coefficient: 
thus, in the quantity wy, x is faid to be the coefficient 
of y, and y the coefficient of x; therefore, if in any 
quantity wherein « is concerned as an efficient, its co- 
efficient be defired; divide that quantity by «, and 
the quotient will be the coefficient: thus if the quan- 
tity 12x—-yw be divided by x, the quotient is 12—y; 
therefore in the quantity 12v—y«, the coefficient of 
WAS 12—Y. , | 


ADVERTISEMENT. ~ 


The reader muft now no longer expect to have all 
_ fimple equations refolved to his hand, as hitherto has 
been done. If, after fixteen examples of fimple equa- 
tions refolved, and the folution of forty-four Alge- 
braic problems, ,he be ftill at a lofs how to reduce a 
fimple equation, it muft proceed from a weaknefs 
that either admits of no cure or deferves none. 


LPB OBL EM ia. 


91. What two numbers are thofe, the produ of whofe 
multiplication is 144, and the quotient of the greater 
divided by the lefs is 162 


SOLUTION. 


Pot x for the greater number, and y for the lefs ; 
and the .queftion when abftra&ed from werds will 


fland thus: if vy==144, and 5= 16, what are x 


and y? 
_ The firft of thefe equations wants no- preparation, 
‘and therefore may be pucdown thus; : 
Raunt wh Woman. 
) The 


/ 
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The fecond equation, when prepared according to. — 
the laft art. will ftand thus ; * | 
Midirn Bequu,ved, x —16)=20. 
Muliply the firft equation by 1, the fuppofed co- 
efficient of win the fecond, and the quotient not — 
being altered by fuch a multiplication, will be xy#== 7 


144 multiply alfo the fecond equation by y, which 


according to the foregoing art. is the coefficient of x 
in the firft, and you will have xy—16 yy==0; fub- 
tract this latter product from the former, and you will 
have, Equ.§ 3d, * 16yy==144; whence 
 Equ:’ 4thy* yet. 

Subftitute now 3 inflead of y, or 3x inftead of xy — 
in the firft equation, and you will have Gare At 
and confequently, | 

Eque sear # *=248. 

~ So that the numbers at laft are Gaeta to be 48 and 

3; and they will an{wer the conditions of the quef- 


tion: for 48X%3==144, and = 16. 


Equity © xy OF er aa, 
od, x—16y=0. 
gd, * rey = 144. 
Ath Leek 
Big) a ee ae 


Another folution of the foregoing problem, from the 
laft article. 

Having found from the fecond equation that x= 
16y 3 put 16y for x, or 16yy for xy in the firft 
equation, and you will have 16yy= 144; waence © 
y and x may be found as before, | 


PROBLEM 46. 


fy RN EL required to find two numbers with the Vella. : 
ing properties, to wit, that. the firft with half the — 
fecond may make 203 and moreover, that the fecond — 
with a third part. of the fir/t may make 20. | 
| | SOLU RIOR oa 
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s . ~Soruttron.. : : f 
Put x for the firft number, and y for the fecond, - 


and the fundamental equations will be xpos 20, and 


, j+>> 203 iid being prepared ayeivinp: to art. 


705 will ftand thus; 
Equ.  rft, ax-Ly=4o, 
Equ. 2d, x-+3y==60. 

Subtract the firft equation from twice the fecond, 

~and you will have 
Equ. 3d, * 5y=80; whence 
| Barus ( 4thy-2 Fy). y= 1.6. 

Put 16 inftead of y in the firft equation, and you 
will have 2x-|-16—=40, whence 
| Egy, isahseie ih 12, 

Therefore the numbers fought are 12 and 16, and 
‘not 16 and 12, though 16 was found firft; becaufe. 
x==12 was put for the firlt number. That thefe num- 
bers will aniwer the conditions of the queftion is plain : 
for 12 + ',° or 12-+-8=20; and 16-++ +, or 16--4 
pales 

Another folution from art. 70. 
Having found from the fecond equation that x= 
_60—3y, put 60—3y for x, or 120—6y for 2m in the 
-firft equation, and you will have 120—6y-+-y=40; 
whence y=16, as before. 


PROBLEM AT. 


73. One winches 6 French crowns and two French dol- 

tars for 45 Shillings; and at another time 9 crowns 

and 5 dollars of the fame coin for 76 foillings: I de- 
_ mand the diftint? values of a crown and of a dollar. 


Low LY Gor Oss. 


_ Putxand v forthe number of fhillings acrownand | 
_a dollar are refpectively worth, anggthe equations will — 
Mand thus; : Equ. 


o 
nt 
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Equ. hy 6x—-Loy==45. 

Equ. gx 5y=76- 
Subtract 3 times aa firft equation from twice the! 
fecond, and. you will have cn 

Pau. gays 4y= 17% whence.«) 203 Gi 

Equ. 4th, *  \ y==44 fhillings, ee 
that is, 4 fhillings’ and 3 pence; put now. 47 for y — 
‘or 82 for 2 y in the firft equation, and you will have 
6x-+-8i—4a, and 6x==362, and ( 

Eau, 3 sth, won teeooee. Hy 
that is, 6+ fhillings, or 6 flnllings and a penny a 9 
therefore the value of a crown was 6 fhillings and a 
penny, and that of a dollar 4 fhillings and 3 pence;: 
and thefe values will anfwer the conditions of the quef- ~ 
tion; for, at this rate, 6 crowns will amount to 36 © 
fhillings and 6 pence, 2 dollars to 8 fhillings and 6 
pence, andthe whole to 45 fhillings; moreover, g’ 
crowns will amount to 54 fhillings “and 9 pence; 
dollars to 21 fhillings and 3 ages" and the whole — 
fum to 76 fhillings. th 


PrRoBLEM 48. 


44. It is required to find two fuch numbers, that balf 
the firft together with a third part of the second may 
make 323; and moreover, that a fourth part of the firft — 
WEEE with a fifth part of the fecond seth make I 8. 


: 
AAD aD 


SOLUTION. 


; ee 
Put x andy for the two numbers, and the funda~ 
mental equations will be— . i = 32, and— Paes ; 


18; which equations, eee duly prepared, wil and 
thus Equ. ift, 3x--2y=192.- 

“ Equ. 2d, 5x--4y==3 60. 
Subrract 5 times the ‘frtt equation. from 3 times s the 
fecond, and you will have 

Equ. 3d, °* 2y==1203 ines i: 


 Equ. 4b, * y= 603 ee so) 
| : ; whence, 


Art. 74,75,76. producing Simple Equations. 157 | 
whence, and from the firft equation, you will have 
al or 3x-+-120==192, which gives 

| Baw sth oon Fopent 

» So the numbers are 24 and 60; and they will an- 
fwer the conditions of the quettion : 3a Ht 82, that 
is, 12-|-20==32; and moreover, *' 6 erhat: as, 
2 enets 8 | 


| 


PROBLEM. 49. 


Bs 6. 7 wo Be A and B were talking of their ages: 

fays A to B, 7 years ago I was juft three times as 
_ ald as you were, and 7 years bence I foall be juft twice 
as old as you will be: I demand their prefent ages. 


SOLUTION. 


__ Let aand é reprefent the prefent ages of 4 and B 
“refpectively ; ; then their ages 7 years ago were a—7 
and )—7, and their ages 7 years hence. wil! be a+-7 
and 4-4-7; whence, and from the conditions of the 
problem, may be derived the two following funda- 
_mental equations : 

: a—7=b—7X3= 36-—21, and 

| a--7=b-4-7X2= 26-14. 

“From the former of thefe two equations, to wit, a—" 
=35—a21, we have a=3b—i4; from the. fecond 
equation, to wit, a-|-7=2)-+-14, we have amm2b-Ly ; © 
_ therefore 34—14=-20-}-7, fince both are equal to a; 
whence $-=21, and 25-\-7, ora=49. - 

A therefore was 49 years old, and B 21 years old; 
which is true: for then, 7 years before, 4’s age 
would be 42, and B’s 14; and 42 is three times 14: 
on the other hand, 7 years after, A’s age would be 
56, and B’s 28; and 56 Is twice 28. | 

PROB LE M* ‘50. | 
| Ba. A jockey has two horfes, A and B, whofe i are 

fought: be bas alfo two faddles, one valued at 12 

| Enos the other ab 2: now if be fets the better 
errr ets t Saddle 
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Jaddle upon A, and the worfe faddle upon B, A will 
then be worth twice as much as By; but on the other 
hand, if be fets the better faddle upon B, and the 
worfe faddle upon A, B will then be worth ibree 
times as much as A: I demand the values of the borfes. 


S@LUTION. 


Let @ and b reprefent the prices of the two horfes 
A and B refpectively in pounds; then if the better 
faddle be fet upon 4, and the worfe upon B, 4 will 
be worth a-+-12, and B will be worth 6-+-2, and the 
firft fundamental equation will be 2-12 =b2x2=— 
2b-+-4; on the other hand, if the better faddle’ be 
fet upon B, and the worfe pe A, then B will be 


worth 5--12, and 4 will be wogth a-2, and the fecond 
_ fundamental equationwill bg--12=a--2x 334-16: 
inthe firft fundamental equation, wherea+-1 225-4, 
we have a==2b—8 ; fubftitute therefore 25—8 inftead’ 
of a, or rather 64—24 inftead of 32, in the fecond 
fundamental equation (which is 34---6=)-L-12), and 
you will have 64—24-}-6, that is, 6,-—18=)-+12; | 
whence b==6, and 2b—8, or a=4: A then was va- 
lued at 4 pounds, and B at.6, and they will anfwer 
the conditions of the queftion, as any one may eafily 
try. . Sahai 


PROBLEM SI. pe 
97. There is a certain frattion, which if an unit be added 
to the numerator, will be equal to 4; but if on the 
contrary an unit be added to the denominator, the 
fraétion will then be equivalent to =: I demand the 
numerator and denominator of the fraction. 


A 


SS-OL wv no NN: 


Call the fraction me and you will have thefe two 


x1 


om 5 ao 7 | ‘ | 
fundamental equations, ——==!, and —— ==4:-the | 
RN I oo APE ape | 


former 
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former of thefe equations, when reduced, gives y== 3x 
+3, andthe latter gives y>4x—1; therefore A4X-—I 
\ =3x-+3, becaufe Dees are equal toy; whence » the 
_ numerator of the fraction is 4, and 3x--3, or y, the 
“denominator is 15; and the fraction itfelf is, +; 


91s 


which if an unit be added to the numerator, will be 
=i, or 2; but if an unit be:addedito the denomina- | 


Bra, it¢ will be +, or.2; 
PROBLEM 52, 


be. ira is a certain fifbing rod confifting of two parts, 
whereof the upper part is to the lower as 5 to 7; and 
moreover Q times the upper part, together with 13 
times the lower, is equal to 11 times the whole rod and 
36 inches aver: I demand the length of the two parts. 


SOLUTION. 
Put x for the length of the upper part in inches, 


and y for the lower; then will x+y be the length of 


the whole rod, and fince wis to yas'5 to 7 ex  bypo- 
‘theft, by multiplying extremes:and means according 
to art. 15, you will have 7*==5y for a fundamental 
equation: again, as 9 times the upper_part, together 
with .13 times the lower, is equal to 11 times the 
whole rod, and 36 inches over, you have 9x-}-13y== 
rix-}-11y-+36 for a fecond fundamental equation : 
the latter of thefe two equations gives x=zy— 18, and 


- confequently 7x—=7y—126; fubftitute this value in- 


ftead of 7x, in the firft fundamental equation, where 
9x—=5y, and you will have 7y—126=5y; whence 
 y==63; and y—18, or v= 45. 

The upper part therefore was 45 inches, and the 
| Aower 63, as will appear upon trial. 


PROBLEM .53. 


“79 One lays out 2 fhillings and fixpence in apples and 
“pears, buying bis apples at four, and bis pears at five 
 -apenny; and afterwards accommodates bis neighbour 
‘oli a bis apples and one third part cs bis Jus 
3 or 


~ 


160 » The Solution of Problems. ait Boox It, : 
for thirteenpence, which was the price he bought them 
at: I demand how many be bought of each fort. 


SOLUTION. 
Put x for thenumber of apples, and y for the numeae 
uf pears; then if 4 apples coft one penny, # se coft , 


— ~ pence ; ; and for the fame reafon y will coft > F pence, 
and you will have 7 ee = 30 for a firft fundamen- _ 
tal equation: again, the price of pphalt of his apples, 


will be and the price of = a third pare of his 


- pears, will be = and you will have = noe ont fos 
for a fecond fundamental equation. Hence, 
Equ. tft,  5x-+-4y=600. 
Equ. 2d, 15%-}-8y==1560, | 
Subtraé the fecond equation from three times the firtt, 
‘according to art.70, and you will have — 
Fqu. . 3d, .* ‘4y==240; whence 
Equ. 4th, *  y=60. ; 
Subftitute now 60 for y, that is, 240 for 4y in the _ 
firft equation 5x-|-4y==600, and you will have 5x 
240==600; whence | Yara 
» Equ,. sth, «# *==72. ae 
Therefore the number of apples was 72, and the 
number of pears 60, as will appear upon trial. | 


PROBL RE MW oer 


$3. 4 certain company at a tavern found, when bey 
came to pay their reckoning, that if they had been 
three more in company to the fame reckoning, they 
might have paid one filling apiece le/s than they did; 
and that, bad they been two fewer in company, they 
mut bave paid one filling apiece more than they did; 


I demand the number of perfons, and their quota. . 3 
SOLUTION: © 
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SOLUTION, | 

Put « for the: number of perfons, and y for the - 
number of fhillings every one aétually paid; now if 

4 perfons are to pay 5 fhillings apiece, the whole 
. hikoning muft be 4x 50r 20 fhillings; therefore if 
x perfons are to pay y fhillings apiece, the whole 
-reckoning muft be yx or xy fhillings: this being laid 
down, fuppofe them now to be three more in com- 
pany; then will the number of perfons be x-}-3 ; and 
to find what every particular perfon ought to pay in 
this cafe, the whole reckoning xy muft be divided 
by x-[-3, the number of perfons, and the quotient 


x é ‘ : 
ay wil be every one’s particular reckoning; but 
according to the problem, every one’s particular rec- 
koning in this café would have been one fhilling lefs 


than it actually was, that is, y—1; therefore z 
oh canine 
=y—1; in like manner the fecond condition of the 


problem furnifhes this equation, = =y-+1: the 


firft of thefe equations, to wit, a =y—1, being 


reduced, ta x= 3y—33 and the fecond equation, _ 


to wit, — yt being reduced gives x==2y-4-2 ; 


| theleiore oe 3==2y-+-2, and yo=5; whence 2y-+-2, 
Or *=12. 

So there were 12 perfons in company, their reckon- 
ing 5 fhillings apiece, and their whole reckoning 3 
‘pounds, or 60 fhillings ; which anfwers the condi- 
tions of the queition : (or en, and ae. 

. PROBLEM 61. : 

7 83. What two numbers are thofe, whofe fun is twice, 
and the product of whofe multiplication is twelve times 
their difference ? 


\ 


‘SoLuTION, 
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SOLUTION. | | 


Put « for the greater number, and y for the lefs; 
‘then will. their difference be x—y, their fum xy, 
and the product of their multiplication xy or yx; and — 
the equations will be x+-y=2«—2y, and yr==12¥— 
12y; whence : 
Equ. 1ft, x—3y=0. 
Equ. 2d, 12x—yx——12y—=0. oot 
Multiply the firft equation by 12—y, which, by art, 
70, is the coefficient of x in the fecond, and the pro- 


duét will be 12x—yx—36y-+-3yy=0; fubtract this | 


equation from the fecond, and you will have 

Equ. 3d, 24y—3yy=0; whence 

Fqu. 4th, y==8; and 

Equ. 5th, v= 24. | 
And the numbers 24 and 8 will anfwer the conditions. _ 

Otherwife thus: by the firft equation x=3y, and — 

an==12y; fubfticute 4x for 12 in the fecond equa~ 
tion, and you will have 12x—yx—4x=0; divide by x, 
and you will have 12—y—4==0, and y==8, and # or - 
ay==24, aSbefore. : 


PROBLEM 62. 


89. What twonumbers are thofe, whofe difference, fum 
and produé are to each other as are the numbers two, 
three and five refpeétively; that is, whofe difference 
is to their fuin as two to three, and whofe fum is to 
their produdt as three to five ? | 


SOLUTION. 


Put « for the greater number, and y for the lefs;_ 
then will their difference be x—y, their fum x+y, 
and their product yx; and we fhall have thefe two 
proportions productive of two equations, 1ft, ~—y is 
to x-+y as 2 to 3, whence 3¥—3y=-2w-L- oy; ad, x-by 
1s to yw as 3 to 5, whence 3yx=z5x-|-cy: the refolu- 
tion follows; — : nee : 


| Equ, | 


Art. 895 90. dealin Simple Equations.. 163 
~ Equ. 1ft, x—sy=0. 

‘Equ. 2d, By — 5N— BY ==. . 
Multiply the firtt equation by 3y—s5, the’ coefficient 
_ of x in the fecond, and the product will be 3 yx—5x 
—15yy-+-2 5y==0; fubtraé this from the fecond equa- 

tion, and you will have, 

Equ. 3d, 15yy—-30y=0; whence 

Fqu. 4th, y==2, and 

PO, etl. xo TO. 

_ And the numbers 10 and 2 will anfwer the conditions 
of the problem. 

Otherwife thus: by the firft equation r==5y; fub- 
 ftituce therefore x inftead of sy in the fecond, and 
you will have 2yx—s5x—x==0, divide by x, and you 
will have 3y—5—-1==0, and y==2, as before. 


eit) ke Row Dim Me : 68. 


90. It is required to find two numbers fuch, that if 
their difference be multiplied into their fum, the pro- 
duct will be five; but if the difference of their fquares 
be multiplied into the fum of their fquares, the produdt 
will be fixty-five. 


SOLUTION. 


Put « for the greater number, and y for the lefs; 
then will their difference be x—y, their fum x+y, 
and the product of their fum and difference multiplied 
together will bew’—y’, by art. 11; then will oy” 
==5 by the fuppofition, and «’°==5-+yy; fquare both’ 
fides, and you will have «*=25-L10y’-1y*: again, 
the difference of the fquares of the two numbers 
fought is x°—y*, and the fum of their fquares x*-+-y’, 
and the product of thefe two x4—y4, therefore v4—y# 
==65 by the fuppofition, and «*=65-+-y4; but #4 was 
before found equal to 25--1oy*-+-y4; therefore 25-4- 


. . 1oy*—-y4==6 Bhs whence y’=4, and y=; fubfti- 


‘tute now 4 for y* in the firft fundamental equation, 
which was x°—y’==5, and you will have 2°—4—=5, 
and x=3; therefore the numbers fought are 3 and 2, 
mack will anf{wer the conditions. 

: y) PROBLEM 


\ 
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PROBLEM 65. 


93.T bree perfons, A,B andC were talking of their moneys” 
Jays & to B and C, Give me half of your money, and 
I foall have d; fays B to A and C, Give me a third 
part of your money, and I foall have ad; faysC to A 
and B, Give me a fourth part of your money, and I foall 
haved. How much money had each ? 

N, B. The letter d is here fuppofed to fupply the 
place of fome known quantity, whichis left undeter- ~ 
mined till the calculation is over. 


SOLUTION. 


Let a, band creprefent the money of A, B and 


re{pectively, and we fhall have thefe three funda- 
mental equations ; 


. 
gee Cae wae 


c -- a ood, 
Thefe equations, after due preparations according 
to art. 70, will fland thus; 
| Fqu. 1ft,  2a+b4+-emod. 

E.qu. 2d, a+-3b-+-¢= 3d. 

Fqu. 3d, a-b-t-ac=4d. ; 
Subtract the firft equation from twice the fecond, and 
you will have | : 

_ Equ. 4th,  * 5-+-em 4d. 
Subtract the third equation trom the fecond, and you 
will have 

Equ. 5th, *  gbamm3Q¢=—d. 
Subtract five times the fifth equation from twice the 
fourth, and you will have | | 


Fqu.., Othyny % ei ggesnagat 
Equ. 7th, * ta 


Put 
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Pat this value for ¢ in the fourth equation, and you 


% ; 13d 
will have 5b--e, that is, 52 or ae ies ; therefore 


85b-4-13d= 684d, ppretore Babeassd i at = = 


11d 
—; therefore 
47 


Baar 8th. 8 8 t= ee 
-Put now the two values of J and c already found, in- 
ftead of 4 and ¢ inthe firft equation, and you will 
have 2@--d-1-c, thatis, 2a4- oe, or 2a 246 : 
=2d; whence Spee eR and 34a==10d, sat 


1od 
‘i= = - ; therefore 
ot ey 


Equ. oth, @ * aS 
So that the numbers are ac laft found to be g—= 


d d , 
of mo as -——, andc=m ‘3 tak whence it follows, that if 
17’ 17 I’ | 


any number be put for d, that will admit of the num- 
ber 17 for a divifor, the quantities a, d and c will 
come out in whole numbers: as if d be made equal to 
17, the quantities 4, 5 and c will be, 5, 11 and 13 
refpectively; andthe numbers will anfwer the condi- 


tions of the problem; for 5+- ae or5--12=173 


11 $oEX, or 11++-6==17; gS 


, or13t-¢ 


pio filet a I hope the reader does not need to 
be told, that the numbers a, 4 and c muft always be 
uaderftood to be of the fame denomination with the 
number dj as, if the number d fignifies fo many guineas, 
AREA URE: ) the 
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the numbers a, 6 and ¢ muft alfo fignify guineas; if | 
fhillings, fhillings ; if pence, pence 5 


Eau. ‘11, 2a--bcoad, Equ. 6th, # 817i 3d 


fins Be 

2d, Apsara 7th se dere) 
3d, a--b--4c=4d. Sth, * b# a. 
' 3 . : 7 
4th, * sb-4-e=4d. oth, @ euro is | 


gth,*2b—3¢—d. 
A ScHOLIUM. 


94. Of the foregoing equations, the firft, fecond 
and third, wherein the quantity @ is concerned, may 
be called equations of the firft rank; the fourth and 
fifth, wherein the quantity 4 is concerned, and out 
of which the quantity @ is excluded, may be called 
_ equations of the fecond rank ; the fixth, wherein c is 
concerned, and out of which both a and 3 are exclu 
ded; may be called an equation of the third rank; and 
fo on, were there ever fo many unknown quantities. _ 

Whenever the equations of any particular rank are 
g given or found, in order to derive from thence equa- 
tions of an inferior rank, the Analyft i is at liberty to 
combine thefe firft equations by pairs as he -pleafes, 
provided he does but obferve thefe two things; firft, — 
that every equation of the given rank be forme time 
or other coupled with fome other equation of the fame. — 
fet, fo as that no equation be left out of the account; 
fecondly, that in every particular combination, one of 
the equations be fuch as was never made ufe of in any 
combination before, and the other fuch as hath been - 
concerned in fome combination before, excepting the 
firft pair. It is not to be denied but that the artift 
may, if he abe vary fometimes from this laft pre- 
cept; but if he always obferves it, it will be alroge- 
ther as well. es PH & 
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THE. 


ELEMENTS or ALGEBRA, 


Bey Ove Ke OWE: 


Of the coimpofition and refoltition of a [quare raifed 


from a binomial roots 


101. ITHERTO we have been cet 
ie concerned in fimple equations $ 
it is now high time to apply our- 
felves to the refolution of qua- 
dratics; in order to which, fomething muft be faid 
‘concerning the nature of a binomial, upon which “ 
that refolution entirely depends. 
Now a binomial (at leaft as it is here ufed) is a 
quantity confiftine of two parts or members, con-. 
aay together by the fign -}- or —, as x-+-a, x—a; 


mp 2 9 laa and a fquare raifeg from a binomial. 
joann nathits elfe but the aN a of fuch a quantity : 
thus the fquare of r= is xx -dx- 7 and that 
bb | 
im 


atcha: ga 


b 
emer is we ae Bap Lo 
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Sa :— 
ee ce 
a cg 
us vp, chats, “ er ate that is, 
tet? ete 


The difference betwixt thefe two fquares wifes from 


the different fign of 2; and that only affedts the fe- 
cond member; for the third member Aes will be the 


fame, whether the quantity 2 be affirmative or nega- 


tive; therefore, if thofe cafes be thrown into one, it 


a Bi bb 
will ftand thus: The /quare of x + —is xx + bx 
to wit, ++ bx when the root is x +, and — bx when 


b | 
the root is ®* — >: Now of the three members thar 


compofe this fquare, the firft xx is the fquare of x, 
the fecond + bx is the root of that fquare multiplied 
into the coefficient +4; for the root of «wis x, and 


7 


: Oe 
xX +b= 4 bx; the third and laft member = is. 


, ‘ ; , 
the fquare of - ne, that is, the fquare of half the 


coefficient of the ae member; whence may be 
deduced the two following obfervations. 


| Onsezvarion 
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Art ? 
a 
pO Bes eR EVE A yO We 


Whenever, we meet with a quantity confifting of two 
members, as xxtbx, whereof one, as xx, 15 a f/quare, 
and the other +bx is the root of that fquare multiplied - 
into fome given coefficient +b; whenever I fay we meet 
with fuch a quantity, it may be confidered as an imperfect 
fquare raifed from a binomial root, and may eafily be 


compleated by adding “. » that is, by adding the fquare 


of balf the coefficient of x in the fecond term: thus~ 
xx -- 6x when compleated becomes xx -+- 6x +9; 
xx — 8x when compleated becomes xx — 8x + 16; 


xx-- 3x when compleated becomes wr-b 3x-+- 2; for 
here the coefficient being 3, its half will be 3, and 


ae | « e ° i 2% 

the fquare of this will be : again, xx -+ ce when 
an. 1 | 

-compleated becomes ane -1- mh for here the fe- 


22% 
cond term ae and therefore the coefficient of x is 


2 by art. 70; but the half of 2 is #, and the fquare 

of this is ¢: again, xx— 2° when compleated be- 

shige atin See 

comes xx — a. —+-; for here the coefficient is 
| ; 4 | 

— 4, whofe half is — ,5,, and the fquare of this is ++ 


b 5 
| is lattly, x2 — — when compleated becomes 


144 

bx , bb : b 
xxu— —-+—; for here the coefhicient is —— , 
A OMe) S aeee a 


ey b , bb 
its half — —, and the fquare of this is ——. 
2@ > 444 


OBSERVATION 


ies 
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OBSERVATION 2. | 


Tn the fecond place it may be obferved, that the root 
of fuch a fquare when compleates, that is, the root of 


pe bb 3 | re 
xx+bx + — will always be x+- = that is, it will 


always be the fquare root of the firft member, together 
with balf the coefficient, of the fecond: thus the {quare” 
root of ax--6x-4-9 will be x-+-3; that of x*—8x--16 
will be x—4,; that of x#—+ 3x +2 will be x 


2; that of xx a ots 7 will be aare that of xv— 
eee | | 
7a will be e2; and laftly, that of xe 

er Py cree will be x— poi 


The common form to which all quadratic equations 
ought to be reduced in order to be refolved. 


102. Since an. affected quadratic equation, as we 
have elfewhere defined it (art. 23,) is an equation 
confifting of three different forts of quantities; one 
fort wherein the fquare of the unknown quantity is 
concerned, another fort wherein the unknown quan- 
tity is imply concerned, and a third fort wherein it 
is not concerned at all; it follows, that all quadratic 
equations Whatever. may be reduced to this form, 
viz. Axx ==Bx-+-C; wherein A, Band C denote 
known integral quantities whether affirmative or 
negative, and x the quantity unknown, the fign ++ 
on the latter fide of the equation Bxr--C, fignifying © 
no more than that the two quantities Bx and C are to’ 
- be added together according to the common rules of 
addition, whether they be both affirmative or both ne= 
gative, or one affirmative and the other negative: this 


will eafily be allowed, if it be confidered, that quadra~ 
3 tic 


| Art. 162, 103. Quadratic Equations. rr, 
tic equations, like all others, may be freed from frac-, 
tions after the fame manner as fimple equations; and 
‘when that is done, there needs no more at moft, than 
a bare tranfpofition of the terms to reduce them to 
the form above defcribed: we fhall however give fome 
examples of the reduction of quadratic equations to 
this form, amoneft thofe that follow. 


A general thearem for refolving all quadratic. 


equations. 


103. This preparation being made, let now fome 
general quadratic equation be propofed to be refolved, 
with which all particular equations may afterwards be. 
compared, and by means whereof thofe equations 
may be more readily refolved; as for example, Ict 
the general equation in the laft article be propofed, 
to wit, Avv—Bx-|-C; and let it be propofed to find 
the value or values of x in this equation’; here, tran{- 
pofing Bx, I have dvv—Bx=C; and then dividing 
by A in order to free xv the higheft power of x from 


BY C 
its coefficient, I have rv — FZ FT this done, I 


| Bia 
confider the firft fide xx — 7 as an imperfect {quare 


raifed from a binomial root; and accordingly I com- 
pleat that fquare by art. 101, to wit, by adding 


BB | 
4G4e pe is, by adding the fquare of half the 


ee ad} ‘ R 
coefficient of the fecond term; but if Sea muft be 
o 444 


added to the firft fide of the equation to compleat 
the fquare, it. muft alfo be added to the other fide to 
preferve the equality ; otherwife, by an unequal addi- 
tion, the equation would be deftroyed: this equal 
addition then being made, the equation will ftand 

rede thus, 


Y- 
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BB BB. 

thes, w— G+ = pat gi bot the 

BB b) i 
two fractions ——— vow 43 and — Fj when thrown into one, 4 

BB+4-4 AAC pei Ms aati , 

wivhsoees: bad —, which, we by A, gives 
7 | Se PEW is 


~ ; therefore the fquare root of one fide 


= +; therefore xx — 


will be equal to the fquare root of the other; but the — 
BB+-4AC 3 
4AA 
here ftands in letters, cannot be extracted, becaufe, 
though the denominator 444 be a {quare, yet there 
is no literal quantity whatever which being multiplied 
into itfelf will produce BB+-4AC; therefore, to put 
this numerator into the form of a fquare, let us | 
fuppofe es Saeed and then the equation will — 


{quare root of the fraction , at leaft as it 


BB 5S 
ftand thus, +x — at iaa= GAA’ but the 3 
, B an 
fquare root of xx oa S49 OA by art. 


“1 Ss 5 | 
; and the fquare root of ——~ is + — : 
101; and the fquare root o 7aA + 57 for a reafon 


ae : —s BY 
formerly given, to wit, becaufe—| when multi- 


244 


plied into itfelf will produce 4 as eal as. —— +: oH? and — 
therefore,» by the very definition of the fquare: root, 


the former spoil we as good a right to be ftiled 
the fquare root of ——; of AF as the latter; therefore this 


equation will now be reduced toa fimple one, and ia 
! i will 


~ 


& 


eo! 


aA 
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; bri B 5 
will ftand thus, x«— T= * NL therefore x =< 


Be, that is, ¢== sau and x= a, 9, ET. 
Thus we fee that every quadratic equation neceffa- 
tily admits of two numbers or roots (as they are 
called) which will equally anfwer the condition of the 
equation, that is, either of which being put equal to 
x, will make the two fides of the equation equal one 
to the other; and thefe two roots, in all arts and {ci- 
énces where quadratic equations are concerned, are of 
equal eftimation, whether they be affirmative or nega- 
tive, or one be affirmative and the other negative: as 
for example, in Geometry, if a line drawn from any 


point towards the right hand be confidered as affirma- 


tive, a line drawn “from the fame point to the left 
hand ought to be confidered as negative; for let 4B 
be any line drawn from the fixt point 4 to the point 
B on the right hand, and then imagine the point B to 
move towards 4; here then it is plain that the nearer 
B approaches towards 4, the lefs will be the affirma- 
tive line 4B; when the point B coincides with 4, the 
line 4B mutt be looked upon as nothing, and there- 
fore, when the point B by a continuation of its mo- 
tion has paffed through 4, fo as to lie on the left 


hand of 4, the line 4B ought now to be looked upon 


as negative, having pafled from fomething through 


| nothing i into negation; and yet a line of this nega- 


tive kind is as true a line as any of the affirmative 
kind; and therefore the negative roots of quadratic 
equations, which exhibit negative lines, ought to be 


~ of equal eftimation with the affirmative roots that ex- 


hibic affirmative lines; and the fame will be the cafe 


(I fay) of ail other arts and {ciences where quadratic 
_ equations are concerned: but in common life, where 


negative quantities have no place, the affirmative roots 


Of quadratic equations are only allowed of in the refo- 


lution 


< 
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lution of problems, the negative ones being for the 
moft part excluded. ah 
N. B. 1, The root of any quantity whether in 
nymbers or letters, that cannot be expreffed, is called - 
a furd: thus 4/3 is a furd, and fo alfo is /BB-+-4AC; 
and it was for this reafon, that I made /BB-+-44C 
=<=5, or, which is all one,” BB--44C=ss, 
2dly, The quantity C and confequently 44C¢ will — 
fometimes be negative; in which cate the quantity ss, 
or BB--4AC mult be looked upon as the fum of the 
affirmative quantity BB and the negative one 44C 
when added together according to the common rules 
of addition. : ; | 
gdly, In many of the following examples, the — 
learner muft be very careful to form a right eftima- 
tion of negative quantities: thus for inftance, if x, — 
that is, --x=—3, he muft make 4x, or -|-4x—3=— 
12; but he muft make —4w, or —4x—3=-+12; 
fo likewife —x, or —1x, or —1X—3 mutt be made. 
equal to-+- 3, &¢. © : 


Afynthetical demonfiration of the foregoing theorem. 


104. In the laft article it was demonftrated analy- 
tically, that if “vx be equal to By--C, then x muft 
neceffarily be equal both to ae, and to if ff {up- 
_ pofing ss to be equal to BB-++-4AC. Now it may 
not be improbable but that the learner, efpecially if 
he has any tate or genius. may havea curiofity to 
fee the fame demonftrated again fynthetically, that is, — 
to fee it demenftrated, that if ~ be made equal to 
B-+s  b-s 
eee et 
Bx-l-C: it is therefore to gratify the learner in this 
particular, that I have added the following demon- 
itration. (3 Sah as 


, then .dxx muft neceffarily be equal to 


CasE. 
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#, (Car Suma ths if 


Let x = ane then you will have x#° = 


BB--2Bs--ss 
aha 

will Five Axx (or one (ide of the general equation) 

ee 


; multiply both fides by A, and you 


equal to ; fora fraftion may be multi- 


plied by i the denominator, as well as by 


ee aa a B-s 
multiplying the numerator: again, fince x = ie 


2A’ 
asda 
2A 


rator and denominator of this laft fraétion, which 
will not affect the value of the fraction, and you will 


you will have Baers double both the nume- 


have Bx= gat ade at ; therefore Bx +-C=— Eo is 
iit vais BB2Bs} BB +4 AC 
Mic Pr ee BAe) i 
eee becaufe BB-4-4AC=ss by the fuppofi- 
tion; therefore Axx==BrC, fince each fide is equal 


BB 2Bs-y 55, 


oo 
aes 


44 


tothe fame quantity 


Ci A SR .ad, 


B—s ; | 
Let now x = Ta? and you will have xx = 


BB—2B 
tag a and Axx (or the firft fide of the erick 


. ee —2Bs--ss _ BB—Bs 
2BB—2Bs 
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—2B | BB—2B 
ao therefore Bx-+-C= : ; ae 


B—2B ‘ 
pee a. therefore Axx==Bx-+-C, becaufe each 


4A 
fide is equal to the fame quantit as, 


—_—_—_ 


Various examples iy the refolution oe affected q a= 
dratic equations, both with and without the - 
general theorem. 


EXAMPLE I, 


105. Let the equation propofed to be refolved be — 
6xx==sx—1. This particular equation, as well as 
all thofe that follow, may be refolved after the fame 
maniner as the general one in art. 103: but as thefe — 
refolutions are very often attended with fractions very 
troublefome to the young Analyft, and as thefe par- . 
ticular equations are nothing elfe but particular cafes 
of the general one, it follows, that the refolution of — 
thefe equations muft neceflarily be included in the‘re- 
folution of the general one; and confequently, that - 
thefe equations will be much more eafily and readily, 
refolved by referring them to the general one: how- 
ever, for the fatisfaction of the learner, I fhall refolve ~ 
fome of thefe equations both with and without the — 
general theorem: and firft.1 fhall refolve the equa- 
tion propofed by the help of the general thearem thus; 
in the general equation, art. 103, we have dxx==Bx 
--C; in the particular one already propofed, we have 
6xx=25x——1; therefore A in the general equation an- 
fwers to 6 inthe particular one, B anfwers to 5, and 
C to —1 therefore, if the particular equation be re- 
ferred to “the seneral one, its refolution will be as 
follows: A=6, Bos, C——1, BB=25, 44C=—24; 
therefore ss, or BB+-4.4C, will be the fum of 25 and 

hohe 3 rica | | —24 
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~ 


te Fee 
24251 : therefore nae. irate hi 


5—I1 


a ae a ; therefore the two roots of this equation 


6xx==5x—t1 are Zand 2, Therefolution of this equa- 
tion in numbers, without the general theorem, is as 
follows : os uel 6xa=5x—1; therefore 6xx—5x 


Sx Mok eB 5” . 
=—=—TI, and ax— — = ——s where mr ee may 


be confidered as the two firft members of a fquare 
raifed from a binomial root; the coefficient of the fe- 


cond term is =S. its half ~ » and the fquare of this 


6 
+25 


12X12 


, which expreffion I choofé to make ufe of ra- 
ther than 1 ar for a reafon that will prefently be feen; 


2 : Poot ae a 
add now cn to both fides, that is, to one 
12X12 


fide to compleat the fquare, and to a he to 


_ prelerve. the equality, and you will Ste se eee = 


- 


25 —I 25 ep 
ee oe Hs here now it is certain that 
12X12 6 12X12 


{ " 
es | -l-26 
the fraftions —- and ——— mutt be reduced to the 
6 2X2 


| fame denomination im order to be added together into 


one fum; but if this be done the comnion way, it 
will be impoffible to obtain the fquare root of that 
fum without a further reduction; therefore, to avoid 
this, | enquire what namber the denominator 6 muft 


_ be multiplied by to make it 12x12 the fame with the 


ether denominator, and the anfwer in this cafe, as 
well as in all others of this kind, will be very eafy; for 
26==12, and therefore 12X26, OF 24KO==12K125 
therefore | multiply both the numerator and denomi- 
L ae nator 
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; : i —— I 4 : * ; —9 : 
nator of the fraction —— into 24, and fo have ime : 


6 : 12X12 


and this added to the other fraction Bascal gives © 


nae 


“MEE 5 and now ‘ie equation will be x — “ + ; 


2 I 
hres attain —-——; extract the rootof both fides, and 
I2&K12 12X12 a oh 

5 eee 


: Bye, 
you will have x — 2. tah ape whence ie 5 


but on 


aad Ro eo 1 ; 
Ng x2 
This may alfo be proved fynthetically ie, let 
wo=i, then you will have av=1, and 6xvem®, or 13: 
again, sx==$=223;3 therefore et Acs : therefore 
6xx== 5x—1, fince each equals 13. Beck 
Let us now fuppofe w=}, and you will have +x 
=}, and 6xx=3, or 2: on the other hand you will 


have sv=s% or 123 therefore 5x—1—2; therefore 


rinligat 


6xx-=5x—1: thefe two fractions therefore will, an- 


{wer the condition of the equation; and there are no 


other numbers befide rhefe, whether whole nuimbers’ 


or fractions, that will do it. 
E XA M)P. LPB 2, 


~ Let the eR to be refolved be 24n—2xx==xx 
45. Here tranfpofing —2«w~ we have gxx--45=> 
24x, whence 3av-=24%—-45,; and thus we have re- 
duced the equation propofed to the form of the ge- 


neral one in art. 102 ; wherefore applying that gene-. 


ral equation to this particular one, the reiolution, by, 
art. 103, will be as follows: 4an3, B24, C=—45,, 


BB=576, 44C=—540, S$==570—540==36,, sm, 
Bs B—s 


Sh oa 33 therefore eet Or 33. and this | 


will ype ely appear by fubftituting 5 or 3 forx 


in 


\ 


a th therefore it or—., 


- 
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in the original equation thus; ,~=5; therefore 24x 
=120; xx==2 5; therefore 244—2"x—=120—f0=70, 
which is one fide of the equation: on the other fige 
we have ax-45==25-+-45=-70; therefore24n—one— 


| wt-+t-45. Again, let x3, then we hall have 24x=— 


72, and xw=x9, and 24x—2xv==542 on the other 
hand, xx-t-45==54; therefore 24n—2xx==xx-+-45. 
N. B. This latt equation when reduced to the form 
of the general one in art. 102, ftood thus; 32x 
24045 : but this equation might have’ been re- 
duced to a more fimple one of the fame form by di- 
viding the whole by 3, and then the equation would 
have “Ttood thus, xv=38x—15: in which cafe we 
fhould have had d=1, B==8, G==—15, BB=64; 
B--s B—s 7 
4AC=—-60, SSa4, S25 7A 2 SH = 3 as 


before: the folution of the foregoing equation inthe 

common way is this, «x—-Sx—=-—15,; therefore coms 
pleating the {quare, x xv—S8x+t-16=>1; therefore ex- 

: tracting thé fquaré root, cing teil ; therefore x== 
+-4t1=5, or 3. | 


EXAMPLE 4 


Let the equation to be refolved be 72x—2mr-+-T44 
==30x—8x-+444. Hence by tranfpofitions we have 
72m-1s4mes tx —8x1-4.4 4,and8ox-Pi 44 == caw snny 
and 5xx—=80x—300, and «x==16x—60; which equa- 
tion being refolved like that in the laft éxample, 2 gives 
#==10, of 6; which may alfo be eafily feen by “fabs 
ftitucing ro or 6 for x in the original aan 


Bix ameter Ae 


Let Me equation to be refolved be 284—xx==11 Se 
Here we have xx--i15=284, and ax=28x—115 3 
— which equaton being refolved like that in the fecond 
example, gives § W235 Lohse > mn proof Mpstcet is 
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Ex A MPLE &. : 


120 120°" 3 
Let the equation to be refolved be —— — s—>——5 
& 4 


120% ’ 
therefore 120—5x== ay therefore roox— sxx. 


480==120%; therefore 5xx --- 120% = 100x-+ 480; 

therefore 5xx=2—20x-}-480; therefore(dividing by 5) _ 

xx==—4x-1-96 ; therefore in this cafe, A=1, B=—4, 

C= 96, BB=16, 4AC= 384, 55=16-++-384=400, 5 
2A 2 Ba 2 

therefore in this equation, x==8, or —12: the proof 


20; 


M 120 120 

is thus; let x==-+8 ; then —=I5; and—— —5==10: 

120 120 

aaj =12, and —— =10; therefore—— — 

again, x-+-4=12, Ea ; therefo : 5 
120 ‘ ec, | 

=-—. Again, let x—=—12, then — =—10; 
x4 x 


120 , 
therefore, — 510 —s==— 15: on the other 


: 120 120 

Hands, ¢-+-4—=—12-++4=—8; therefore Pa 
120 120 

==—15; therefore 5 The refolution 
‘in the common way is this; xx=-—4x-}-96; there- 

fore xx-}-4x%=96,; therefore ex-+-4x-+-4=100 ; there. _ 

fore x+-2==10; therefore x=-—2+ 10==-1-8, or 

—I12. ! 


ExAMPLE 6. . 


Let the equation to be refolved be. 2xx-+-3x==65 ; 
therefore 2xx—=-—3x-++65; therefore in this cafe, 
A=2, B=—3, C=—=65, BB=9, 4AC=5 20, 55= 529, 

Bes 38s Be 


ag Th ITA eee IS one 


$ 


Art. 105. Quadratic. Equations. 18; 


I : » e ° : : ; 
sends therefore in this equation, x==-1-5, or —61: 


that ~==-1-s5 will eafily be feen; and that x=—6: : 
or that —64 being fubftiruted for x make 2xx 
2 > 


: 3x6 5, I thus demonftrate: x==—6 " am 


16 eee 
therefore xx=—= ‘¢ therefore 2xx=—= — ;and + 


3-1 3x —— = 2 : therefore 2xx-+ 3 — 


oa | : 
ais aoe 1 65. The refolution in numbers; 


2 
6 
2xx-1-3x==65: therefore ax +2 re oa = = 1 
2. Be? . ; therefore ‘2 = 35 
| 4X4 4x4 4X4’ 4 


23 


therefore x = aye eis 4. 5, or —6=. | 


EXAMPLE 7. 


Let the equation to be refolved be gxx—x==1403 
therefore 9xx=1%-+-140. Here A=9, B=1, C—=140, 


PRBS, 4 AC=5040, sia5041,'5 baer se ==4} 


B—s . 8 8 | 
NA we 5: therefore x==-+-4, or —3—:thelat- 


24 
8 4-95 
ter cafe T thus demonftrate; x RCS a ry? 
therefore Creat ; therefore oxt= men again, 
Ix, that i is, —-IX a Z ats, therefore gxx—x 
1225-1 1260 . 
= STIL ro == 140. In numbers thus; 


M 3 | Qxx 
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Ix 17.89) lab 
ONL — INSTA 3 therefore’ ix ea thi care there- 


: «Pi | I 140 T 
fore ws ag aE TOKIO ge ‘i 18X18 les 
O40--I 5S OAT. 
SOA = At extract the root of both fides, 


I” 


that is, of x — 5 -|-——— 


5O4t 
15X18 


mae on one fide, and of | 


on the other, and you will have » ae 


8 


71 DP 
pono 18: whence w=>-}-4, or —3$, 
EXAMPLE §&, 


net “the equation to be refolved be rte “h 
116 23204-348 ? 
TS a therefore 45 nit ss = 148 bh. 
21; stherefore 1802-22 5+}-2324-+ 3485 6urd i 54x 
+105; that is, 412”-++573=-56xx-+1 S4x-t+-105 ; 
theretore 258x-+-573= 56xx-L 105; therefore 5 64x#== 
258x-1-468 ; therefore (dividing by 2) you have 28x 
=129x-|-2 34; which equation 1 being g compared with 
the general, one exhibited in art. 103. gives A=28, 
129, Gants, BB=16641, 44026208, ‘ch. 
B--s ree aid 1 
42849, S==207]s ore — Us CAs pape, | Wager 38? there- 


fore in this equation yoa-t- 6, or 145; both which | 

I thus demonftrate: firtt x==6; therefore si csc 

therefore » a E E25 AIOFEQYES.. 4n-l co 295 ; theres — 
or 


1H a 45 £16 P 
ore 7 = th refore =< 
| fore 4u-l 5 pally 2% - feet ques ET 


=7; 


; 
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sea ry , — J A my Se ai ; | 
=ne: fecondly, = epee as therefore 2 % 
"$9 POM ABEA olga HOO WTR: > Be! 

. wer + therefore fas ae ea 


45. va: BS 
therefore et is the quotient of Ai divided by 


2.5 but this quotient, according to the rules of frac- 


tional divifion, is —- = 210; therefore al 
ald Ask aula vee | 2KP 3 


ak 


== 210: again; apiok pa. therefore 4x-+-5= 
—= ++ — = —; therefore is the quotient 
fe a: I eh aS ae i 
—§ 
obs — P waite by iis but ‘this quotient is cons 
#5 


or —20 ; therefore . ——-—=.203: ; therefore ——— 
: 7 28-3 


16 
= wake tain tinoeeatras 


The refolution of this equation in the common 
way is as follows; 56xv—258v==468 ; therefore 


68 
ev <== “— s here the coefficient of the fecond 


| A258 | 
term BT ke: its half — a and the fila of 


a 


i. 


this 


agex | 16641 i 16641 

will have xx — ae oe om + —— > Aaa 
6208 -l- 166 4 

_* =o liad se ; = the {quare 

| | 258x.\ 16645. 

root of both fides, that is, of a — 56 50x56 


M 4 ee OR 


/ 


Bes G3 add this {quare to both fides, and you _ 
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S40 
on one fide, and of er on the other, and you 
T29 207 


will have x ary Soret, 9 <6° Bren = -/6, or 


It 


Tet iy 
an 28° 
EXAMPLE 9. 


Let the equation be 15¥—»v=256; then this equa- 
tion being refolved by the general theorem gives 
x==8, or 7; and in the common way it is thus re- 
folved; 15x—wx=356; change all the figns to make 
wx affirmative, and you will have xx—157—=—56; 


whence xv—15x-}- = 56-- rearh. there- 


Tad 


I I ! oy 
fore x — Sea, and «== 8, or 7; but what 


I chiefly intend by this example is, to fhew, that in 
refolving a quadratic equation by the general theorem 
there is no neceffity of making any tranfpofition to 
exhibit xx affirmative when it would otherwife have 
been negative; as for inftance, in the equation here 
propofed we had r5v—xwx==56; tranfpofe 15x, and 
you will have —xx, that is, —1vx=:—15x-+-56; let 
this equation be referred to the general one in art,102, 
and refolved by the general theorem in art. 103, and 
. you will have d=—1, B=—15,C= 56, BB= 226, 
. mim S ett Se at | om 
440 —224, SS==1, 5==1 at — — = a 


Bs 
Tht Gaia” ptt pe 


How the learner is ta proceed when the roots of a 
quadratic equatian are inexpreffible. 
106. As there are but few fquare numbers in 


comparifon of the reft, and as all quadratic equations 
| are 


Art, 106. igadrasie Equations. Oi 
are refolved by extracting the fquare root, it follows, - 
that there are but few quadratic equations capable of 
an exact numeral folution in comparifon of thofe that 
are not: but as the {quare root may be extracted to 
any degree of exactnefs we pleafe, the refolution of a 
guadratic equation, which depends upon it, may 
alfo be performed to any degree of accuracy what- 
ever; as will appear by the following example. 


ExAMPLE. 10, 


Let the equation be xv—4x-+-1==0, Or xxv==4n—T. 
Here 4=1, Bo4, Cm—1, BB=16, 44C=— 4, 
B+s  4-+vV12 B—s 


S$SI12, SMA 12 = —————, and—- = 
» SEV I2, oA 9) oi? 2A 
—/ 12 - VJI2 4-12 
4 ss ; therefore x = 404 —, or Sc + but 


Jet us enquire in the next place, whethere thefe two 
fractions are not capable of being reduced to more 


fimple terms; firft then it is plain that <=, and I 


fay further that os =/3; for 12== 3x4; there- 


fore, /12 = 3xV 4 =/ 3X2; therefore 
ai ==V33 whence it follows, that x=2-+4-4/3, or 
Fan but /3 extracted to three decimal places 
gives 1.732: therefore 2-}-r/2==3 .732, and 2—w/3 
=.103 ; therefore yore (Carly, 20722, OF..2085 as 
» will be further evident from the proof following : 
firft w= 3.732; therefore xx==13.927824; and 4v= 
14.928; therefore 4yv—xx==1.000:76;, therefore 
kN—4x%=2—1.000176; therefore xe — ae Lr 
+000176==0 very nearly; fecondly, ay .268 and 
you will have xv==.071824 and 4x==1.072, and 4x— 
*¥ == 1.000176; therefore xx — 4¥=—1. ee 

| mipefore un—An--1==—.000176=50 very nearly ; 
therefore 
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therefore in both cafes, the condition of the equation 
is anfwered to as many figures or cyphers, as 1s equal 
to the number.of decimal places to which the fquare © 
root of 3 was extracted. | 
It may feem to fome perhaps a paradox to affert, that 
though the two furd values of the unknown quantity 
found in this and the like cafes, are not to be exprefied 
in numbers, yet they’ may be demonftrated to be 
juft: Thus I fhall demontftrate, that if either of the 
two values of x):found in the. laft cafe, to wit, 
2-f-/3, OF 2—N/ 3, be fubftituted for x, we thall 
have this equation” xx—4x-+-1==0, which was the 
equation there propofed: in order°to this, make | 
/3==53 and firft, let x=2-+-/3, or 2-+5; and we 
fhall have MN bare arg and —4v-=—8—4s ; and 
rim gg 4s} ss—B— ysis | but if s==/3, 
ss=3, and ss—4==—1; therefore, wx —4x—=—1, and 
xx—4x--I =O: fecondly, let x==2—v»/3, or 2—s, 
and we fhall have xa—=4—45--ss, and —4v—=—8-Las, 
and x*—4x—=si—4==—1I, as before ; ee — 


4x+=1==0. i 
Of impoffible roots in a quadratic equation, a 


whence they arife, 


107. The roots of quadratic equations are not 
only very often inexpreffible, but fometimes even 
impoffible, as will appear by the following example. 


xX AMPLE TF. 


Let the equation be xv—ax--+-6—=0, or wv==ga—6.. 
Here 4=1, B=4, Ca—6, BB=16, 4A 245 
ao Baa chon B—s 


ss—8, sa —8, Sais ee 


ae but 4 =2,and —8=:— 2x14; there. 
: | ae 
fore» 
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fore J/—8 = V—2xV/-1-4 = /—2xX23 therefore 
Mt as therefore in this equation, y=2--. 
»/—2, or 2—/—2; but as no quantity whatever, 
either affirmative or negative, being multiplied into 
‘itfelf, will produce’a negative, it follows, that /—z2 
is not only an inexpreffible quantity,-but alfo an im- 
poffible one; and confequently, that the two values 
of xin this equation 2-+-/—2 and 2—/—z2 will 
both be impoffible. 

N. B. Though the roots of this laft equation be 
impoffible in their own natures, yet they may be ab- 
ftraétedly demonftrated to be juft, as in the laft ar- 
ticle, by making s==./—z2, and confequently ss=-—2. 

From what has been faid concerning impoffible | 
‘roots, it appears that one root of a quadratic equation 
gan never be impoffible alone, but that they muft 
either be both poffible or both impoffible: for it ap- 
pears from the refolution of the laft equation, that _ 
the impofiibility of the roots flows from the impofli- 
bility of the quantity s, or of the fquare root of ss 
when it is negative; now when's is poffible, both the: 
oa and a “- will be poffible; 
on the other hand, when s is impoffible, both the’ 
roots muft neceffarily be impoffible. 

. Since the poffibilicy or impoffibility of the two roots 
of a quadratic equation depends upon the quantity ss 
being affirmative or negative, it follows, that when 
gs and confequently s equals nothing, the roots will 
- be in the limit between poffible and. impoffible : now 
Singers a: , B B—s 

if S==0, we fhall have ao sa ae Py ei ete 
therefore: the two unequal! roots of a quadratic equa- 
tion grow nearer and nearer to a ftate of equality as 
_ they grow nearer-and nearer to a ftate of impoffibility, 


roots. of the equation 
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~ but do not come to be equal till they come tothe limit i 


between poffibility and ie sume 


Fis to jind the fum and product of two roots a 


of a quadratic equation without refalving it: 


au? bow to Senerare B quadratic equation that a 
feall have any two given numbers whatever fa or 


its roots. 


08, In a quadratic equation of this general forms 


to wit, Axx =Bx-LC, the fum of the roots: will always 
B 
be — A» and the produtt of their multiplication =>? for 


A 


Bts ,B—s 


the roots of fuich an equation were od and ary 
es eal «3 
the fum whereof is Tporg 


pe if sill two roots 


be multiplied together, their product will amount to 


BB—ss 
Ae ion 
pofed, art. 103; therefore * — — 2 = 4 AC, and 


; but s=:BB+4AC as was formerly fap- 


BB—ss==—4 AC; Pitesti ie a , or the produa 2 


4A C hs 
gaa TA 
Therefore if Amr, that is, if the equation be 
xx==Bx-+-C, the fum of the roots will be B, and their 


pale —C 
of the two roots, equals — 


product —C; that is, as the equation now ftands, 


the fum of the roots ill be the coefficient of the : 


unknown quantity on the fecond fide of the equation, 


and their product, what we call the abfolute term, 
with its fion changed. 


Hence we have an eafy way to form a quadratic equa- F 


tion whofe roots fhall be any two given numbers whatever: 


as for inftance, fuppofe I would have a quadratic 
equation whofe roots fhall be the two numbers 3 and 


43 | 
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4; here it is plain that the fum of the two numbers | 
3 and 4 is 7, and that the product of their multipli- 
cation is 12; therefore | form an equation whereof 
— one fide is xx, and the other fide is 7x12, to wit, xx 
- ==7x—12; and the roots of this equation will be the 
given numbers 3 and 4, as will appear from the re- 
folution: if I intend the two roots to be 3 and —4, 
their fum will be —1, and the produé of their mul- 
tiplication —12, and the equation xy = —wx-+ 12: 
if the roots are to be —3 and ++-4, their fum will be 
+1, the product of their multiplication —12, and 
the equation xx==x-+12: laftly, if the roots are to 
be +3 and —4, their fum will be —7, the produd 
of their multiplication -+-12, and the equation xv= 
—7x—12. I fhall demonftrate one general cafe ac- 
cording to the refolution given in art. 103, which will 
be fufficient to cite the way to all the reft: Jet then 
the roots propofed be p and g, whofe fu is i 
and the eect of whofe fale plicariol is 8 a 
the equation will be x. ==p-+-gxx— pq; now if this 
equation be referred to the general one, we fhall have 


A=1, B=p-+9, A lao 209-+-97,44C= 


| $_ pth 
—499,55=pp—299-+99,5=p—g.— St 
je * =), ced ale == ; therefore 


the two roots of this equation are p and ¢. 2, EZ. D. 
I think I ought not to omit here, that if any one » 
has a mind to form a quadratic equation with any 
two given impoffible roots whasever (if | may be al- 
lowed the expreffion), it may be done by the forego- 
ing rule, provided that thefe impoffible roots be in 
fuch a form as is proper for a quadratic equation: 
_ as for example, fuppofe I would form a quadratic 
equation with thefe two impoffible roats, to wit, 
at./—3 and aww, I put ss for—3; for though 
no poffible quantity naulriplied intoickelt can produce 
. 1 a ne- 


e = 


190  £be Refolution of affefied  Boox Ill, 
a negative, yet an impoffible one may, that being the — 
very thing wherein the impoffibility confifts,; making 


then ss==—3, I have (N/a 3; and fo the two roots 
~-of the equation will now be 2-5, and 2—s; thé 
fum of thefe two roots is 4, and the product of their 
multiplication 4—ss; but if ss=:—3, —ss==-+13, and 
4—ss=4-+-3==7; therefore the equation with thefe 
roots will be xx==4x—7: and this will be further 
evident by the refolution; for if xx=-4x—7, that is, 
if xx—4x==—7, we fhall have xv —4x--4—=—3, and’ 
y—2=t/—3, and x=2-4/—3, or 2—/—3. 


How to determine the figns of the poffible roots of | 


4 quadratic equation without refolving ite . 


tog. If all the terms of a quadratic equation be 


thrown on one fide of the equation, foas to be made . 


equal to nothing; and if the term wherein ww, the 
{quare of ‘the unknown quantity is concerned, be 
made the firft, that wherein x, the fimple power is 


concerned, be made the fecond, and the abfolute © 


term, as it is called, be made tke third; the number 
of affirmative and negative roots in fuch an equation 
may be found by the following rule, to wit, 4s oftex 
as the figns are changed in paffing through all the terms 
from the firft to the laft, of fo many affirmative roots 
will the equation confit; but as offen as the figns are 
the fame, fo many negative roots will be. found in the 
equation. This is true in all equations whatever, 


though at prefent. we fhall only demonftrate it in the, 


cafe of a quadratic equation: but firft we fhall give 
the following explication of the rule. mi 
Cas Eo. 


Let the equation be axx—dx-Lc—o. Here there 
are two changes in paffing through the terms from 


the firft to the laft, to wit, from +- exw to—bdx, and 


from 


Ras ee 
ee eg ae 


/ 
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from —bx to -Lc; therefore the roots of this equa- 
— tion are both affirmative. 


Let the equation be axx—by—c=o, Here from 
—|-axn to —wx is one change, and from —db*x to —c 
is none; therefore this equation confifts of an affir- 
mative and a negative root. 


SA'S Bes 


Let the equation be axx--bx—c=o. Here in paf- 
fing from --axx to +-dx, there is no change of fign, 
but in paffing from—-dx to —c there is a change; 
therefore this equation alfo confifts of an affirmative | 
and a negative root. 


My ii 


Laftly, let the equation be axx-+-dx-+-cmo. Here 
there are no changes, and confequently the roots of 
this equation are “both negative. All thefe cafes E 
thall demonftrate in the SN manner. 


‘ox. ee 
~ Let the equation be exx—br-pemoy oraxx=bx—c. 
Here the produét of the two roots is - by the laf 


article, that is, the product of the two roots is an 
affirmative quantity, and, therefore thofe, roots: muft 
either be both affirmative or both negative; but they 


cannot be both negative, becaufe. their fum is cape by- 


the fame article ; therefore “it sign both be a 
mative, 


; 3 ASE 2. 

. Let the equation be axx-—-bs-—c==0, Or ann bx-l-e, 
c 

| Here eth product of the two roots is — and: con- 


© ie fequently 
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fequently thofe roots muft be of different kinds, one - 
ssa and the other negative; and becaufe their 


fum, es 7 is an affirmative quantity, it is an argu- 
ment bi the greater root is affirmative. 
CASE 3. 


Let the equation be axx-}-bx—c=0, or avrx=—bx 
-+c. Here again the product of the two roots is 


c a e . : 
——, which argues one root to be affirmative and the 


a nd ae 
other negative; and becaufe their fum 7 is a nega- 


tive quantity, it is an indication that of thefe two: 
roots, the greater is the negative one. 


CASE 4. 


Laftly, let the equation be axx-}-bx-}-c==0, or ax 
==—bx-——c. Here the produé of the two roots is 


Cc 
oe — an affirmative quantity ; therefore the roots are — 
either both affirmative or both negative; but they 
cannot be both affirmative, becaufe their fum — iS - 


negative; therefore they muft both be negative. 


Impoffible roots excluded out of the foregoing rule. 


The rule here given for determining the number 
of affirmative and negative roots relates only to pof- 
fible roots ; for impoflible ones cannot be faid to be- 
long to any clafs, either of affirmatives or negatives 5 
nay, fo capricious are they in this refpect, that in one 
and the fame equation, the very fame impoffible roots 
fhall fometimes appear under one form, and fome- 
times under the other: as forexample, this equation — 
oe hae may be filled up two ways without affect- 


. ing, 


/ 
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ing either the equation or its roots; to wit, either 

thus, xv—ox-+3==0, the roots of which. equation ' 
according to the foregoing rule are both affirmative ; 
or thus, ax-Lowx-t-3==0, the roots of which equation, 
though it be the fame with the other, and differs only 
in form, are both negative : the reafon of this,abfur- 
dity is, that the two roots of the equation zv-+-3-—=0 
are impoflible, and occafioned this Confufion, by put- 
ting on one fhape in one equation, and another fhape 
in the other: this will further appear from the refo- 
lution ; for if ex-|- 3=0, we have ax==—3, and x= 
&/—3, or —x/—3, whith are both impoffible quanti- 
ties. Again, the equation x°—-2==o0 may be filled up 
various ways yas thus, x°-—ox*--o”—3==0, in which 
equation, according to the foregoing rule, there are 
three affirmative roots; or thus, **—ox’—ox—jo, 
in which equation, there is but one affirmative root 
and two negative ones: henee an experienced Analyft 

would immediately conélude (as is really the cafe) 
that two of the roots of the equation «*—~3=<0 were 
impoffible; and that they ftood for affirmative quan- 
tities in the former way of puttifig: the equation, and 
for negative onesin the latter. ‘This will further ap- 
pear, when we come to treat of cubic equations, — 

Of biguadratics, and other equations in the form of 
: gtadratics. | 


10, Thus much’ for the refolution, nature, and 
properties of a quadratic equation: I fhall culy add 
an example or two more of other equations that fome- 
times puton the form of quadratics, and have done. 


EXAMPLE 12. 


ee eee et 1600 
Let the equation‘to be refolved be; te xv 
116; therefore 1600--#4==116xx ; therefore x4== 


tr6xx—-1600, This'equation is, properly fpeaking, 
, | N _abi- 


U 
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a biquadratic, that is, an equation wherein the fourth — 
power of the unknown quantity is concerned: now 
as every poflible quadratic equation has two roots, — 
which will equally anfwer the condition thereof, fo — 
a cubic equation, that is, an equation that rifes to the 
_ third power of the unknown quantity, may have three 
’ fuch roots, a biquadratic four, c.: but the equa- 
tion «4==116xx—1600, though it be a _biquadratic, 
and admits of four roots, yet it is in the form of a 
"quadratic, if we confider xx as the unknown quan- | 
“tity; in which cafe «4 muft be looked upon as the 
' fquare of the unknown quantity, and the equation 
mutt be referred to the general one in art. 103, thus ; 
| A=t1, B=116, C=—1600, BB=13456, 44C=— 
ma aes Bas Wines) Bae 
6400, Ss==7056, s=34, Tf 100, py = 16; 


therefore in this equation, xx==100, or 16: now if 
xx== 100, we fhall have x==-+ or — 10; if #’*==16, 
we fhall have x==-1+ or —4 ; therefore the four roots 
of this biquadratic equation are, +10, —10, +4 
and —4: but though in this equation ¢ has four 
_fignifications, «x has but two, viz. 100 and 16, 
éither of which being fubfticuted inftead of xx in the 
original equation, will anfwer that equality, as may 
eafily be tried. | 

N. B. Whenever of the four roots of a biquadratie 
equation any two are equal and contrary to the other 
two, the equation will be in form of a quadratic, and 
_may be refolved accordingly. , 


ease RAC Seen Per 22 


Let the equation be —xx==55: here we have 


| 57 6—wi=s 5 5x, andx4---5 50x57 6,and X°=e—5 5x" 
-|-556; therefore, according to the general equation 
Gn art. 103, d=1, B=—55, G=576, ie ie 
ae : , gs aa 
HAC 23045 85525329 S781 7 7 = Mig AT 


ee 
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64 ; therefore in this equation, xw==-1-9 or—64: if 
 xnr-9, *==-f or —-3; if wx—=—64, x will be equal 


— to-b/—64, or—/—64, both which values are im- 
poffible ; fo that in this equation x has but two values, 
-+ or —3, the other two being impoffible; and xx 
has two “values, to wit, +9 and —64, which are 
both poffible, and which, being fubfticuted inftead of 
-#« into the original equation, will anfwer that equa- 
lity. From this example it is eafy to fee, that a bi- 
quadratic equation may have four roots, and never 
can have more; yet it may fometimes have fewer, 
upon the account of fome of its roots becoming im- 
poffible ; nay inftances might eafily be given wherein 
all the roots of a biquadratic equation are impoffible. 
If any one difapproves of the refolutions here given, 
he may perhaps relifh the following better: let the 
equation be Av4=Bx'-LC; here putting z for xx, 
and confequently zz for x4, the equation will be 
changed into this common quadratic, Azz =Bz-LC; 
which being refolved, z or xx, and confequently ‘x it- 
felf will be known : fuppofe the equation to'be 4xo= - 
‘Bw-+-C ; here putting z for x’, the equation will be 
‘changed into a quadratic, as before, to wit, Azz— 
Bz--C, the refolution whereof will give z for «3, and 
confequently .# by an extraction of the cube root: 
laftly, let the equation be Ax=BxX/x-+-C ; here put- 
ting zz for x, and z for / 2, the equation will be 
Azz—=Bz+-C, as before; whence x, and cote in 
‘2% OF x will be known. 


The folution of “fome problems producing quadratic 


equations. 


PROBLEM 69. 


Sir I. it is Pipdtl to divide the number 60° into two 
Juch parts, that the product of their multiplication 


may amount to 864. 
t: N 2 SOLUTION. 
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SOLUTION. | 


Put x for one of the parts; then will the. other ' ; 
part be 6o—x, and the product of their multiplica- 


tion will be 6ox—-x* ; whence the equation will be 


6ox—xn== 864 : therefore wx--864=60%, and w= 


60x—864 : this equation, compared with the general _ 
one in art. 103, gives 4=1, B= 60, C=—364, - 


BB = 3600, 4AC=—3456, SS 1445 moe 


ys pea 
<a 36, = 24; therefore the parts fought are 


24 and 36 ; which upon trial will anfwer the condi- 
tions of the problem. 
Objervations upon the foregoing problem. 
OBSERVATION tft. 


In this. problem we may clearly fee the neceffity of 
the unknown quantity’s having fometimes two difting& 
values in one and the fame equation: for here, if I 


put x for the greater part of 60, the lefs will be 60 — 


—w, and the. equation will be 6ox—xx==864: fup- 


pofe now I put x for the lefs part; then the greater — 


will be 60—-%, and the equation will ftill be 60x—x 
==864; therefore, whether « be put for the greater 
or the lefs part, we ftill fall into the fame equation 
— Gox—ax=3804; whence I infer, that this equation 
"  muft either give us both the parts fought, or neither; 
fince no reafon can be fhewn why it fhould give us 
one: part rather than the other. ; 


OBSERVATION 2d, 


Hence alfo we fee the neceffity fometimes of in)- 


poffible roots, to wit, when the cafes of problems to - 
be folved by them become impoffible : as for inftance, 


. if any number, as 60, be divided into two parts, the 


nearer the two Sep approach towards an equality, 


the 


8 
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the greater will be the product of their multiplica- 
tion; and therefore, if the parts be equal, the produét - 
will be the greateft poffible : thus if the parts be 24. 
and 36, the product will be 864; if they be 25 and 

- 35, the produét will be 875; if 30 and go, the 
produé& will be 900, which will be the greateft pof- 
fible ; let us now for once put an impoffible cafe, and 
Jet it be required to divide the number 60 into two 
fuch parts that the product of their multiplication may 
amount to go1; here the equation will be 607x—xw 
==g901; which being refolved according to art. 102, 


bh) Gone ahem a ‘ 
“ia aioe ‘ : a but theie values 
of x may be reduced to more fimple terms thus; 
—4=—1 X-++43 thereforen/—4—=/—1XKV-)-4=> 


v—4 
2 


givesx= 


— —— 60 
/—1X2 3 therefore =/—I sbut—-=30; there- 


fore the two parts fought are 30--./—1, and 30— 
/—1, both which are impoffible upon the account of 
the impoffibility of /—1; and yet thefe two parts 
abftraétedly confidered will anfwer the conditions of 
the problem ; for if ./—1 be made equal to s, the 
two parts will be 30-+-s and 30—s whofe fum is 60,- 
and the product of whofe multiplication is goo—ss 5 
but if s—=/—1i, we thall have ss——1, and —ss—= 
+1, and 900—ss=901 ; therefore the product of 
the two parts, 30-+-/—1, and 30—+/—1, amount to 
-QOl, as was required. 


72.S.E Ro ViAST. 1. ON. vod 


Laftly, we here alfo fee the neceffity of both the 
roots of a quadratic equation becoming impoffible at 
once. Two impoffible quantities added together, 
may fometimes make a poffible one, becaute one 

_ quantity may be as much impoffible one way as the 
hee RINE gs other 


ra 
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other is the contrary ‘ary way: thus the two impoffible 
quantities 30-+./—1 and Beara Ea being added tOnig as 
gether make 60, the impoffible furds benfi2 and = 
ma 1S deftroying one another; but a nofible and - 


an impoffible quantity when added together ¢ can never 


make a poffible one ; and therefore the two parts-of — * 
60 in this problem mutt either be both pen or 
both nasbeneke: | 


PROBLEM 70, | 
112. There are three numbers in continual proportion, 


whereof the middle term is fixty, and the fum of the 


extremes one hundred twenty-five: What are the ex- 
tremes 2 


SOLUTION. 


For the extremes put # and 125—x, and you will 
have this proportion 3 w is to 60 as 60 is to 125—x, 
whence, by multiplying extremes and means, you 
have this equation, 125x—wxx==3600, or #x-+-3600 
alle or ¥°==125x—-3600: herethen A=1, B= . 

aPpoube ees BB=15625, 4AC=—14400, seri 
-|-5 3—s 
1225, $335.57 80, 7 = 45; therefore in this 


equation, x==45, or 80; but » reprefents either eX- 
treme, becauie, which extreme foever xis put for, 
the other will be 125—x, and the fame equation will 

arife, to wit, 125%—xv== 3600; therefore the two ex- 
trémes are 45 a 80; and they will an{wer the con- 
ditions of the problem 3 for 45 is to 6o.as +5 is to $2, 


that ts, as 3 to 43 and 60 is to 80 as ute 19" tases 
which | is alto as 3 to 4, 
PROBLEM 7I. 


113. It is required, having given the fu or the di r= 
ence of twa numbers, togetbér with the fam of their 
Squares to rita the numbers, 


SoLuTion, . 
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SoruTion. 


Caf af Let the fum of the numbers fought be 
28, and the fum of their fquares 400; then putting : 
. w« and 28—wx for the two numbers fought, the fquare 
of the former will be wx, the fquare of the latter 
784—56x-+-«x, and the fum of their fquares 2vv— _— 
— 56x-+-784—=400; and the fame equation will arife, 
whether « be made to ftand for one number or the 
other; therefore the two values of x in this equation 
will be the two numbers fought; but if 2xx—56x*-- 
784==400, we fhall have 2vx—56x—=—384; divide » 
the whole by 2 for a more fimple equation! and you 
will have: xx—28x==—192 3 and xx=28u—192 5 
_ which equation being refolved according to art. 103, 
gives x12, or 16; therefore 12 and 16 are the two 
numbers fought, 

Cafe 2d. ‘Let now the difference of two numbers 
be given, fuppofe 4, and let the fum of their fquares 
be 400, as before; then, putting x for the lefs num- 
ber, and x-+-4 for the greater, the fum of their {quares 
will be oxx-t-8x-!-16—=4003 whence 2ax-}+-8x= 384, 
uu-f-4k—= 192, we-4-4%-}-4==196, e-}-2=+14,0—-+- 
12 or —163; now it cannot.be fuppofed that--12 and 
—1i16. are the two numbers required in the problem, 
for their difference is 30, not 4; neither ought it to 
be expeéted ; for when x was put for the lels nuro- | 
ber, and obi for the greater, the equation was 2xx-}- 
8x--16==400; but if « be put for the greater num- 
ber, and confequently x—4 tor the lefs, the equation 
will o axx—8x+-16=400, di ifferent from the for- 
mer; fince then a different equation arifes according 
as x is put for the greater or lefs number, it cannot 

be expected that one and the fame equation fhould 
give both: the true ftate of the cafe is this; there are 
two pairs of numbers which will equally folve this 
quettion, and the equation 2¥x-|-8x-+-16==400 gives 
the] lefler number of each pair; forif wemake x=12, 
N4 and 
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and x-+-4==16, the numbers 12 and 16 will folve 
the problem; on the other hand, if we makex==—16, 
we fhall have #-}-4=-—-12, and the numbers—16 and 
—-12 will equally folve the problem ; for their dif- 
ference is -|-4, and the fum of their {quares --400: 
_here then we may objlerve, that affirmative and nega- 
tive folutions of problems, are of equal eftimation | 
in the nature of things, though perhaps not amoneft 
men, the narrownels of our minds contracting our 
views ; but truth does juftice alike to all: certainly 
negative numbers differ no more from affirmative ones, 
than ‘affirmative ones do from one another, which is 
in degree, not in kind ; ; and therefare, 10 the nature 
of things, negative quantities ought no more to be 
excluded out of the tcale of number than affirmative ° 
ones, though i in common lite they are let aide, 


PROBLEM Se 


114. What two numbers are thofe, whofe fum is feven- 


teen, and the fum of ibeir cubes one thoujand three 
hundred ones chree P 


SoLbuTron, 


For the two numbers fought put x and 1y—X, and 
the cube of the former will be xxw, and the cube of 


the latter 491 3==867x-}-5 Ixx—KaM, aS 2 se from 
the following computation : 


” i ai 
“7 Ra. ‘ 
28 sedi pom 
1X 
289— 34K} an 
Sy Maga 
AQL3—5 78X41 7H} 
28 QR+-3 44x 


roe CELA RD sO IT 6 OF ULE T ae Oe 2 . 
Agi 3-786 7x-|-5 Let— Ne | 
be Bier arly Therefore 
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Therefore the fum of thefe two cubes will be 512% 
867"-+-4913==1343, and the equations will be the 
fame, whichfoever of the two numbers fought x is 
made to ftand for; but if 51xvx—867x-}-4913=1343, . 
we fhalk have 5 1xx—867x==—3570 ; divide the 
whole by 51, which, though not neceffary, is how- 
_ ever convenient, to render the equation more fimple, 

fince it may be done without fra¢tions, and you will 
have, “~—17%=2—-70; Which, being reduced as in 
Aart, 103, gives y==7, or 10; therefore 7 and 10 are 
the two numbers fought. 


Pros. ag « 


115. Let there be a fquare whofe fide is a hundred and 
ten inches; it is required to effign the length and 
breadth of a rettangled parallelogram or long {quare, 
whofe perimeter {hall be greater than that of the jquare 
by four inches, but whofe area foall be le/s than the 
arca of the {quare by four /quare inches. 

NN. B. By the perimeter of a plain figure is meant 
the length of a line that will encompafs it round; fo 
that the perimeter of a {quare is equal to four trmes 
its fide ; and the perimeter of a rectangled paralle- 
Jogram is equal to twice its length and twice its 
breadth, added together. 


SOLUTION. 

Since the fide of the given fquare is 110 inches, 
its area will be 12100 fquare inches; therefore the | 
area of the parellelogram fought will be 12096 fquare 
inches: again, the perimeter of the given fquare is 
440 inches; therefore the perimeter of the parallelo- 
gram fought muft be 444 inches ; therefore half its 
“perimeter, or its length and breadth added together, 
_ muft be 222 inches ; therefore, if either the length 
or breadth be called x, the other will be 222—w%, and 
the area will be 222x—xx===1 2096 ;, which equation 
refolved according to art. 103, will give x96, or 
326; therefore the breadth of the parallelogram 

me ak 2a | foughe 
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fought muft be 96 inches, and the length 126 inches: 
and thefe numbers will anfwer. the COnnOns of the. 


queftion; for twice the length will be 252, twice the | 


breadth 192, and the whole perimeter 444 5 more- 
over 126X96, or the area, will be 12096, as a6 
problem requires, 


SCHOLIUM. 


This problem fhews how grofsly they are mitten | 
who think to eftimate the areas or magnitudes of plain 
fioures by their perimeters,. as if fuch figures were 
greater or lefs in proportion as their perimeters were 
fo; whereas here: we fee, that the perimeter of one 
figure may be greater than that of another by four 
inches, and at the fame time its area may be lefs than: 
the area of that other by four fquare inches, This 

error, it is true, does not obtain but in low and vul- 
gar minds, nor there neither any longer than whilft 
it continues tq be a matter of mere fpeculation, and 
truth and falfhood are equally indifferent to them : 
for whenever men come to apply their notions, and ° 
find it their intereft not to be miftaken, then it 1s, and ° 
frequently not till then, that they | begin to look about | 
them, correct their errors, and entertain more jatt 
and accurate notions of things. The greateft part of 
mankind have a natural averfion to abftract think- 
ing, and, where their intereft is not concerned, will 
rather fubmit their opinions to humour, caprice, and . 
cuftom, or be content to be without any opinions at 
all, than they will examine ftriétly into the nature of 
things. 


\ 


PROBLEM -44. 


116. One buys a certain number of oxen for eighty 
guineas; where it muft be obferved, that if be had 
bought four more for the fame money, they would have 
come to bim a guinea apiece cheaper : What was the 
number of oxin 2) ee ae 
A | § OLUTI 0 Ny 


¥ 
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For the number of oxen put ; then to find the | 
price of a fingle ox, fay, if x oxen colt 80 guineas, 


890 
what will one ox coft? and the anfwer is oes and fie 


the fame reafon, if he had bought 4 more, that is, 
_¥--4 for the fame money, the price of an ox would. 


4 oO A 
have been ; but, according tothe problem, the 
x4. : ; 


latter price is lefs than the former by one guinea; — 


Ae ss ee GON: 
whence wehave this equation sehen — ats ‘therer 
a. x xt 


fore eh stat Ui ; therefore80—x X4-++-x or 320 


x4 
| 47 6x20 80%:; therefore xx-+-80x=76x-+-320 ; 
therefore xx—-—4x-+320. HerethenA=1, Bia. 
C= 320, BB==16, 4AC=1280, s5—=1296, s=36, 
B+s B—s 


2d 16, Sy 293 therefore x —=-1+ 16, or 


—20 ; therefore the number of oxen was 16, the ne- 
gative root—2o having no place in this problem; 

and this number 16 anfwers the condition of the pro- 
 blem ; for if 16 oxen coft 80 guineas, one will coft 
5 guineas : but if 29 oxen coft 80 guineas, one will 
 coft 4 guineas. — | 


He BO 80 
Nv. 5. The Re ore ct! gave * = -L 


16 or —20, not becaufe the number —20 would 
folve the problem, but becaufe it would folve the 


equation ; for if we make x=—z20, we fhall have 
Te) 80 
bs: eae and=—"—1=—5 § 5 on the other fide, we 


fall have HHSi6 and: : se =— 53 therefore 
if 
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. 8 
‘ if x be made equal to+-20, we fhall have—— — Te 


a ne becaufe both fides are equal to—5; and fo in | 


all other cafes we fhall’always find, that the feveral 
_roots of an equation will be fuch as will equally folve 
that equation, though perhaps they may not be 
equally proper to folve the problem from whence the 
equation was deduced : but of this more in another 
place. 2 


Lei ND SW at Re hy 


117. A certain company at a tavern bad a reckoning of 
feven pounds four fillings to pay 5 upon which two of 
the company fneaking off, obliged the reft to pay one 
foilling apiece more than they fhould have done: What 
was the number of perfons ? 


— 


SO teh i Oe 


For the number of perfons put « ; then to find the 
number oi fhillings every man fhould have paid, fay, 
if « perfons were to have paid 144 fhillings, what muft 


6 944 Ta 
one man have paid? and the anfwer rer therefore 


at is the number of fhillings every man fhould 


have paid; and for the fame reafon= a8 pis the number — 


of fhillings every man did pay ; Tene according to 
the problem, this latter reckoning i is greater than the 
-former by one anes ; whence the. mee will be 
ee ed - 

ae ; therefore 144 baat 


8 


53 therefore 


%¥——2X1 44--%, orxw--i142v—288m 1444; tae 
Xm 2882226"; therefore xx==2x-+-288. Here then 
A=i ,pxa2, C288 Bh 4, AAC 11525 sie 6 6, 


S==345 
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a para 18, = ——16; therefore v=-+18, 

 or—16; but negative roots have no place in this fort 

of problems ; therefore the number of ae was 


18, which anfwers the condition; for “3 —=8, and 
744 
To?" 


PROBLEM 476, 


118. What number is that, which being otbed to its 
fquare root will make two hundred and ten ? 


SOLU T 1-0 XN. 


For the number fought put «x; then will its fquare - 


root be x, and the equation will ‘be xx—--yo= 210, or 
ke=s——x-+-210 ; where 4=1, B—1, C=210, 


BB=1, 4AC=840, 553841, s=29, oT I4y 


B—s 


fore xx or the number fought equals 196 or 225, 


fuppofing the fquare root of 225 to be —~153 and. 


either of thefe two numbers will anfwer the condition; 
for 196-4+1422210, and 225—15==210. 
PROBLEM 77. 


i19. What two numbers are thofe, the product of whofe 
multiplication is one hundred ninety two, and the [uu 
of whofe [quares is fis hundred and forty 2 
SoLuTiown. 
For the two numbers fought putx and a then will 


- the fquate of thé former be «x, and that of the latter 


36864 3 ane 


ee and the fum of their {quares will be xx-+--_—. 


ae * 


pS: therefore s=--14, or —15 3; there- . 


, 
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==6403 which equation will be the fame, whichfoever 
of the two canes fought x is made to ftand for ; 


but if ede ak we fhall have w4--36864= 


640K% ; ON oe inet — 36864: here then d=1, 
‘B==640, C=—36864, B B=409600, 4 AC=— 

5 B—s 
147456, 55 ==262144, sap tae a 576, - 


==64; therefore v= 576, or 64; therefore «= 
or —24, or -+ or —§; therefore’ the two iia aes 
fought are 8 and 24. | 


PROBLEM 78. 


120. One lays out a certain fum of money in goods, 
zuhich be fold again for twenty-four pounds, and 
gained as much per cent. as the goods cot bim: I de- 
mand what they coft him, — 

N.B. One’s gain per cent. is fo much as he gains, - 
every hundred pounds he lays out; or if he does not 
Jay out fo much as a hundred pounds, his gain per - 
- cent. however, is fo much as he would have gained if 
he had laid out a hundred pounds with the fame ad- 
vantage: thus if he lays out 20 pounds and gains 2 
pounds, he is faid to make 10 per cent. of his money, 
becaufe 20. pounds is to 2 pounds as 100 pounds is 
tO 10 pounds. 


SOLUTION. 


Put x for the money laid out, and the gain will be 
24-—x; fay then, by the golden rule, if in laying out 
« he gained 24—x, what would he have eained if he 
had laid out 100 pounds to A fame advantage? and 


2400—100# 2400— 100% 


the an{wer will be ; ‘therefore 


will be his gain per cent.; but, according to the pro- 
blem,’ this gain is equal to x, the money laid out 3 


2400—-100K 


ther efore «= 5 and xw —=2400—1008 : : 


here 


a will 


i: . 
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here then 4=1, B=—100, C=2400, BB=10600, 

ls B—s 
F pats 20 

2d 2A 

==—120; therefore the money laid out was 20 pounds; 

therefore his gain per 20 was 4 pounds; therefore his 

gain per cent, was 20 pounds, equal to the money laid 

out. | 


| 4.AC=9600,55= 19600, S==140,—— 


; ProBLEm 79). 

CPE One lays out thirty-three pounds fifteen Shillings in 
cloth, which he yfold again for forty eight shillings per 
piece, and gained as much in ibe whole as a fingle 

_. piece cot: I demand how he bought in bis cloth per 

piece. 


Ree Ca wy toe 


Put x for the number of thillings every fingle piece 
was bought for, andthe gain per piece will be 48—x; 
fay then, by the rule of proportion, if in laying out x 
he gained 48—.», what did he gain in laying out 33 
pounds 15 fhillings, or 675 fhillings 3 > and the anfwer 
Bi g2q00— 67 5x 32 a O75x will be 
his y whole gain; but, according to the problem, the 
whole gain was equal tow, the money given for a fingle 
32400-—67 5x. 

x 


; therefore 


piece ; therefore x = ; therefore xx—= 


32400—67 5x; therefore 4—=1, B—=—675,C==32400, 
BB 455025, 440129600, 55== 585225, 5765, 
ro ME B—s 
24 24 
720; therefore the money every fingle piece was bought 
‘for was 45 fhillings, and the gain per piece was 3 
fhillings ; but if 45. fhillings gains 3 fhillings, 33 
“pounds 15  hhillings, or 675, fhillings, will gain 45 
 fhillings; therefore the whole gain was 45 fhillings, 

equal to the money given for a fingle piece. 
Bua N. B. 


=—720; therefore v=-+45, or— 
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N. B. It is not impoffible but that fometimes two 
different problems may produce one and the fame 
equation; and then the equation muft provide equally 
for both: therefore, in fuch a cafe, though the equa- 
tion has two roots, and both affirmative, yet it muft 
not be expected that both roots fhould equally ferve 
for the folution of one problem, and that there fhould — 
be no folution left for the other; we ought rather to — 
conclude, whenever an equation gives two roots, and © 
both affirmative, whereof one only will folve the* ~ 
probiem that produced the equation, we ought, I. 
fay, rather to conclude, that the other root is for the 
folution of fome other problem producing the fame 
equation ; a curious inftance whereof we have in the © 
two following problems. 


Proptrtiuem 8o. 


122. Two travellers, A and B, fet out from two places 
C and D at the fame time, A from C bound for D, 
and B from D bound for C ; when they met and bad 
computed their travels, it was found, that A bad 
travelled thirty miles more than B, and that, at their 
rate of travelling, A expetied to reach D in four days, 
and B to reach C in nine days: I demand the diftance — 
between the two places C and Ds 


Ob 0) EF ON? 


Put x for the number of miles between C and D;- 
then it is plain that Zand Bboth together had riavel- 
led ~ miles when they met ; therefore as much: as the 


miles travelled by Aexceeded—, juft fo much did the 


milestravelled by Bcome fhort of but, by the fup- 


pofition, /’s miles exceeded thofe of B by 304 there- 
4-30 | 
4 


fore A muft have travelled — 1 5 0r miles: 7 


and 
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x—30 


and B mut have travelled 15 or miles ; 


therefore the remaining part of s journey is 
eam 

— miles, which he expects to perform in four 
days, and the remaining part of B’s journey is 
X-[-30 


-——— miles, which he expects to perform in 9 


days : thefe things being allowed, let us now enquire 
into the number of days each hath travelled already ; 


and fiarft for 4 fay, if 4 expects to travel 3° 


miles in 4 days, in how many days did he travel 


eae ‘i a 
x20 

x39 miles? and the anfweris ———— = i 38 

a X—30 303 


2 


then for B fay, if B expects to travel ak miles in 


9 days, in- how many davs did he travel — 


miles’? and the an{wer is 9x¥—30, therefore A 
x30 


days, and 


hath baeaic d 4X Laiabil Bo gxXx—30 
| K—30 #30 
days from the time of their firft fetting out: but as 
they both fet out at the fame time, and are now met, 
they mutt both have travelled the fame number of 


days 5 therefore +%* 4xrs30_ 9X30 e oraHliany 
320. hel 20 | 
~ both fides of the equation into BB Oy | and you will 
" 9 X*— 30Xx— 39 
x--30 
siply by HE 30 30, and you’ wi I have 4X ¥-- 30 & 
, 3 O x v be 3 30 


have 4 X x=}-30 = ;again mul- 
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«+ 30=9Xx—30X x—303; extract the {quare 
root of both fides, and you will have + 2 xx-1-30 


==+3xx—30: this general equation refolves ies 
into four particular ones,’ viz. : 


rft, 2x 4% + 30 = + 3K 0 — 30. 
od, chox woe Woe Og fe Sa: 
ad, —2Xx « ++ 30=-+ 3xX¥— 30. 
4th, —2xx-+ 30=— 3Xx—30. 


But as the two laft of thefe equations~give but 
the fame values as the two former, I fhall only make 
ufe of the two former, thus; | 

1ft, Suppofe + 2xx-+ 30 =+3 xx —30, then 
we fhall have ppaee 00, and x==150._ 

2dly, Suppofe-+-2x«-+-30=—3xx—30, then 
we fhall have 2x-|-60==—3x-}-90, dnd x26; there- 
fore the diftance between the two places Cand D mutt 
either be 150 miles, or 6 miles; but 6 miles it can- 
not be, beaede whith Acameup to B, he had tra- 
velled 30 miles more than B, and had not yet reached 


Dy therefore the diftance between the two placesC 


and D muft be 150 miles; which will fatisfy the 
problem; for then 4 muft have travelled 75-115, 
or 90 miles, and B 75—15, or 60 miles, from. the 
time of their fetting out; therefore 7 has 60. miles, 
and B go to travel; but if 4 could travel 60 miles 
in 4 days, he abe, at the fame rate, have travelled 
go miles in 6 days; and if B could travel go miles in 
g days, he muft have travelled 60 miles alfo in 6 
days ; therefore they both travelled the fame number 
of days from the time of their firit fetting out to 
the time of their meeting, as the problem requires. 


PROBLEM SL. 


12 a Two travellers A and B fet out from two plates 
C and D at the fame time ; A from C with a defign to 


pafs 
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pafs through D, and B from D with a defign to 
travel the fame way: after A bad overtaken B, and 
they had computed their travels, it was found, 
that they had both together travelled thirty miles, that 
A had paffed through D four days before, and that B, 


at his rate of travelling, was a nine days journey. 


diftant from C: I demand the diftance between the 
two places C and D. | 


SoLUTION. 


Put x for the number of miles fromC to D ;: then. 


it is plain, that A muft have travelled “more miles 
than B by x; but they both together travelled 30 
miles, by the fuppofition ; therefore as much as 4’s 
miles exceeded 15, juft fo much B’s miles came fhort 
of 15: but the whole difference was x, as above; 


therefore 4 muft have travelled 15 + — or os | 


30—x 
2. 


miles, and B muft have travelled 1 s———or 


miles ; therefore 4’s diftance from D, after he had 


20", ira 
overtaken B, was - 5 Mies, which he had tra- 


velled in 4 days, and B’s diftance from C was - 


sh miles, which by the problem he could travel 


“in g days; therefore, to find how many days each © 


had travelled already, fay, if A hath travelled 
30—x 


miles from D in 4 days, in how many days 


did he travel is miles fince his departure from ° 


2 
| 20-/+ » ioe 
| RU it .0 ca GOR ahd Sp 
C2? and. the an{wer is = 3 again 
x BOr Te Sk. Boece 


2 


re O82 | fay, 


4 


f 
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20~b4 
2 


from C, in 9 days, in how many days did he travel 
30—x 


fay, if B could travel miles, the whole diftance 


miles fince his fetting out from D¢? and the 


: o—x : 
anfwer are ; but as they both fet out at the 


fame time, and 4 has now overtaken B, they mutt 
both have travelled the fame number of days; there-- 
| 4XZ0-+e __ 9X30——r | 
: 30K Oe 
multiply both fides into 30—x, and you will have 


fore we have this equation, 


_— X30 — Xx 30—* 
A4AX30- vy = —— ; again multiply 


by 30-++«, and you will have 4 x 30--" x 30-+-« 
=9 X 30—x* X 30—%; but the produ& of 30—x x 
go—vx differs nothing from the product of x— FO ee 
x—-30, a8 will appear upon tryal, and will be fur- 
ther evident from hence, that 3o—s and ~—30 differ 
no more from one another than an. affirmative 
quantity does from an equal negative one, and there- 
fore each multiplied into itfelf mult give the fame 
product, therefore the equation as it now {tands is, 
4X *-- 30 X¥-+- 30 =9 Xx— 30K x—20; but this 
equation is the fame with the equation deduced from 
the lait problem, which juftifies what I obferved be- 
fore, art. 121, that different problems may produce 
the fame equation ; therefore the two roots of this equa- 
tion willbe 6 and 150, asinthe laft article; therefore the 
diftance between the two places C and D mutt either 
be 6 miles, or 150 miles ; but 150 miles it cannot be, 
becaufe, after A had pafiled from C beyond D, and at 
laft had overtaken 8, they had both travelled but 30 
Be 7 ‘Lexer "miles ; - 


‘ ; 
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_ miles; therefore the diftance from CtoDmutft be6é miles; 
and this number will anfwer the conditions of the pro- 
blem ; for then dA, when he had overtaken B, had 
travelled 15-+-3 or 18 miles, and B 15—3 or 12 
miles ; therefore 4 had got 12 miles beyond D ing 
days time, and B was. 18 miles diftant from CG, which 
he could travel in g days; but at the rate of 12 miles 
in 4 days, A muft have performed his 18 miles jour- 
ney in 6 days; and atthe rate of 18 miles in 9 days, 
B muft have performed his 12 miles journey alfo in 
6 days; therefore, from the time of their firft fetting 
out to the time of 4’s overtaking B, they had both 
travelled the fame number of days, as the problem 
requires ; therefore the fuppofition whereupon this 
calculation was founded, to wit, that the diftance of 
C from D was 6 miles, is juit. 

_ NN. B. The folutions here given of the two laft 
problems are, in. my opinion, the moft natural, © 
though fomewhat different from the reft. ahd 


A LEMMA, 


124. The fum of a feries of quantities in arithmetical 
progrefion may be had by adding the greatef and leaft 
terms together, and then multiplying either half that 
fum by the whole number of terms, or the whole fum by 
half the number of terms, or laftly, by multiplying the 
whole fum into the whole number of terms, and. then 
taking balf the product: thus in the feries 2, 4, 6, 
8,10, 12, where the leaft term is 2, the greateft 12, 
their fum 14, and the number of terms 6; the fum 
of all the terms taken together will be 7x6, or 14x3, 


T4XK6 
ape 
2 


= 42. This will beft appear. by writing 


down the feries 2, 4, 6, 8, 10, 12, and then by 
writing down over it the fame feries inverted, 12, 10, 
8, 6, 4,2: for, if this be done, 2, the firft term of 
the lower feries, added to'12; tbe firft term of the up- 
ae O 3 3 per 
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per feries (which is the fame as the greateft andleatt 
terms of the fame feries added together). will make. 
14; 1n like manner, every term of the lower {feries 
added to the next above it will make 14; therefore 
both the feriefes together will be equal to 14 as often 
taken as there are terms in either feries, that is, 6 


times 14, or 843 therefore either feries taken alone 
will be equal to 42. 


PR. CTO SB PNB Rs ee 
2.4. 6, BA Tou ree 


Matthies tts) te ee 

The defign of this lemma is, to add the terms of 
a feries together, where only the greateft and leaft 
terms and the number of terms are known, or fup- 
pofed ro be known; the intermediate terms being. 
either not affigned, or too many to be fummed up 
by 4 continual ‘additi ion. 


PROBLEM 82, 


125. A traveller, as A, fets out from a certain ie | 
and travels one yale the } fir ft day two miles the fecona- 
day, three the third, oar the fourth, &c; and five 
days after, another, as B, fets out from tbe fame 
place, and travels tke fame road at the rate of twelve 
miles every day: I demand how ling and how far A 
mij? travel before be ts overtaken by B. 


\ 


SOLUTION. 


Put x for the number of-days 4 travelled before he 
was overtaken by B; then, to find an expreffion for 
the number ‘of. miles travelled by him intthat time, 
I obferve that in three days 4 travelled over 1-+- 2-43 | 
miles, that is, he travels over a feries of miles in 
arithmetical progreffion, w hereof the number of terms 
of hg the greatelt term 3, and the leaft term 1 i in 

our 


35 
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four days he travels over a feries whereof the number 
of terms is 4, the greateft term 4, and the leaft 1 ; 
therefore, univerfally, in any number x of days, he 
muft travel over a feries of miles in arithmetical pro- 
greffion, whereof the number of terms is x, the 
greateit term x, and the leaftterm1; butthe fum of 
the extremes of this feries is x--1, which, multiplied 
by x the number of terms, gives xxx, the half 


_ xxx f 
whereof is ; therefore, by the lemma foregoing, 


ce a i 
- will be the fum of this feries, and confequently 


the miles travelled by 4 before he was overtaken : 
again, if A travel x days, B muft have travelled 
x—5 days, which at the rate of 12 miles a day, gives 
-12x—60 for the miles travelled by B when he over- 
took 4; but as they both fet out from the fame 
place, and are now got together, they muft have 
trayelled the fame number of miles; whence we have 


ea . XN we 
this’ equation, —~—=124 60; therefore xx--r= 


24N—120; therefore HLS 23X—1203 compare this 

equation with the general one in art. 103, and you 

will have d=1, B=23, C=—120, BB=529, 44C 
Bs Bs 

= — 480, 5==49,S=7, 0 = TS eee ethers 


fore x==8, or 15: now, for the better application of 
thefe roots to the folution of this problem, it muft be 
oblerved, thac the problem is more limited than the 
equation deduced from it; juft as if, in tranflating 
out of one Janguage into fh imal 4 the terms of the 
Jatter, inftead at being adequate to thofe of the for- 
mer, fhould be found to be of a more extenfive fignis 
_ fication: in the problem it is only fuppofed-that B 
* overtakes A, whereas in the equation it is fuppofed 
that 4 and B are got both together by having travelled 
the lame number of miles from their firft fetting out, 

| O4 without 
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without fpecifying whether this arifes from B’s over- 


taking A, or from A’s overtaking B; both which . 


in this cafe mutt neceflarily happen in the courle of 
their travels, provided they be but continued long 
enough for that purpofe: for fince at firft B is the 
(wifter traveller, whenever they come together, it 
muft arife from B’s overtaking 4, which: happens 
after 4 has travelled 8 days; then, if we fuppofe them 
{till to continue their travels, B paffes by 4, and con- 
tinues before him for fome time ; ; but after 12 days, 
Al becomes the fwifter traveller, and mutt neceffarily 


come up to & again after he has travelled 15 days: 


therefore though the two roots, 8 and 15, will both 


anfwer the condition of the equation, yet but one of | 


them, to wit, 8, will anfwer the condition of the 
problem; and that both of them wil] anfwer the con- 
dition of the equation, will be evident as follows. 


In 8 days 4 travels over a feries of miles whereof . 


the number of terms is 8, the greatefl 8, and the 
Jeaft 1; the fum of which feries is 36 miles; but 
when 4 has travelled 8 days, B muft have travelled 
3 days, during which time, at the rate of 12 miles a 
day, he alfo muft have travelled 36-miles ; therefore 
after A hath travelled 8 days, 4 and B mutt neceflarily 
find themfelves together : again, in 15 days, A mutt 
have travelled over a rhe of miles, whereof the 
number of terms is 15, the greateft 15, the leaft 1, and 
the fum 120 miles ; but when 4 had travelled 15 
days, B muft have travelled 10 days, which at 12 
miles a day gives alfo 120 miles; therefore now again 
A and B mutt find themfelves together ; and confe- 
guently 8 and 15 equally anfwer the ere con- 
tained in the equation. 
N. B. If we fuppofe B after s days to have begun 
to follow 4, and to have travelled only 10 miles a 
day, He could never have overtaken 4, nor 4 him, 
fe that in this cafe both the roots would have be- 
come impofiible, as will be found he the refolution 
of an equation founded upon this fuppofition. 
“PROBLEM 


~~ 
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Pp ROBLEM 83. 

126. It is required to divide the number ten into twe 
—— fuch parts, that the product of their multiplication 
being added to the fum of thar JENA may make 
Seventy f si x. 


S0:-L.U fF 1 0:-N, 


The two parts fought, wx and 10o—x. 
The produét of their multiplication, 10%—_.zx. 
The fum of their {quares, 2xv—.20x-+-100, 
The produdct.of their multi- 
plication addedto the fum px ‘“—10K%--100=76, 
of their fquares, 
Whence x==4, or 6; but this equation will be the- 
fame, which part foever x 1s put for; 5 therefore the 
two parts fought are 4 and 6. 


PROBLEM 684, 


127. Itis required to find two numbers with the follow- 
ing properties, to wit, that twice the firft with three 

- times the fecond may make fixty, and moreover, that 
twice the fquare of the firft with three times the fquare 
of the fecond may make eight hundred and forty. 


SOLUTION. 
- For the two numbers fought put » and y, and we 
fhall have 


Equ. 1ft, 2n-+-2y=60, and 
: Ache ad, 2%*-1-3y°==840. | 
From the firft equation, ail 3y —60, we have 


GOs . 
Bqucadyi. ome nn ; and by fquars 


- ing both fides we have ges aa 
”  3600—-260y-1 
Equ. 4th, sie OL OEY 
From the fecond equation, 2xx-+-3yy==840, we have 
| | | .qu. 
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840-— yy 
Tee 
Compare the two values of xv in the fourth and 
fifth equations, which mutt neceffarily be equal one 
3000-3 Cay 


4. 


Baas th senate 


to the other, and you will have ->——— 


| a, multiply both fides ido’ by halving the 


denominators, and you will have ae se 
=840—ayy; therefore 1400. AGG tae 
6yy 3; therefore 3600—26€oy-+1s5yy==1680 ; there- 
fore 15yy—360y==—1920 therefore 1 Syy—=360y— 
1920; divide by 15 for a more fimple equation, and 
you will have yy==24y—128; whence y=8, or 16: 

fuppole y==-8, then fince by the third equation «= 


€ 
aa a we fhall have v==18 ; fuppofe y==16, then 


60—2 ye 
we fhall have x or 4 6 ; therefore therearetwo 


pair of numbers that will equally anfwer the condi- a 


tions of this problem, to wit, 18 and 8, and alfo 6 
and 16: for aproof, let us firft fuppofe the numbers 
to be 18 and 8; and we thall have twice the firft 
~ number with three times the fecond =36-+-24=60; 

and twice the fquare of the firft together with three 
— times the fquare of the fecond equal to 648--192= 
840: fecondly, let us fuppofe the numbers to be 6 
and 16; and we fhall have twice the firft with three. 
times the fecond equal to 12-+-48=60, and twice 
the fquare of the firft with three times the fquare of 
the fecond equal to 72-4-768= eae: 


| PROBLEM 85. 


128. To find four numbers in continue! proportion, and 
Jfuch, that the fum of the two middle terms may be 
ei igbteen, and thet of the extremes dai ade e 
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Note, Four numbers are faid to be in continual 

proportion, when the firft is to the fecond as the 

fecond is to the third, and the fecond 1s to the third as 
the third is to the fourth. 


Soe aw Pe Rota 


For the two middle terms put x and y, without 
intending which is to be the greater; then the ex- 
treme next to « may be found by faying, as y is tox 


fo is x to rE and the extreme next to y may be 


found by faying, as « is to y, fo is_y to 22; therefore 


xy? 
xy 3 
therefore the fundamental equations are 1ft, »-+-y= 


the extremes are y andes and their fum 


| x bis 
18, or « = 18 —y;,and adly, ayy a Seen By he 6 


x'--ys—=27m«y; inftead of xin this equation put 18—y, 
its value in the laft, and you will have #3 = 5832 — 
972y-+-54y'—y3; therefore x3--y3=5832—97 2y-}- 
S4yy; you will alfo have 27xy or 27yX18—y=48 6y 
—27yy ; therefore 5832—972y-}-54yy=—=48 6y—2 799; 
tranfpolfe 486 y—27 yy, and you will have 81 yy— 
1458 y9-+-5832=0; divide all by 81, which may be 
done withouta fraction, and you willhave yy—18y-+-7 2 
=0; which equation being refolved, either by the 
general theorem or any other way,.gives yx=6, or 12 ; 
and fince the equation will be the fame, whichfoever | 
of the two middle terms y ftands for, it follows, that 
the two middle terms are 6 and 123 whence the ex- 
treme next to 6 is 3, and that next to 121s 24; and 
the numbers are either 3, 6, 12, and 24, or 24, 12, 
6, and 3, for either way they will anfwer the condi- 
tions of the problem, 


PROBLEM 
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P Rigs 4 ewe 86., 


12 9: ne are three numbers in continual proportion, . 


whofe fum is nineteen, and the fum of their Squares — 


one hundred thirty-three: What are the numbers ? 


SOLUTION. 


_ For the three numbers fought pet a, y and x; then 
fince, by the firft condition, wis to y as y is to z, by 
) multiplying extremes and means we have y y==w z 3 
again, by the fecond condition of the problem, we 
have «4-y--z==19, and 19g—y==~-+-z, and ({quaring 
both fides) 36 1— 38y- yy avt-2x2z-4- zz 3 fubtract 
yy from one fide of the equation, and its equal Mie 
from the other, and you will have 36138 yx 
weziw yz? 1292 by the third condition of 
the problem :. haying thus expunged both wand zat 
once, refolve the equation 36: —328y==133, and you 
will have y the middle term equal to 6, and 19—~-y, 
or the fum of the extrdmes,= 13 ; therefore the pro- 
blem propofed is now reduced to this, viz. Of three 
numbers 4% continual proportion, whereof fix the middle 
term, and thirteen the Jum of the extremes, are given, 
to find the extremes: this problem is-of the fame na- 
ture with that in-art. 112, and, being refolved, gives — 
-4 and g for the extremes ; therefore the three num- - 
are fought are 4, 6, and 9, or 9, 6, and 4. 


PRrosLuEM 87. 


130. To find two numbers Juch, that their di ifference 
multiplied into‘ the difference of their fquares fhallmake 
thirty-two, but their Jum multiplied into the fum of 
their Jquares feall make two hundred feventy-iwo. 


“SoLutTiIon. 
For the two syatabets fought put x x and ys an alt the 
firft fundamental equation will be »—y x «’—y’, or 


w—) xe—yxx-Ly, orn’ —2ay-Ly’xe-t y= 32; ae: 
qu. 
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Equ. 1ft, x°—2xy-by" esi | 


The fecond fundamental sayanen iss, xy en 
2723 therefore 


292! 

: Equ. 2d, x°-by ae 

From twice the fecond equation aye BAA 
fubtract the firft, thatis, from mete aa “Niei “p 


fubtrad 2 xy-Ly? 
a 


and you will have x ae ETAL as 
try 


a3 —" 12 : nies 
that 18; oe ge ; therefore wry == 512, and 


| ay 5 12,,0r the cube root of eaten! s ee we 
have got the fum of the two numbers fought, to wit, 
8; whence their difference may be found’by the er 


equation, thus 5 2 wy ayy sa ot that i 1S5 yt — i 


ee J therefore x—y,. or the ‘difference of the 


two numbers fought, equals 2; therefore the problem 
_ propofed is now reduced to this; Having given eight 
the fum, and two the difference of the two numbers x and 
y, to find thofe numbers; and by art. 26 we fhall have 
Paes, atid 9 3° which numbers will anfwer the 
‘conditions of the queftion. 

N. Bi After we had found x-Ly, the fum of the 
numbers equal to 8, we might have found the fum of 
their fquares by the ‘fecond equation, which gave x?-}- 

f= a> = 34; and then the problem would 
have been reduced to this; Wat two numbers are thofe, 
whofe fum is Beha and the Jum of their jquares thirty.- 
~ . foun?, 


% 


te 
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four ? which would have produced a quadratic equa- 


_ tion, as in art. 113, whofe two roots would have been 


5 and 2, as before. 


ProspLrem 88. 


131. To find two uumbers fuch, that their difference : 
added to the difference of their fquares may make four-— 


teen, and their fum added to the fum of ther fquares 
may make twentyfix. ; 


SOLUTION. 


For the two numbers fought put x andy, and you 
will have the two following equations ; 
Equ. iff, «—y--x*—y'*== 14. 
Equ. 2d, x-+fyterty=26. 

_ Add thefe two equations together, and you will have 
2 Ke —+- 2% = 40, xxx = 20,andx=-+4, or — 5 ; 
again, fubtraét the firft equation from the fecond, 
and you will have 2yy---2y=12, yy--y=6, and y= 

2, or —3; and as thefe two values of y were ob- 
tained without any manner of dependence upon thofe 


of x, it is plain that either of the values of x may — 


be joined with either of the values of y ; and fo we 


have no fewer than four pairs of numbers which will — | 


equally fatisfy the conditions of the equations, to wit, 
+4 and-}-2, +4 and—3,—s5and -}+-2, —5 and—3; 
but it is the firft pair only, which, confifting of af- 
firmative numbers, is proper for the folution of the 
problem, thus; the difference of 4 and 2 is 2, the 
difference of their {quares 12, and 2--12 =143 again, 


the fum of 4 and 2 is 6, the fum of their fquares 20, ' 


and 6-}+-20==26 : let us fee however how the other 


~ 


pairs will fatisfy the conditions of the equations ; make | 


then w equal to 4, y, that is, --y==-—3, and you will. — 


have —y=-1-3 ; whence x—y=u4-+-3==7, w——y?= 


16—9==7, and 7-++-7=14 ; again, xty=4q—3=1, 
and x*-Ly*==16-+-9==25, and 1-+-25==26: in the — 


hext place, make ws=—5, and y=-+2, then we fhall 
6 


have — 


\ 
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have x—y==>—5 —2== 7, 8”? 25 —4=2 1, and 
—7-L21=143 again, x Ly =— 5-t2=—3, and 
x?-L-yt==2 5-1 4==29, and—3-+-29=26: laltly, make 
x==—5, and y==-—3, and you will have x—y=—5,. 
+-3=>—2, and x*—y*==25—g==16, and:—2-+ 16. 
==14; again, x-+-y=—5—3==— 8, and x*-Ly*==25 
——o= 34, and—8-+34-=26. 


ProBLEmM 8g, 


132. What two numbers ave thofe, whofe Jum, when 
added together, is equal to their produc? when multt- 
plied together; and this fum or produdé, when added 
to the fum of their fquares, makes twelve 2 


SOLUTION. 


For the two numbers fought put x andy, and the 
fundamental equations will be ift, «-}-y==xy; and 
fecondly, «-L-y+-x*-+-y2==12: in the firft of thefe fun- 
damental equations, where «--y=:yx, .we have yx— 
x=y; but yx—w is the product of y—1 Xx, or of 


xXy—1; therefore xxy—i=y, and x =o but 


if inftead of x, this value be fubftituted into the fecond 
fundamental equation, the equation will rife to a bi- 
quadratic, for the refolution whereof no rules have 
hitherto been given ; therefore, to extricate ourfelves. 
out of this difficulty, ic will be proper to’ have re- 
courfe to fome other artifice, by trying other pofitions, 
as thus; for the fum of the two numbers fought put 
%; then will z be alfo the product of their multipli- 
cation, by the fuppofition ; and fince this product z 
added to the fum of their fquares gives 12, the fum of 
their fquares will be 12—z; but every one knows, 
that if to the fum of the {quares of any two numbers 
be added their double produét, there will arife the 
-fquare of their fum ; therefore 12—z-+-2z, or 12-+x_ 
=z"; which equation being refolved, gives z==--4, 
- Fe, 3 
i 
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&ec.;, and therefore the queftion is now reduced to 


this ; What two numbers are thofe, whafe fum is four, 
and the product of whofe multiplication is four ? forthe 
numbers fought, put x and 4—w, and you will have _ 


Ax—xxv—= 4; and chaneing the fiens, xx—4*n—=—45 i 


and compleating the fquare, xt—4n-L4==0 sand 
extracting the fquare root, y—2==+0; whence v=2, 
or 2, for the roots of this equation are equal; there- 
fore 2 and 2 are the numbers defited in the queftion; 


_ and they will anfwer the conditions; for in the firft % 


place, 2-+-2>=4==2x2 ; and in the next place, 4 the a 
fum of 2 and : 2, being added to 8, the fum of their 
{quares, gives 12. ‘a 


COROLLARY. 


From our firft attempt to folve this problem we 
may learn thus much however, that if any number 
whatever be made equal to y, then thefe two num- — 


bers y and will always have this property, that 3 


their fum when added together will be equal to their i 
produc when multiplied together ; thus if 3=-y, and 


_ confequently s= oy we fhall have 3 Pt ne | 


and 3x3 or?==41; whence it follows, that this 5 
problem cannot be folved.in whole numbers in any 
other cafe than that we have here put. 


PROBLEM Qo. 


I 33. What two numbers are thofe, whofe fum ep: to 
the product of their multiplication makes thirty-four, 


and the fame Jum fubtracted from the Fie ahs their 
Squares leaves forty-two, 


SOLUTION. 


- Here, to avoid all difficulties that would otherwife 
arife, put z for the fum of thetwo numbers fought 5 
then; fince this fum la to the produ& of their 


7 multiplication 
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multiplication makes 34, the product of their multi- 
plication will be 34—z; but this fum x fubtracted 
from the fum of their fquares, leaves 42; therefore 


-sthe fum of their fquares is 42-++-23 to this add their 


double product 68—z2z, and you will have 110—z 


‘ =z"; whence z= 10, &c. and 34—z==24 ; there- 


fore now the queftion is, What two numbers are thofe, 
whofe fum is ten, and the produé of their multiplication 
twenty-four ? and by art. 111, the two numbers fought 
are 4and 6. a 

Whoever would fee more queftions of this nature, 
may confult Bache?’s comment upon the 33d queftion 


_ of the firft book of Diophantus’s Arithmetics. 


NV. B. Having now done with quadratic equations, 


_at leaft for a time, it may perhaps be expected that, 


according to order of method I fhould proceed on to 
equations of higher forms: but I fhall take the liberty 


for once to difpenfe with that method ; not but that I 


intend (God willing) to treat fully and diftin@ly of 
thefe equations hereafter; but in the mean time I 
think it more advifeable to employ the reader’s 
thoughts in fome other things, which 1 take be of 
much greater importance, and more proper for his 
information. . 


mee ye THE 
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THE 


ELEMENTS or ALGEBRA. | 


Bee OU ate 


Of general problems, and general theorems deduced 
Srom them; together with the manner of applying 
and demonfirating thefe theorems fynthetically. 


’ 
4 7 
Pn 


The defign of this fourth book more fully explained. 


Art. 134. ITHERTO my young Analyft 
: has been indulged for the moft 


part in a fort of mixe Algebra, 


where letters were put only for 
unknown quantities: but if he would reafon abftract- 
edly upon his problems, and draw general conclufions 
from them, he muft put letters not only for his un- 
known quantities, but alfo for fuch as are known ; 
and fo propofe and folve his problems indefinitely. By 
this means, in the firft place, he will obtain indefinite — 
an{wers, which in many cafes are much preferable to 
more particular ones, as they fuit and folve all parti~ 
cular cafes to which they are applicable ; and inthe 
next place he will be able to prove his work fyntheti- 
ay ; which will not only confirm his former ane Ss 
ue 
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but will alfo further inure and reconcile him to the 
operations of fymbolical or pees Arithmetic ; and 
_ fo render him entiré mafter of this fort of computa- 
tion. A fufficient {pecimen of this fort of reafoning, 
both in the analytical and fynthetical way; has al- 
ready been given in our general theorem for the refo- 
lution of a quadratic equation, fo that no more needs 
be faid by way of préparation; it remains therefore 
now, that we look back upon fome of the problems 
already folved, and fhew how to folve them over 
- again in seneral terms; as follows : ai 


PROBLEM 1. (See art. 26), 


135. What two numbers are aso whofe fum is a, and 
difference b? 


SoLUuTION. dash 
Put x for the lefs number; then will the greater be 
w-+-6, and their fum me oneeeit whence 2"=a—d, 


—h 
and x (the lefs number) will bes whence x--d, 


ag et 


(the greater number) will bee foe rete 


a+b | ee aan ‘eis baled 


= at fo the greater number i8 found to be, 


and the lets —, where a and d ate left urideter- 


thied till fome particular cafe of this problem is pro- 
pofed to be compared with the Daa de one ; and 


iy and 
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Gab Rees 
and — (or the lefs number) == aoe — a pew. 


17 fo that the numbers fought are 31 and ue 


which will anfwer the conditions of the queftion. 
Again, fuppofe we were to find two numbers whofe 
fum is 35, and whofe difference is 9: in this cafe it is 
plain that a and @ have other fignifications; for here 


b 
a==35, and b=9, and icles (or the greater 


number) will be 22, and = rte the lefs ee 


will be 13. 


Thefe theorems are capable of being tranflated out 


of Algebraic language into any other; though to no 
great purpofe that 1 know of, to fuch as underftand 
any thing of fymbolical Arithmetic ; for, in my opi- 
nion, they appear much more diftin@ as they are, 
and lefs liable to ambiguity. The foregoing problem, 
- together with the anfwer belonging to it, being tranf- 
lated into common Enelith, will ftand thus : 


PROBLEM. 


Re is required, having given the Jum and difference of — 


any two numbers, to find the numbers themfelves. 


Anf. 1ft. Add the difference to the Jum, and half 


the aggregate will be the greater number. 2dly, Sub- 
tract the difference from the fum, and half the remainder 
will be the lefs number. 

That this is a true tranflation, is plain: for what i is 


abs 


a but half the ageregate of the fum and Bea 


added together? and what is 


fum ?- 


We come now, in the laft place, to examine this — 
theorem as it ftands in general terms, and to try whe- — 
2 ther @ 


\ 
4 


Biting half the ren 9 


mainder, after the difference is ‘fubrradted rok the 4 


———— 
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ther it will anfwer the conditions of the problem in the 
letters themfelves. © It was propofed to find two num- 
bers, whofe fum is a, and whofe difference is ; and 


ad 
the anfwer was, that the greater number was——s 


and the he: ei! 


: now that this is a true anfwer, 


will be evident from a bare addition and fubtraétion 
of the numbers themfelves, Sane any other prin- 


Tm 


| —b 
ciples; for if be added to —, their fum will 


2a 7 ¢ ie 
_ be > or 4, which anfwers the firft condition of the 


— 5 b 
problem ; and if — be fubtraéted from ae 5 


the remainder will be = or 2, which anfwers the fe- 


cond condition. 

This is that which is called a fynthetical denioes 
ftration, and doubtlefs fhews the truth of the theo- 
rem to which it belongs, as well as the azaly/is whereby 
that theorem was invettioated ; but not fo much to the 
fatisfaction of the mind : for a fynthetical demonftra- 
tion only fhews that a propofition is true; whereas an 
analytical one fhews not only that a propofition is true, 
but why it is fo; places you in the condition of the 
inventor himfelf, and unveils the whole myftery. Syn- 
thetical demonftrations ufually require fewer principles 
than analytical ones, as will evidently appear, by come » 
_ paring both, in this very example ; and this I take to 
_be the reafon. why the ancients, generally fpeaking, 
chofe to demonttrate their propofitions this way ; not 
with a defign to conceal their anva/yfis, as fome have, 
unjuftly enough, imagined; but becaufe this fort of 
demonitration required fewer principles to proceed 
upon; and thofe too, fuch as were commonly known, 


or ) EROBLEM 
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PROBLEM 2. 


136. What three numbers are thofe, whereof the fum of 
the firft and second is a, that of the firft and thirdb, 
and that of the fecond and thirdc? 


SOLUTION. 


Put x for the firft number fought; then will the 
fecond number be a—x, becaufe the firft and fecond 
numbers together make a; for alike reafon the third - 
number Will be =x, Bebabie the firft and third to-. 
gether make &: add now the fecond and third num- 
bers together, and you will have a--b—2x-=c; there-" 
fore 2x-+-cm=a-+-b; therefore 2v==-a--b—c; and w# (or 


! . j gaa 
the firft number) aes a ; fubtract now the firft 


a--I—C : : 
number from @, or, which is all one, add 


lp 
eet to a, and you will have the hey, num- 


—a— be gt bhi tag 
Pt ae 


ber equal to- ae 
a—br- | - e * . 
——— $ again, fubtract the firft number 


oboe 
san 


from 4, and 1o9 will have the third number equal to 


Se Sa 
the three numbers isnt to wit, 
be 
The firft, a ae 
cite 
Lata lad 
The third, aot! ahs 
To apply this general files to fome particular 


ye cafe, if fhall make t ule of that i in art. 42, where it wag 
be cae 


; and thus we have all 


The fecond, 
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required to find three fuch numbers, that the fum of 
the firft and fecond may make 60, that of the firft sas 
third 80, and that of the fecond and third g2: in 
this cafe it is plain that a—=60, =80, and Zao ; 


| b— 
therefore Artest or the firft number will be 24 5 


—b 
— 4s or the fecond number will be 36; and 
mbt 


: Csibe ri upon tryal will be found to be fuch as the 
problem requires. But that the theorems here given 
are not only true in this particular cafe, but are uni- 
verfally fo, will beft appear from the fynthetical de- 
monttration following. 


——or the third number will be 56; which 


bam 
1ft, The firft num pl and the fecond num- 


a—bd 


2 ists 24 
ber oF being added together make ZB OF 4 ace 


side to the firft condition, the other qyanHicies Gs) 
{troying one another. 


b 
_ adly, The firft number cs 


ree rid the thind 


| a Gib a 20 
number seas being added together make Zot 
b, according to the fecond condition. 


Laftly, The fecond number" and the third 


number eae being added together make = or 


¢, according to the third condition. 

This problem may alfo be folved fomewhat more 
elegantly thus: puts for the unknown fum of all 
the three numbers fought: then if ¢, the fum of the 
fecond and third riumbers, be fubtracted from s, the 
fum of alt three, there will remain the firft number 
| P 4 equal 
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equal to s—c; in like manner J, the fum of the firft 
and third numbers, fubtracted from s, the fum of all 
‘three, leaves the fecond number equal to s—d; and 
a, the fum of the firft and fecond numbers, fabtracted 


from 5s, the fum of all three, leaves the third number 


equal tos—a; add now all thefe three numbers to- 
gether, to wit, s—c, s— and S—4, and the fum 
will be 3s—a—b—c; but the fum is s, by the fup- 


sani 


pofition; therefore, 3s—a—b—c=s;and s== 


whence we have the following theorem: 


Mate tore 


—— = 8; then if the numbers a, b andc 


be taken St aes fubtratted feverally froms, the 


three remainders s—c, s—b, and s—a will be the 
three numbers fought, in order as they are fuppofed in the 
problem. Thus if @==60, b= 80, and ¢==92, as 


' before, we fhall ave suls A +¢ Of S116; whence the 


firft number will be 1 renee or 24, the fecond 116 
SO OF 36, and the third 116—60 or 56, 


ScHOLIUM, 


What three uumbers are thofe, whereof the product of 
the fir[t and fecond is a, that of the firft and third b, 
aid that of the fecond and third ct 

10, kahit OLN, 
Put p for the product of all the three numbers ; 
then fince ¢ is the produét of the two laft, we fhall 


have the firft number equal to f; fora likereafonthe 


fecond equals - and the third equals - and the 


product of all three equals 4 fr ea ther ero p = 


006; and pay! abi. 


pa “ 
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DEMONSTRATION. 


; ~ 4 £. or the product of the firft and fecond num- 


fe 2 


b 
bers, is, a Ss a: and fo of the reft. 


PROBLEM 3. 


137. It is required to find two numbers whofe difference 
is b, and the difference of whofe fquares is a. 


SOLUTION. 


Put x for the lefs number, and confequently x-) | 
for the greater ; then will the {quare of the lefs num- 
ber be xx, that of the greater xv-+2bx--bd, and the 
difference of their fquares 2bx--bb—=<a; therefore 


| —bb 
2bx=-a—bb, and x (the lefs number)=———5 whence 


; | a—bb _ b = a—~bb-+2bb 
x-t-b (the greater) = Tr T= Haast = 
a--bb 
Cet amy 

To apply this general folution, let it be required to 
find two numbers whofe difference is 4, and the dif- 
ference of whofe fquares is 112: here a==112, b=4, 
bb=16, Ge 12, Ge = 16; therefore the 

2b 2b . 
numbers are 12 and 16, ‘The general demonftration 


— bb , 
js as follows : if the lefs number — befubtracted 


Lb 2bb 
-from the greater ns their difference will be oe 


or 8, according to the firtt condition of the pro- 


2D 
aa 


ba . a—bb. 
plem ; again, the fquare of the lefs number — — is 


aw 
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— 2 abh -t- pA | 
i <i ries » and the fquare of the greater 
abi Bethel % | 
cnt aa fubtra&t- the fquare of the 


lefs from that of the greater, and you will have the | 


' if kleclea bb | 
difference of their fquares = 5 =a, asthefecond 


condition requires. 


~PROBLEM 4. 


138. Let r and s be two given multiplicators, whereof 
ris the greater , it is required to divide a given num- 
ber as ainto two fuch parts, that the greater part 
when multiplied into the les multiplicator may be equal 

to the lefs part when multiplied by the greater multé= 
plicator. 


SOLUTION. 


Put « for the greater part, and a—v for the lefs;_ 


then will the greater part multiplied into the lefs 
multiplicator be sx, and the lefs part multiplied into 
the greater multiplicator will bear—rx: but accord- 
ing to the problem, thefe products are to be equal ; 

therefore sv=-ar—rwx, and rxp-su=ar, but rx--sx is 


« x rts; therefore x -+-r—+-s= ar; and « (the 
, | Pas 
greater of the two parts fought) = Ege ; whence 


ar ar-+-as—ar 


a 
a” ig rT i eT | ane Soe oe ee 
a—x, (the lefs part) equa re ea rs 


as | | aT 
--—-— : fo the greater part fought is ——. and | 
o pP =) : rs? + ned 


res 3 
as 
the lefs ros" 


The APPLICATION. 
To apply this canon, let it be required to divide 


84 into two fuch parts, that five times one part may 


be 
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be equal to feven times the other : arte a=84, r the 
__7X84 


= 49> 


greater multiplicator org i feet Ye P = my 

8 & 
oer 353 therefore the greater part is 
4 


49, and the lefs 35; and they will anfwer the con- 
ditions; for firft, 494-3584 : ; and fecondly, 49x 
5==245=35X7- Again, let it be required to divide 
9 into two fuch parts, that 2 of one part nay be equal 

to + of the other: here a=99, rh) Sh a an | 


Riek tata Ties = hs 
as 


= Air BOX mean ; fothe two parts are 54. 


and 45; which is true; for firft, bat tare ods and 
fecondly, 2 of 54-=36= Sof 45: 

As to: the demonttration of ee general folution, 
it muft be obferved that in this problem there aretwo 
conditions ; firft, that the two parts, when “added 
together, muft make a; and fecondly, that the 
greater part multiplied into the lefs multiplicator muft 
be equal to the lefs part multiplied into the greater 
multiplicator : as to ies firft of ep conditions, It. 1s 


certain that the parts —- and—_— when added to- 


ae are 
gether will make — : ts) but ar--as=axX robs, 


ar-Las res 


therefore a pid = aixers ass to vibe fe- 


cond condition, if the greater part be multi- 

| plied into s, the lefs multiplicator, the _produét will 
ars 

be rps and again, if the lefs part =: be multi- 


plied into r, the greater multiplicator, the product 


will . 


236 | Of general Problems | ~—- Book IV. 


will alfo bess therefore the two products are 


equal, as the problem requires; and fo the conditions 
are both fatisfied. 9, E. D. 
N.B. If any one has a mind to throw the forego- 


ing theorem into words, it may eafily be done, and ns, 


in fuch a manner as almoft to carry its own evidence 
along with it ; for by the rule of proportion, 7--sis 


ne Z as 
to7 as ato——; andr-|-sis tosasato——; there- 
sit rls 


fore, As the fum of the two multiplicators is to the 
greater or lefs mutltiplicator, fo is the Jum of the two 
parts fought to the greater or le/s part: and this, I fay, 
is pretty evident; for had rts been the number to 
be divided, the parts would certainly have been 
y and s; therefore if a greater or lefs number than 


rs is to be divided, the parts ought to be greater 
or lefs than 7 and s in the fame proportion, 


PROBLEM 64. 


139. Let r and s be two given multiplicators, whereof r 
is the greater; tt is required to divide a given number 
as a into two fuch parts, that rv times one part being 
added to s times the otber may make fome other given 
number, as b. 


SOLUTAON. 


Put * for the part that is to be multiplied by r, 
and confequently a—w for the other part that is to be 
multiplied by s, and the produéts will be rw and 


gs—sx, and their fum will be rx---as—sx=zb; there- 


fore rv—sx=z b-—as, that is; xxr—s=:b—as ; there- _ 
tf | nie Be Bb = ag 
ore x tng, P art to be multiphed by 7) =———;_ 

1—s 
therefore a—w (the part, to be multiplied by 5} = 
@  b-l-as) ar—-as—b-\-as  ar—b 


nen 


vw“ s-€ or 


‘ {voy rns i—y 


The 
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The APPLICATION. 

Let it be required todivide 20 into two fuch partss | 
that three times one part being added to five times 
the other may make 84: here a=20, d=84, hort, 


b—as 
$ = 3,05 = 60, b—as = 245 ~— > (or the part ta 


be multiplied by 5) = *,4 = 12,ar==100, ar—b=16 ; 
ar— 


5 for the part to be multiplied by-3) = %°==8; 


therefore the parts fought are 8 and 12; for firft, 
+1220; and fecondly, three times 8-Lfive times 
12=-84. 

Again, let it be required to divide 100 into two 
fach parts, that 3 of one part being fubtracted from 
_ £ of the other, may leave 39: here it muft be obfer- 
ved, that to fubtract 3 of any one quantity from 


another, is the {fame as to add —2 3 of it; therefore 


this problem when reduced to the form of the general 
one, will ftand el To divide a hundred into. two 


fuch parts, that —2 7 of one part being added to 7 2. 


of the other may jen thirty-nine, Tere a == 100, 


b= 39.4 =F S= seibeh Saaariae ina ase 
os alae «rot panda ay el ret b—as’_ 114 
6s breassaag-b 15114 5 = 7 
. 12 
7 00 250 250 
= 72,.er aa S08 ar — b= cs CIE ee 
6 B I 
123 
233 icra == 28; fo the two parts are 28 
3 hes EO) 
12 


and 72 : for 28-\-72==100; and moreover 2 of 28,” 
: ; thar 
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that is, 21, fubtracted. from 4 of 72, that is, from 
60, leaves 39. 159 


The GENERAL DEMONSTRATION. 


—) jee 
The two parts — sid and — ; ; When added to- 
sh boas ar— qult 
gether, make hs + iglpa a a 


rp... AES we 7 a aI 


eee ; 7 
again, the part—— being multiplied into r, its 


| vps . br—ars ; 
proper multiplicator, gives +72 and the other 


ar—b fine arte ee: 
part ———» multiplied into the other multiplicator 


} : 
5 add thefe two products together, 


: ar $—- 
‘S, Gives 
br— bs bree 
iiveherd tulle doane Ac tee =a 


7—s r—s 

Q, E. D. aid | 

If any one hereafter fhall think me too concife in — 
the folutions of thefe general problems, he muft have 
recourfe to the particular ones in the articles I fhall 
refer him to, which he will find explained more at 
large: and as to the application of thefe general 
folutions to thofe particular cafes, it is to be prefumed 
that by this time the learner will be able in fome 
meafure to perform that part himfelf ; and therefore — 
J fhall for the future leave it to him, except where I 

fhall think my affiftance may be of any ufe. 


P K OBLEM 6. (See art. 35.) 4 


140. One meeting a company of beggars, gives to each p 
pence, and bas a pence over; but if be would have 
given them q pence apiece, be would have found be 
had wanted b pence for that purpofe: What was the 
number of perjons? — 

7 Sob ricl 


Art. 140, 141i and Theorems deduced from them. 239 


SoLUTION, 


Pe he numbet of perfons, x. 

: Pence given, px. 

Pence in all, p x--a. 

' The pence that would have been given upon the 

other fuppofition, gx. 

~ Another expreflion for the number of pence in-all, 
n—b. 

Equ.-gx—b== px-La; therefore gu—pr—is=a; 
therefore gx—px==a-}-); therefore x (the number 
ent 

g—P 


PEER 1aG i 


of oats 


b 
a the number of perfons be IS, the then the pericé 


b 
given will be aoe and the pence in all will be 
nice mh lil ted ae etna ale Lip 
RP ol dT? TP 
the number of pence that would have been given 


aq-t-bq | 
q—Pp 


> again 


upon the fecond fuippolition is ———-—; and therefore 


__ the other expreffion for the number of pence in all 


will be —— eet vols ne 
we ili, f—P 
‘ment ijetiveen this account and the former is an in- 
fallible argument that the number of perfons was 
rightly affigned. : 


; andthe perfect agree- 


Prostem 7. (See art. 64.) 


341. It is required to divide a given number as a inte 
two fuch parts, that one ae may be to the other as 
I tes. 

; SoLurion. 
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SOLUTION. 
The two parts fought, » and a—x. 
Proportion,. x Is to a—x as 7 to 5. : 
Equation, sx = ar —rx ; ae 1X gimear 5 : 


therefore w (or = firft number) = aS, therefore 
a ar as 

a—w (or the fecond number) = ——-_-= ——; 

rt+s rts 


ar 
therefore the two numbers are ee and —— 


Tee een 


ar 
1f{t, The two numbers —— i aes and —— a when sic 
ar-|-as 


tocether make —— 4, 
= r-l-s 


adly, The firft number —-— is to the fecond 
; rs | 


as 
number —7— as aris to as; becaufe throwing away © 
r=1-s 
the common denominator is no more in reality than 
multiplying both fractions by it; and every one 
knows, that the multiplication of two quantities by 
the fame number, makes no alteration in the propor- 
tion they bore one to the other : again, ar is to as 
(dividing both bya) as r to s; for it is well known 
that a common’ divifion affects proportion no more 
than a common multiplication: fince then the firft . 
number is to the fecond as ar to as, and ar is to as 
as rto 5s, it follows, that the firft number is to “the 
fecondasrtos, 9. #.D. | 


ProBpLem- 8 (See art. 66.) 
142. What number is that, which being feverally added 
Lo two given numbers, aa greater number, and b @ 
lefs, will make the former fum to the latter as be st 


therefore r muft be iti than s? | 
Sénustn 


“Att 142) and Theorenis deduced froin them: 448 
SoLUTION. 


The number fought, «. 

Proportion, a--x is to b-+-w as r tos. 

Equation, dr—--rv=sas-[-sx ; therefore 6r--rx—sa= 
as—br 


as; thereforerx—sx=as—ér ; therefore x = an 


: DEMONSTRATION® 
eee | j ar—by 
being added to 4, gives ———~ 


ma 
‘The number = 


: hawt Ball 
and the fame number being added to 4, gives me 
ar—br. —_ as—bs 


now —is to as areewbr is to as—bs, that 
“ ~5 : 


is, aS rXa—_/ isto sxa—QJ, that is, as r tos. 
: ScHOLIUM ae ' 

. This problem was to finda number, which, being 
- feverally added to 4 and 4, will make the former fum 
to the latter as r tos; Jet us now change the num- 
bers a and } one for another, as alfo the numbers r 
and s one for another, and then the problem will 
ftand thus: To find a number, which, being. severally 
ddded to b anda, will make the former fum to the latter 
as stor: butthe condition of this problem is exadly 
thé fame with that of the former, and therefore the 
anfwer ought ftill ro be the fame ; that is, as chang» 
ine-@ and bone for another, and r and’s one for ano~ 
ther, had no effect upon the problem, but left it en. - 
tirely the fame as at firft; fo if the expreffion’ of the’ 
number fousht be jutt, the changing of 2 and d one’ 
for another, and ot r and s one for another, ought 
to-make no.alteration in that expreffion, and the num- 
ber fought aught ftill to be the fame; for truth will. 
always be -confiftenct with herfelf. Secus try this 
however, and fee what will be the effect of fuch a 
a tg | ES changes 


a 


> te 
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Sieg ht cen bee as—br 
change: now the number fought was 3 but 


upon this change, as becomes Jr, and dr becomes 
as, and r—s becomes paul ae tne whole eh 


Oba br— 


S=— 


br— 
will be turned into Pane ? is the 


as~=— 


fame as oe oy for changing the fign of both the 


numerator and denominator of any fraction, no more 
affects the value of that fraction, than in divifion the — 
changing of the fign both of thedivifor and dividend 

affeéts the value of the quotient: thus then-we find, 
that the changing of @ and 4 one for another, and of 
y and s one for another, no more affects the theorem 
for determining the number fought, than it did the 


problem from gy TEN. it was derived. 


PROBLEM Q.° 


142. Jtis required to divide a given number as a into 
two fuch parts, that the excefs of one part above — 
enother given number as b, may be to what the orber 
wants of b, asrtos fuppof ng i pit than s S. 


SOLUTION... 


~ Put x for the greater part, and a—« for the lefs ; 5 
then the excefs of x above b will be x—; and the 
excefs. of @ above a—x will be x—a---b, as appears 
by fubtracting a—x from ; but by the problem, the 
former excels i is to the jatter asrtos; therefore x—d 
is to rama) asrtos; multiply extremes and means,. 
and you will have sx—s=rx—ar-dr ; therefore 
ri—sx—ar—br—bs, and w (the greater part) = 


sat 4 
fn das sais therefore a—K “(the lefs pate) 3 os 


zs 
pestoes _brpbs—as —as 
= gi 40: the greater pare is 
Pye y ‘ 7s 
wht ee 3 this gis * Aes e * ke ci " sa 
wee i OER MS And ee op “wr 


Pl 
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phon and the lefs EN la dagen 
r—s Tag ea 


Pox Ae Wb Be 

Let it be required (as in art. 41,) to divide the 
number 48 into two fuch parts, that one part may 
be three times as much above 20 as the other wants 
of 20: here a==48, b==20, r==3, s=1; for to fay 
that the excefs muft be three times the defeé, is no 
other than to fay, that the excefs muft be to the de- | 
fe&t as 3 to 1 ; the reft is eafy. 


The cENERAL DEMONSTRATION. 
ar—bhr—bs 


ift, The greater part - ia ag, and the lefs 
aes a ar | Sia 
part me being added together make —- 


s=a: again, the excefs of the greater part above 4, is 
ar—abrbs ob av —br—bs—br-+bs _ ar—2br 


Memes Et 
2 


ee rere 


5 meee r r—s r—s 
“and the excefs of & above the lefs part, which is 


. b br—b 
what the lefs part wants of 2, is eon re = 


br-—bs—br—bs--as as—2bs 7 
et therefore the excefs of ' 


. 1 


one part above 2 is to what the other wants of J, as 
ar—2br. = as—2bs : oh | ft 
~__—— js to+ Es age that ts, as ar—2dr isto as—2bs; 


r—-§ 
that is, as rxXa—25 is to sXa—2b,; or as 7 to 5: 
9: °F. 0; | iL Si | 
ite eO AL EM’ 10. (See att.64,). i 
¥44. There are two places, whofé difance from each 
other is a, and from whence two perfons fet out at 
the fame time with a defign to meet, one travelling at 
. the rate of p miles in q bours, and the other at the rat¢ 
_ Of vmilesin s ours: I destiand bow long and bow far 
_ tach travelled before they met. yea . 
oo i ae BOLUTION, 


nowt 
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| SOLUTION. a 
The number of hours travelled by each, Le 


Miles travelled by the firit,2*. 


By the fecond, a | 

By them both, ps a 

Equation, — my 4; therefore px} a aq A 
therefore poeatgte =ags 5 therefore x (or the number 


of hours travelled by each) mi bows i now to find. 
PSG 


how many miles the firfl travelled, fay, if ing hours. 


he travelled p miles, how many will he travel in a 

aqs 
number of hours equal to ——;-+—? for a fourth sume. 
, eee 4 ps--qr Sethe 


| 4 Nd ois Nias a oe gt eRe a ma 
ber, I multiply the third number 2 TF by the fe-. 


cond p, and the product ; eet tte 3 this again rt ‘ 


vide by the firft number g, and the uotient is: | 
> q q rie | 


for dividing the numerator divides the whole fadtion? ; 
by the fame way of reafoning, the number: ee miles. 


travelled by the other will:be found to be ——— oF Co : 
therefore the whole number of miles ciavellatbr ele 4 


both i 1S. - ae ae a, which demonftrates the folu- 


tion. 


| -Exampir. | | 
Let the. diftance of the two places be 1 154 tiles ; 


let the firit travel al-the tate of - 3 rilel in 2 ee 3 
| eee oe a a 


Nhe «D- aie 


‘ 
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and the fecond after the rate of 5 miles in 4 hours ; 
‘then we fhall have a= 154, eras ==2, 15, 54, 
ags __ « 154X%2X4 
petgr 88 
TO ge TOE Bide > toe cae SIs a Raa 2% 5 
Mpeg an! Bee aa 
= 70: therefore each travelled 56 hours; the firft 
travelled 84 miles, and the othice 710. : 


= 


ps 12,9r= 10, ps-+-9r = 22, 


arate 

Win the foregoing problem we change pintorand 

into s, and vice ver/a, the confequence * wil] be, that 
the firft traveller will now travel at the fame rate as 
the fecond did before, and the fecond at the fame rate 
as the firft did before ; but the motion whereby thefe 
two travellers approa th towards each other will ftill be 
the fame, and therefore the time this motion is per- 
formed in, that is, the time that each travelled, muft 
‘fill be the fame : let us then make the changes above- 
mentioned, firft in the expreffion of the time, and {ee 
whether that expreffion will ftill continue the fame; 
then let us make the fame changes in the two expref- 
fiens of the miles, and fee whether by this means — 
thefe expreffions will not be converted zach into the 
ae firft then, the raprefiion of the time, waich is 


ee 
asq oa 
verfa, becomes et which is the fame as Pea wr 


ie! 


by changing p into r, and q i into s, and vice 


therefore the expreffion of the time fuffers no altera- 
tion by thefe changes: fecondly, the number of miles 


: aps 
travelled by the firft was BPRS a: which, after the 
aah ps9r 3 

: i arg oe ge 
changes abovementioned, becomes —~-—, whichis 
ae rq 5p 


oe ee ME cas Ree 
the fame as ine Le the miles travelied by the iecond ; 
9 IRR ac alain, ; | 


y 


. Rate f “ | 
, 3 ahi 
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and therefore, é conver/o,. the expreffion 


aqr 
pegr val 


be changed into the expreffion - = ; and thus wie 


Pre 


the cafe of the firft traveller be changed into that of 


the fecond, and vice ver/a. 


PROBLEM Lik, (See att, 38:) . 
149. What two numbers are thofe, whereof ibe greater 


is to the lefs as p to q, and the produét of their mul- 


tiplication 1s to their fumasy tost 


nO b, OT 1. Me 


i 


Put x for the lefs number, and the preater will be ) 
found by faying, as q is to p, fo is # the lefs number to 


it the greater ; whence thejr fum will be rae 


q 


i on the orhet ne, if the greater number 


oe be multiplied into w, the product will bese 


x Mx | fel! 
ine therefore the aio se of thefe two cae nh | 

: | 
be to their fum age is usual Tae — that | is, as px to 


p+4: ; but according to the problem, the produat 


is to the fum asy tos; therefore pu is to p-+g as r 


to 5; whence we have this equation, psx==pr-tgr; — 


pr-kgr 


99) haere 


znd x (the lefs esha fought) = eyieds therefore 


deine qr 


prs 

: > : ? x ‘ 
the whole fraction ; thescioehirs (or the greater num- 

a | 
ber) = ie 

2” a 


DEMON- 


-; for dividing the denominator multiplies 4 
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DEMONSTRATION. 


_ 1ft, The greater number is to the lefs as 


ee, divide pr-t-qr by itfelf, andthe quotient 


prbgr 
qs 


is to 
will be 1; fo that we may now ys that the ee 


| I 
number is to the lefs as— is to—, that i is, as 4 
qs Ps 
a ‘ Po 
is to oF: that is, as ry is to 1, that is, as p is tog. 


oe a and the lefs ‘-- 
being added together make pokeebepet a 
prs-+-2pqrs rs —2 

p= Pee but pp-r2pq+-qg= pt-qs 


therefore the fum of the two numbers fought is 


rexpHd, 
pgs. 
3dly, ‘The greater number 


ihe eal se 


arly Therefore the siodud of the two numbers 
ire rxp- 

Gene is to their fum as —~L+~ is to CaP rpg 

4 : PqS55 PY55 

that is, as7ristors,orasrtos. QE. D. 7 


2dly, The greater number —— p a 


‘i re multiplied into 


“er ar 


be cindaces ota 


ProBpLEeM 17s 


pics 51. What two numbers are thofe, the produd of whofe 
. multiplication is p, and the quotient of the greater 
divided by the defs is q? 


wee yt Qs Sonus 
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me SO. Wand Outs , 
so AP Ub ‘for the greater number, and confequently | 


p ~ or the lefs; then will the sik of the greater : 
divided by the lefs be = boi according to the pro- 


blem, this quotient, ought to be g; therefore "5 4 
=9; and xx=pq, and w (the greater number fought) _ 


sae can wt wd: Wt bi 
<=4/pq: again, fi =7q, we have — == 
2g: Ince xx = pg ai a ve ri 


and = (or the lefs number Bank) i ap fo that 


the greater of the two numbers cite is 4/ fg, and 
the lefs /— a 


ES ete &. 


Let the product. of the two numbers fooahy be 
144, and the quotient of the greater divided ‘by the 
leis 16; then we fhall have p= 144, g=16, pq=ei44 


I 
x16, vpg==19xq=48 5 os a8 af = 335. 
therefore the numbers oe 493 and 3. 


DEMONSTRATION, 
iff, fg multiplied into FBives ; f = pp; there- — 


fore Pq multiplied into ve gives p. 
edly, pq being divided ic 7 E gives = 493 


_ therefore / pg _ being divicles by NE gives qe 


Bla Ds 
@ 2 
PRoBLEM ~ 


Art. 155. and Theorems deduced from them. 2.49 


PROBLEM 21. (See art. 130.) 


I 5 4. What two numbers are thofe, whofe difference 
being multiplied into the difference of their /quares 
will make a, and whofe fum being rented into the 
_ fam of their fquares wilt makeb? 


SOLUTION. 


! For the two numbers fought put «and ys_ hep 
according to the firft fuppofition, *-—Xx'—y", OF 


#—IXE—YKHLIYy OF KK— xe— ax yy” xx-by=a ; 
therefore 


4 
Eq a Las 
Again, according to. the fecond i 3 Dati 


w-Ly x x°-Ly’=d ; therefore 
Equ. 2d, «°-}y’= as 


2 ‘From twice the fecond equation fubtract the firlt, 


| b 
that is, from 2x2 ¥toyess re 
dobtract emeyty aos, 
| 1 
and there willremainy” Peary = ad ’ 


2b — 
that is, ce —¢ sei ; therefore ry = = 2b —~a; 


tmake 24—a=r', that is, put r for the cube rout of 
2b6—a, and you will have | 
Equ, 3d, x-hy=r. 

: Again, in ae firit eqyation we had x Hg 3 


wwe eee Z 


a a . 
Hy a that is, x—y = ¥: nake = 5, that. 


> 


250 OF general Problems © Book IV, 
is, put s for the {quare root of >, and you will 
have™ a “ot ¢ 

oo Equ. 4th, «—y=s. | 

Add the third and fourth equations together, and 


| . rts 
you will have 2x==r--s, and x=: ——; fubtract the 


fourth equation from the third, bal you will have — | 


wh 


r—.$ 
2y—=r—s, and y = ; whence we have the fol- 


Jowing canon: 
. a 7 
Make 2b—a=r’, and — s*, and the numbers - 


fought will be fd and —. 


a 


DEMONSTRATION, | 


e r 5 F depcet) e 
The difference of the numbers fant and = iss, 


and the difference of their fquares is rs, as is eafily 
tried ; therefore the difference of the numbers mul- 
tiplied into the difference of their fquares is rss== 


ra 


: } rs. 
7 = 4: again, the fum of the numbers and 


r—s 7 A 
— is r, and the fum of their fquares is =n : 


therefore the. fum of the numbers multiplied into 
3 
the fum of their {quares is sre but r=2b—a 


by the canon, and rss==a by the fame ; therefore the 
{um of the numbers multiplied into the fum of their 


{quares poets a 3 5. Q E. D. 


PROBLEM 


Art. 156. and Theorems deduced from them. 2531. 


(RRQ BL EBM: 22.: 


I 3. Out of a common pack of fifty two cards, let part 
be diftributed into feveral diftinct parcels or heaps in 
the manner following : upon the lowe? card of every 
heap let as many others be laid as are fufficient to make 
up its number twelve; as, if four be the number of 
the lowet card, let eight others be laid upon it ; if 
jive, let feven ; if a, let twelve —a, &c.: It is re 
quired, having given the number of heaps, which we 
foall call n, as alfo the number of cards ftill remain- 
ing“in the dealer’s hand, which we fhall call v. to find 
the fum of the numbers of all the bottom cards rat 
together. : 


SoLiuTséion. 


Let a, b, c, &c. exprefs the number of the bottom 
_card in the feveral heaps: then will 12—a exprefs 
the number of all the cards lying upon the bottom 
card of the firft heap, that is, the number of all the 
cards of the firft heap except the lowelft, will be 12—a; 
therefore 13—a will be the number of all the cards 
in the frit heap; for the fame reafon, 13—é will. be 
the number of all the cards in the fecond heap ; and 
13—c the number of all thofe in the third, and foon; 
therefore the number of all the cards in all the heaps 
_will be 13x2—a—b—c &c.: make a-bd-}-c &c. (or 
the fum of the number of all the bottom cards) =x, 
- and then we fhall have the numbers of all the cards 
drawn out into heaps = 13z—wx; but thefe, together 
with r, the number of cards undrawn out, make up 
the whole pack 52; therefore we have this equation, 
13n—w-brom52; therefore x--52=13"-+r1r; there- 
. fore K=13N—52--7 ; ; but 52-213x4 3 | therefore 
I 3N—52—=1 3XI—4 5 4 therefore v1 3xu—4-+7; in 
words thus, From the number of heaps fubtradi four ; 
multiply the reft by thirteen, and this produét, added to 
the nuin ber e cards ftill remaining in the dealer’s band, 
will 
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awill give the fum of the numbers of all the bottom cards 
put together : as for example, let there be three heaps, 
and thirty cards remaining ; now 4 fubtracted from 3 
Jeaves—1; this multiplied by 13 gives-—13, and 
this product added to.20, the number of cards re- 
maining, gives 17 for the fum of the numbers. of all 
the bottom cards. 

A more univerfal theorem is as follows ; 

Letn be the number of beaps as before, p the number of 
cards in.a pack 3 let as many cards be laid upon the loweft 
of every heap as are fufficient to make up its number q ; 
and laftly, let x be the number of remaining cards as before ; 
and the fum of the numbers ers of all the bottom cards will be 


found to be qFixn-p—p. P 


PROBE EM» 24.; (See art. 111.) - 


158. What two numbers are thofe, whofe fum is a, and 
the produéi of whofe multiplication is b? 3 


SOLUTION. 


The two numbers fought,, x and a—x. 
‘The product of their multiplications aes 
whence, changing the figns, gts tp ee and cots 
ears aa b 
pleting the {quare, «x—ax-- = am oc 4 
| “ . 4 


Win sahil i. ) PEN ; 
aa 5 ; extract the fquare root of both fides, that is, 
Te owe) oe ! : F} 


aa , IS eyes wT 
of x°—ax-j- — on one fide, and of — on the other, 
: ati an eee Sale 


pi a pe ats 
and you will have tom + te and x= agr3 
whence the following canon: : 
Make aa—4 b= ss, a the ercater number will be 


asks 


~-S 
, and the lefs nuntber = ert 
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The SynTRETICAL DemonsTRATION. 


, a--s . \@g—S .' 2a 
1ft, EE added to to ——— gives ta or @. 
| a-\-s ee eee 
edly, as multiplied i into — * gives ee en 
Pune b 


“(by fabftitutine—aa--4 inftead of—ss) 


An example to the foregoing canon. 


What two numbers are thofe, whofe fum is twenty- 
- five, and thé product of whofe multiplication i is ia ? 


AY 


Here a==25, ==144, aa—4b or ss==49, pany We noses 


a—s 
316, —-= da ; fo the nuinbers are 9 and 16. 


ProBLEM 25. (Seeart. 113.) 


159. What two numbers are tbofe, whofe fum is a, aiid 
the fum of their = a FG b? 


SOLUTION Bet 


The two numbers fought, x,and a—#. 
The fquare'of the former, xz. 
- The fquare of the latcér, aa-—2¢rshar; ° oa 
The fum of their {quares Ga—20%-+-2.%%== bs there. 
Myon a 
na Qin 24 eab— Oey and xt—we= ie Ph acid 


has an 4a. ora Bp ads 
remap aE nT Te Te wr ‘ =o enttad 


kW 2 1) 0, ada. 
the {quare roots, that i is the root of xx—~ax ee | 


babs Z f x * ‘ oe Wee iad oa ; ‘on 


«3 
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SS 7 . fin 
on one fide, and. of —on the other, and you will 
4 | 


a Sor ty ats... 

have x— — = + —, andx= —; whence the fol- 
2 7 2 

lowing canon : | 


_ Make zb—aa=ss, and you will have poo huss the 


greater number, and = “= for the lefs. 


4 


Rp Ne ne ASE a 


ig C0 


a—s 
Nore added to cerns gives a. 


adly, The hese of —— ll ,toheerbe, the 


tart sand therefore the fam 
sana aa--ss 
2 


fquare | of — Shamecas 


of their taatires is 


2 ‘ths the | 
sae , 
ve ' 


canon) - —; 2 Q. E. D. i 
An example to the foregoing canon. 


What two numbers are thofe, whofe fum is 28, 
and the fum of their {quares 400 ? Here ‘a2=48,” 
a--s, a——s 

aes is 2b— da ‘or ss== 16, Sq Et 16, co 


=n123 therefore the numbers are 12 and 16. 


LNB ProgLrEeM 26. (See att. 114.) 
160. What two-numbers are thofe, whofe He | is bi. ner 
“Te the fum of their cubes b?: 
| SoLuTion, 


~ ‘The two numbers fought, # and a2. 
,. The cube of the sh i. 


yo 
oy me 


The 
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The cube of the latter,. B—3a°x-|-24an?—H3, 
The fum of their cubes, a— 3a? x-4-3ax*=b;there- 
fore 3ax*—3a 7 Dts divide by 3s ang ue will 


—@ 
have xx—ax== » and mas — = = 
b—a} bum QQ’ epee a DAS Se Rm 
* = end =—*xX ——— a extract the 
Big 34 12a 4 3a 4 


Fear root of both fides, that is, of sath sa 
4 


SS | | 
on one fide, and. of Pi the other, and you will 


a S. . ats 
have x— — = +— and « =——; whence the 
pS 4% tpt Pagel 
following canon : 
iam ‘b—a? 7 a S 
Make 4 = , al 
| 3a 2 


== ss, and you will Lave 


for the 


) iit a—s . 
greater nismber, and ns for the le/s. 


3 ; 
=* tube si the canon, mies D: " 


DeMoNsTRATION. 
ift, =e added to— gives a. - 
adly, The cube ‘of obs, o Shae aa a 


| at g'—2as- gat fs, | 
Sig cube of — is. eae therefore, 


2@ bast” iB a 
“the fear ‘of theit cubes is. Bias = Shatss . 


ig parts to abe cherie canon. 


What'two numbers are thofe, whofe fum.i is and 


othe fum of their cubes 133? Here a=7, 6=133, 


4b—a3s 
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. fe : 
Aba wie PS aad a 
; ae OF §$E=95 SHB; 5 SS fo the 
- numbers are 5 and 2. ae i 
PROBLEM 2%, i 
(161. It is required to find two numbers whofe difference 
is d, and which, dividing a given number as a, will 
have two G'S whofe difference is b. 
So. uv 2 Ow, 
The two numbers fought, x and wd, 
The two quotients — aid a 7 


a 


Their difference, — preg Hr ome 4 apa - theres. 


fore bux--bdx=ad, and wrfdr= re a therefore ie 
at 4a 


d SS pet SK dd =3 a 
fae seo = Be 43 


y 
extract the {quare root of a, cig Grit one fide,” 
and of tee on the other, and you will have x-[- = ol 
—d —s—d a : 
+ ~ » whence v= — or ——; fet afide the negas 
tive root, and you will have .« (the lefs.  divifor) =% 
a and x-}-d (the greater)=~ a ote ‘i ce 
and we fhall have the follewingjeanbie . pet 
d 
Make c 2 dc d=s Sy * you will have a 


\ 
k 


sires divifor, and ! — oie the left ‘np 
| SG) 4 am NB. 


| Art. 161. and Theorems deduced from them. O57 ! 
—d | 

NN. B. That — is an affirmative quantity, is 

3 ; : | Pb i 4a da: $j Le 

evident from hence, that See i dd therefore 


ss is greater than dd, and s greater than d; therefore 


pied is affirmative. 
2 ative 
The aril of the canon. 
at If the lefs divifor ~ ame a he fubtracted from the 


d 
ister Naas the eth ated will be di ; Herter the 


_ difference of the divifors isd.» 
 2dly, If the dividend a be feverally divided by the 


two autor wed and a , the two quotients will be 


2a 


Perret da 7 ‘refpettively, whereof the former will 


be the greater, as having a lefs denominator ; there- - 
2a 2a 

| —d std 

_ 2a5-+20d—2as-+-20d . 40d. 4a ie 

Seorcaierme Ts = tag bythecanon, 


fore the difference of the quotients is 


| oe 
eat TEs Be 


An example to the foregoing canon. 


Let it be required to find two divifors whofe 
. difference is 1, and which, dividing a given number 
as 144, will have two ated whofe difference i IS 2. 


Flere oxeiga,b==2, d=1, + — ft dd or ss = 289, 
a R Ce Necre 
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ie eee: 
sat 7 SES = ett roe 8; therefore the divifors 
ae : : oI 


\ 
4 


"are 8 and g, and the quotients 18 and 16. | 


SCHOLIUM.: 


If in this laft problem we had put » for the greater 
quantity, and x—d for the lefs, the equation would — 
have been eee 2, OF ad == 5, which” 

M—ds x xn — dx i 
is different from the former ; and therefore it could — 
not be expected that, in that equation, the two roots | 
fhould be the numbers fought, but rather the two 
different values of x, the lefler of them. 


PrRoBLEM. 28. (Seeart. 118.) 

162. What number is that, which, being added to its — 

Square root, will make a? 
SOLUTION. 


Put xx for the number fought, and you willhave — 
this equation, ax-++ 1x=a; therefore sw de * be ee 


sagt ws aes = rik CHG HELST $ a = + 


S—T 


aig fx be made = ee 


cei 2ST 
you will have «x= 


4 
—s—I ss-f-25-4-1 


; if « be made Salat to. 


, you will have #« = 3 whence the 


following canon : 
Make 4a--1==ss, and the number fought will be 


$3870 . SSr2s-Pk 


10 be added is taken affirmatively or negatively. 
DeEmon- 


, according as the ie root 


“sn 


; Art. 162, 165. and T) bain deduced Bon them, 259 


gebe gavage 


| Cafe iff, If to the number — EE be added its 


# ac , the fum wil] 


3 é ark 
affirmative fquare root 


Ss—I 
== a, by the canon, 


be 
Cafe 2d, If to the number—-— i ae — be added its 


: —S—T 2 5— 
negative fquare root - or 


-2 
» the fym 


will again be es ead; ass before. 2, £. D, 


SP eo Be Ws, 
1365. What two numbers, are thofe, whofe fum added to 
the fum of their fquares is a, and whofe difference 
added to the difference of their fquares is bt 
wok Pid fy, iy 
Put « and y for the two numbers fought, and the 
fundamental equations will be rft, ay hx 4-y*=4 ; 
adly, x—y--x’*—y?==) , which baganoes when re- 
duced to order will ftand thus; . 
Equ. aft, ax-ba-by-by=a. 
Equ. 2d, wx--x—yy—y==d. 
Add thefe two laft equations vomeiroes and you 
will have 2 Kt 2 pence es whence xx--1x=3 
ad and yx+-1¢-+- = eth & i ee 


| rer I 
= a extract the root of gow +. 1x +- Py on one 
2 rr? as | 
pipes and: of 4 on the other, and you will have 


Yaad Naa 
waell pera == ; again, fubtra& the 
-R 3. fecond 
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fecond equation from the a and you will have 


> 
ay-ay=a—b ; and y'-}-y= —, and y Rt 


SS 
ey a ane a ; whence y te = and yk 


S—I. 
eomency! whence the following. canon: 


Make 2a-+-2b-+-i=rr, and ra—ab-fi=s, and 


you will bave the greater number equal to —, and the 


S—I ‘ 
lefs- ib =—: 


saiNhih Neb aang 


The fam of - —— is hind or 
arbes—4 : ; 

"yy non 

The fquare of — ig —-——-'— ne 


The fquare of oi is ——— pote 


: 4 Pb er—ase 
therefore the fum of their {quares is SEES 5 


add to this the fum of the numbers above found, to 
2r-+-25—04. 


wit, ~———-—, and you will have the fum of the 


napbers added to the fum of their {quares equal to 
Cer 


Pare fi 


fore rr-t-ss—2==4a, and 


the numbers: added’ to the fum’ of their’ fquares, 
i s—1 


: » reve’ bari yarn 
equals a + again, the difference of —~— and —>— is _ 


i 


5 butr*-}-s*==4a--2 by the canon ; _there- — 


2 wy" 
——, or The fum of, 


ce 


7-5 or—os 


Art. 165, 16 6, and Theorems deduced from them, 261 


7 OF: '; and the difference of. their fquares 
, Pa—mst-l-25 
is atoms therefore the difference of thenum- 


bers added to the difference of their fquares is 


—s' 4b 
= by the canon, = 4 9, E. D. 


An. example to the foregoing canon. 
Let the fum of the numbers added to the fum of 
their fquares be 26, and their difference added to the 
difference of their fquares 143 and we fhall have 
4=26,b=214,2¢@+2b++1 or rr= 81, r=g, 
Sor =4, 24264-1 or s=25, §35, 2} and 


fo'the numbers fought willbe 4 and 2. 


“PROBLEM 32. 


| 166. What two. numbers are thofe, the fum of whofe. 
[GALES ws a, and the product of their mibstiplieatite 
b? 


SoLUuTION. 
| : b 
For the two numbers fought put x and a andthe 


: RAD. i! 
 fum of their {quares will be cou =4; therefore x* 


nse therefore «4—ax’==—0d, and «4—axx-+ 
aa —4bb Ss 
‘ — =~ = —; extract the fquare 
. bine é 84.3 4. 4 


- aa ipl oy 
root of Sen egastate on one en and of ae on the 


other, and you will have x*— 
ats 


5 
=> and: +e ese 


vis 


—-; and fince this EaUAUCH will be the fame, 


‘ R 2 which 


which foever of the unknown quantities x is made to. 
ftand for, you will have the following canon: | 
Make aa—abb=ss, and you will have the oudes 2 


ihe greater number equal to ee and the igegrs of the 
befs equal to L~ i 


DEMONSTRATION. 


If the fquare of the greater number, which is 


ey be added to the {quare of the lefs number, — 
which is <— , the fum of their fquares will be oo i 
or a: again, if: the f{quare of the greater number, 


which is es be multiplied into the fquare of the | 


lefs esate whichis, ‘thé product of ticle two | 

feisa will be — ss caste, by the canon, 
Abb 5 ee | Ba 

= —- == 6); burdithefquare of the greater num- 


ber maltiplicd into the fquare.of the lefs‘gives bd, 


then the Spas number. multiplied into the Plefs will 
give b. OMe hgh 


An d Seinidl to the foregoing canon. 


Let the fum of the fquares of the two numbers - 
fought be 400, and the product of their multiplication ~ 
1923 then you will have a=4oo, b=192, Gm b® 


a 
OF 5*=512544, S=z112,~ 


a—s ia 
greater number == 256, —+— or the fquare of the lefs _ 


“number ==144; ‘Moret the greater number is 165 a 


and the lefs 12. 


if | aes 


* or the fquare of the — 


t 
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[2639 


THE 


ELEMENTS or ALGEBRA. 


7. jl 0 i « eee site 


| Inwhat cafes a problem may admit of many anfwers. 


Art. 168.“ T has already been obferved, that if 

| in any problem the number of inde- 
pendent conditions be equal to the 

number of unknown quantities, ‘fuch 

a problem will admit but of one folution ; or if it 
admits of more, they will however be fo determined 
_ as to leave no room for arbitrary pofitions: but if 
the conditions be fewer in number than are the un- 
_ known quantities, thofe that are wanting may then be 
_ fupplied by the Analyft himéelf at pleafure ; and as 
there is infinite choice, it is no wonder if in fuch a 
eafe a problem admits of an infinite number of anfwers, 
efpecially where fractions are taken into that number 
but if the problem relates to whole numbers only, 
then the number of anfwers will fometimes be finite 
and fometimes infinite, as the nature of the problem 
will bear. This will be fufficiently illuftrated by the © 
two following examples : 


R 4 situa oF 


264. Problems which admit of many anfwers, Book ve 


EX A M:P LE vile 


Let it be required to find two numbers whofe jim ig 
equal to ten times their difference. 


Here putting « and y for the two numbers fought, pS 
it is plain that in this cafe we have but one condi- 
tion, and confequently but one equation, to wit, 
HEIR DOR AOD Which equation. being . ‘reduced, 


gives pyohti ; i this is all the problem requires, 


Here then it is plain that the Analytt is entirely-at 
liberty-to fubftitute whatever whole number, mixt 
number, or proper fraction, he pleafes for y, provided 


ILy 


he does but make » == ——; and the two quantities 


* laa y will folve the problem. As Si inftance, let 
we — be put fory; then ‘will w or at be = and ‘thofe 


two fractions +4 and £ z OF +% will folve the problem ; ; 
for their differenceis’'3, and theirfum (2: But if it 
be intended that x i fhall both: be whole numbers, 
then fuch a whole number mutt be’ fubftituted for y 
as will admit of g fora divifor without a remainder: — 
but of fuch whole numbers there is infinite choice, as 
9, 18, 27, 36, &8c.; therefore this queftion is’ capa- 
bie of an infinite number of anfwers, both in wae 
numbers and fractions. | 


KE x\AlM'? Liz!) 


Lat it now be required to find two numbers x and y, the : 
produc of whofe iultiplication is — to ten times 
their difference. 

Here the equation will be yx = 10x—10y, which 
roy, . 

10—y 

that y mult be lefs than 10; for if y was equal to fe 

the - 


being reduced, gives x= Here it is plain 
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oo fe Ea co 
the fraGtion —— 
‘er .) 10 4 s , : 

‘in another place; and ify be greater than 10, then 


would be infinite, as will be thewn 


10—-y, and conlequently oa 4 will be a negative . 
quantity, whereas the problem may be fuppofed to 
relate to affirmative quantities’ only: however, as 
there is infinite choice of fractions between 0 and ‘10, 
and as any of thefe may be fubfticuted for y, the pro- 
 blem will ftill be capable of an.infinite number,of fo- 
lutions, if fractions may be admitted ; but if it be re- 
quired that'w and ‘y. be both whole numbers, then 
there cannot be above nine fuch numbers that can be 
put fory; nor perhaps all thefe neither,’ as remains 
in the next place to be fhewn. Now to find what 
_ whole number being put for y will bring out «a whole 
~2 to a more 


- gumber alfo, ‘I reduce the quantity aie 
-fimple one, by dividing toy by 10-+y, or rather by 
_ --y-+10, beginning with —ythus: 10y divided by 
—y quotes —-10, which I put down in the quotient ; 
then multiplying the divifor —y—-+ 10 by — 10 the 
quotient, | find the product to be -++-10y—100, which 
being fubtracted from 10y the dividend, leaves 100 
for a remainder; but not intending to carry on the 
divifion any farther, I reprefent the reft of the quo- 


° 4 ’ : ° : O 100 

tient by the fraction ——— ; fox = ~— 10; 
ed 1o—y ~~ 10—y 

therefore, that » may be a whole number, it is ne- 


100 
10— 
be impoffible, unlefs 10 —y be fome one of the divi- 
 fors-of 100, I mean fuch a number as will divide 100 
without remainder: I enquire therefore in the next 
place, how many fuch divifors 100 will admit of that 
are under ro ; for fo long as y isany thing, ro—y 
amyl be lefs than yo; and} find four fuch divifors, 
to 


ceflary that be a whole number ; but this will 


a 
t 
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to wit, 1, 2, 4 and 53 therefore if 1o—y be put 


(@) 
—~— TO mutt come 


ead 


equal to any of thefe, x or © 


out a whole corners sat it mutt alfo come out affiren . 
mative; for folong as to—y is greater than nothing 


os I0O0 é, . N te : 
and lefs than 10, Hey will always be greater than © 


100 . | 100! (oy Ao a 
ne that is, than 10, and confequently~— —10 |. 


or x will be affirmative. Let us then fuppofe firft, 


190—y==1, and we shall have y==g, and : : or. 
x==90.. 2dly, if: 1o—y==2, ‘we fhall have y==8,  @ 
and #=40. adly, if 1o—y=4, we fhall have y=6, 
and. x==15. lLaftly, if 1o—y—=s5, we fhall have — 
y=5, and w=10: therefore this queftion admits of 

4 folutions in whole numbers, to wit, 90 and 

4o and 8, 16 and 6, and roand 5; all which equally F 
anfwer the condition of the Fhe as will iia ‘ 
upon trial. 


THE © 


[267 ] 


THE 


ELEMENTS or ALGEBRA. 


Bi) OWOIOEK eV Ik 
Of PROPORTION. 


Of the neceffity of refuming the doctrine of propor- 
tion, and removing fome difficuliies.which feem 
to attend it as delivered in the Elements. 


Art. 264. “Yr N the rs5th and 16th articles of. this 

| treatife I have laid down as clearly, 

and yet as fuccinctly, as I was able, 

asia the doctrine of proportion fo far as it 
relates to numbers and commenturable quantities, 
whereof any one may be confidered as fome multiple 
part or parts of another of the fame kind; and it 
 ferved well enough all the purpofes it was defigned 
for. But being in the next book to apply Algebra 
to Geometry, and fo to confider proportion as it re- 
lates to magnitudes in general whether commenfurable _ 
‘or incommenfurable, { fhould come fhort of the 
eixpiGeia geometrica, was 1 not to refume this fub- 
ject, and to confider it now in its full extent as it is 
aid down in the fifth book of the elements of Geo- 
i: chal i metry, | 
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metry. I might indeed have excufed myfelf from 
this part of my taf, and fhould have been very glad 
to have done it, by referring the reader at once to the 
elements themfelves without any further affiftance; 
but | could not withftand fome reafons drawn from es 
experience, which to me feemed to plead very pa ie 
fully to the contrary. ° 
I frequently obferve, that moft of thofe i fet ee 
‘theméfelves to.read» Euclid, when: they come-at the — 
fifth book, which treats of proportion, either entirely 
pais. it by as containing fomething too fubtil to be — 
comprehended by young beginners, or elfe touch fo — 
very flightly upon it as to be little the better for it; — 
and thus the doétrine of proportion (which iscertainly 
the moft extenfive, and confequently the moft ufeful, 
part of the Mathematics) is either taken for granted, 
or at beft but partially underftood by them. The 
“fchemes there made ufe of are fcarce bold enough, I 
had almoft faid, fcarce complicated enough, to affect _ 
the imagination {fo ‘ftrongly as is neceflary to fix the — 
attention. 
The firft, fecoutl, third, fifth and fixth propofitions 
are felf-evident, as well as fome others, and upon 
_ahat-very account create an impatient reader much 
greater uneafinefs than if they were farther removed 
trom common feafe ; becaufe the truths from whence — 
thefe propofitions are deduced ‘are not fodiftin® from _ 
the propofitions themfelves as.in many other cafes, . 
But ic ought to be confidered, that the perfection of — 
ali arts anc di fciences in general, and. of Geometry in | 
particular, is, to fubfiit uponas few firft principles or 
axioms as is poflible,; and therefore, whenever a pro- 
pofition, how evident foever it may appear in itfelf, % 
can be deduced from any that is.gone before, it 
ought by all means to be fo deduced, and notto be 
inade a firit principle, and fo unneceffarily to inereafe 
aheir number. | 
The defign of a peometrical demonftration is not ~ 
fo much to illus flrate the pfopofition to which it is — 
. 2 annexed, _ 
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annexed, or to render it more evident than it would 
have been without it (though this ought certainly to 

_ -be.done where-ever the nature of things will permit) 

as it is to fhew the neceffary connection the prepofition 

to be demonftrated has with fome previous truth al- 
ready admitted or proved, fo as to ftand and fall to- 

_ gether, whether fuch previous truths be more or lefs 
_ evident than the propo.::ion to be demonftrated : I fay 

“more or lefs evident ; for it is not uncommon in the 
courfe of Euchad’s geometry to meet with propofitions 
demonttrated from others that are lefs evident than 
themfelves. For an inftance of this we need go no 
farther than the twentieth propofition of the firft book, 
where it is demonftrated that im every triangle any two 
fides taken together are greater than the third: now it 

is certain that this propofition is more evident than 
that the external angle is greater than either of the in- 
ternal and oppofite o ones; and yet the former, by the 
help of the 19th propofition, is demonftrated trom 
the latter. 

But there is another reafon to be given for demon- 
{trating felf-evident propofitions in many cafes, and 
particularly in this fifth book of the elements. A 
propofition may fometimes be taken to be felf-evident 
according to our narrow and fcanry notions of things, 
which, when better underftood, will be found to be 
otherwife. Thefe propofitions, to wit, that equal 

quantities will have the fame proportion to a third, 

that of two unequal quantities the greater will have a 
greater proportion to a third than the lefs, and fome 
others of the fame ftamp in the fifth book, are fuch. 
4s will pafs with moft for felf-evident propofitions ; 
and. fo they are without all doubt according to the 

-common conception of proportionality ; but when 

they come to be examined according to the jufter 

and more extenfive idea-Luciid has given of it, I'fear 
they will both, and the latter more jerk wantdn be - 
found to want Pips iramitoation; 


rm 


| net 
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In a perfect and regular fyftem of elementary Geo- 


«metry, fuch a one as that of Euclid may be fuppofed — 


to be, or at leaft to have been, certatir properties of 
lines, angles, and figures, are to be laid down, and 
thofe of the fimpleft kind, for: definitions ; from 
whence, and from one another, all the reft are to be 
derived with the utmoft rigour, without the leaft ap- 
peal even to common fenfe. ~ Common fenfe is by no 
means to be made the ftandard of any geometrical 
truths whatever, except firft principles: its province 
muft be only to judge whether a propofition be duly 
demonttrated according to the rules already prefcribed, 
that is, whether the neceffary connection it has with 
any ‘previous truth be clearly and diftinétly made out ; 
-when that is done, nothing remains but to pafs fen- 
tence. Whilft the fcience continues thus circume 
-{cribed, no miftakes, no difputes, can arife concern- 
ing its boundaries; but whenever thefe come to be 
tranforeffed, fuch a loofe will be given to Geometry 
that it would be impoflible to agree upon siete others 
- whereby to reftrain it. 

Thus much I thought proper to lay down concerh- / 
ing. the nature of a ceometrical demonttration, that 
young ftudents may not fometimes think themfelves | 
difappointed, or not.proceed with that coolnefs and 
judgmentabfolutely necefiary to conduct them through 

the elements of Geometry. 

But as to the matter in hand, ehh is siovee dif- 
ficulty ftill behind, which I believes is often a greater 
difcouragement to young beginners in their entrance 
into the doatrine of proportion, than any which have 
hitherto been alledecd, and that is the difficulty of 
— underftanc’pe and apply’ ng Huchd’s definition of pro- 
portionable uantities. But, to take away allexcufe 
from this quarter, ] have here annexed a {mall differ- 
«tation, conducing (as [take it) to clear up that defi- 

nition, It-issan.extract outiof fome loofe papers I 
have by me; and therefore the reader. muft not be 
‘for E cdaee if he finds fome things repeated here he 
aV8 
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_ have already been mentioned in another, part of this 


| “Avindication of the fifils definition of the fifth 
, : book of Eucuty’s ‘elements. 


262. N,B. For a more. diftin& underftanding of 
_ what follows, it muft be obferved, that By a part, in 
the fenfe. of the fifth book of Euclid, is meant an aliquot 
part, aud not a part as part related to fome whole. Thus — 
3 1s apart of 12 in Euclid’s fenfe, as being juft four 
_ times contained in it; and though g be a part of 12 
' in the fame fenfe as the part is diftinguifhed from 
the whole, yet 9 in Euclid’s fenfe is not a part, but 
_ ‘parts of r2, as being three fourth parts of it. 

ft. If two quantities A and B be commenfurable, 
then A muft-neceffarily be either fome multiple, or fome 
part, or fome parts, of B. For if 4 and B be com- 
_ menfurable, then either B muft meafure 4, or 47 muft 
‘meafure B, or they muft both be meafured by fome 
third quantity : if B meafures 4 any number of times, 
_ fuppofe 3 times, then A will be equal to 2 times B, 
and confequently will be a multiple of B: if 4 mea- 
-fures B any number of times, fuppofe 2 times, ‘then 
A will be a third part of B, and confequently will be 
a part of B: if ‘d and Bdo not meafure‘one the other, 
let C meafure them both, and let C be contained ex- 
actly in A 3 times and in B 4 times: then willa third 
part of 4 be equal to a fourth part of B, as being 
‘both equal toC; multiply both fides of the equation 
_ by 3, and you will have 3.of A, or 4 equal toiof B; 

_ therefore in this cafe 1s faid to be parts of B. 
2dly. If two quantities A and B. are incommenfurable, 
~ then A can neither be any multiple of B, nor any part — 
or parts of it, For if A wasany multiple of B, then 
~Bwould meafure both itfelf and 4, which contradicts 
the fuppofition of their incommenfurability: in like 
“manner; if 4 was any part of B, then A would mea- 
— fure both icfelf and B ; in the lait place I fay that ae | 
; tacr 


~ 


a72 <AVindication of the fifth Definition Book VI. 
ther can A be any parts of B ; for if 4 was any parts — 


of B, fuppofe, 3 of B, then 2 = of B would meafure 
both 4 and B, which fill contradiés the fuppofition :. 
A indeed may be greater or Jefs shan fome part or 


. 


» 


4 
5 


parts of B, but can never be equal to any; fo fubtil 
is the compofition of continued quantity. Asforin- — 
ftance ; it is demonftrated in art. 201, that the fide 

and diagonal line of a fquare are incommenfurable to — 
each other: let then A be the diagonal of a {quare — 


whofe fide is B, and the fquare of A will be to the 
{quare of B as 2 to 1, as is evident from the 47th of 


the firft book of Euchd; therefore 4 will be to B as 


the fquare root of 2 18 to1 3 but the fquare root of 2 


I4T 


is 1 414 €S¢. that is, te or more nearly - Toot 


more nearly ftill a whence it follows, that if the 


fide of a fquare be divided into 10 equal parts, the 
diagonal will contain more than 14 of thefe parts, 
but not fo much as 15 of them ; if the fide be divided 
into 100 equal parts, the diagonal will contain aboye 
141 of fuch parts, butnot 1425 if the fide be divided 


into 1000 equal parts, the diagonal will contain above ~ 


1414 0f fuch parts, but not 1415; and fo on ad infi- 


. nitum ; therefore the diagonal of a {quare ‘can never ~ 


be exaély exprefied by parts of the fide, any more 


than the fide can by parts of the diagonal. The fide 
may indeéd be fet off upon the diagonal, and fo be 
_confidered as part of it, fo far’as part of the whole ; 
but the fide can never be exactly expreffed by any 


- number of aliquot parts of the diagonal, be theie 
parts ever fo fmall. Limits may be Te ledl and ex- | 


prefled by parts of the diagonal as near as poffibleto © 
each other, between which the fide fhall always con- 
fift, and by which it may be exprefled to any degree. 


of exadtnels except perfect exactnefs*. And thus ‘alfo 


ae approximations be made in the expreffions of 


* See the Quarto Edition, p.. 306. 


many 
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‘many other incommenfurable quantities one by an- 
other. Bae 

 3dly, From the aft fection it appears, that If two 
quantities A and B be incommenfurable, no multiple of 
oie can ever be equal to any multiple of tke other. For 
if, for inftance, 4.4 could be equal to 38, then (di- 
i viding by 4) A will be found to be juft + of B, con- 
trary to what has been above demonftrated. 
 athly, If four quantities A, B, © and D be fuch, 
that A is the fame ‘part or parts. of B that Cis of D, 
then are thofe four quantities A, B, © and D faid to 
be proportionable, or Ais faid to have the fame propor- 
tion to B that C bath to v. Thus if A be a fourth 
part of B, andCa fourth ‘part of D, then A will be 
the fame part of B that Cis of D, and they will be 


proportionable. Thus again, if A= B, and C= 
9 ‘ g i 9 ; 

2D, or if A= — B or 2B, andC=— Dor 2D, or 
Me ss 4 ae PL Se ee he 


if Aa B, and C=— D, in all thefe inftances 


(comprehending multiples under the notion of parts) 
A may be faid to be the fame parts of B that C is of 
D ; and therefore, according to this definition, 4 hath 

the fame proportion to B that,C bath to D, which iS 
true, and the mark of proportionality here given is 
infallible, but not adequate to our idea of it ; for 
though this mark be never found without proportion - 
ality, yet proportionality is often found without this 
mark. Proportionality is often found among incom- 

~menfurables; but it can never be tried or proved by 
the marks here given. I believe nobody ever doubted 

that the fide of one {quare hath the fame proportion to 
its diagonal that the fide of any other {quare hath to 

its diagonal ; and therefore 4 may have the fame 

‘proportion to B that C hath to D, though 4 be in- 
‘commenfurable to B, and. C to D: yet who can fay in’ 
this Gafe, that 4 is the fame part or parts of B that © 

ata S } | is 


r 
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is of D, when it has already been thewn, that 4is no 
part or parts of B, nor Gof D?. This way therefore’ 
of defining proportionable quantities by a fimilitude 
of aliquot parts, cannot (in ftri¢tnefs of Geomecry) 
be laid down as a proper foundation, fo as from 
thence to derive all the other properties of praportio- 
nality : for fince thefe properties are to be applied to 
incommenfurableas weilas commenfurablequantitics, © 
it is fic they fhould be deduced from a fundamental ' 
property that relates equally to both. 

~ sthly, In order then to eftablith a more general | 
character of proportionality, | fhall afume the follew- 
ing principle, which equally relates to commenfurable — 
and incommenfurable quantities; and which, I be- 
lieve, there is no one who has a juft idea of propor- 
tionality, which way foever he may choole to ex: 
prefs it, or whether he can exprefs itor not, but will 
eafily allow me, which is, that Uf four quantities A, 
B, C and D be propertionable, that is, if A bas the 
fame proportion to B that C hath to D, it will thew be. 
impofible for A to be greater than any part or parts of 
B, but C muft aifo be greater than a like part or parts.’ 
of Ds or for A to be cqual io any part or parts of B, 
but that C mujs allo be equal to a like part or pars afe. 
D3; er for Ato be lefs than any part or parts of By but 
that C muft alfo be lefs than a like part or parts of i? 
‘Thus if @hath the iame pre eee to & that C hath 
to D, it will then be impoilible for 4 to be greater 


14 
than, ie to, or lefs than ra of B, but C mutt alfo 


| 7 14 
be greater than, equal to, or lefs than— of D. This 
sad ; 1O 


principle, | fay, is fo very clear that nothing moreneeds 
to be faid of 1t, either by way of explication or demon- 
ftration: and if by the help hereot 1 ay demonttrate | 
the converfe, we fhall then havea general mark of pro- 
portionality as extenfive as Shin ate itfeit. Now 
the converile of the foregoing ERROR isthis; /fshere 

rf we fyxcturseds RS 


“ant 262. of the fib Book geo ee s Elements. 275 


he four quantities A, B, C and D, and if the nature of 
thefe.quantities be fuch, that A cannot poffibly be greater 
than, equal to, or les than, any part or parts of B, but 
at the fame tine C muft neceffarily be greater than, equal Y 
to, or lefs than, a like part or parts of D, let the num- 
ber or denomination of thefe parts be'what they will; I. 
fay then, that A muft neceffarily have the fame propor- 
‘tion to B that C hath to D. If this be denied, let 
fome other quantity £ have the fame proportion to D 
‘that A hath to B; thar is, let 4, B, E and Dbe pro- 
; portionable quantities 5 then imagining the quantity 
_ D to be divided into any number of equal ‘partsy fup- 
pofe 10, let E be greater than 14 of thele parts and 


lefs than Laithat, 18, let Ee be; greater than 2 and . 
lefs than - — ~ of D; then mutt A neceflarily be Baer 


: than ~ a = and lefs than 2 opi this iS. evident. from 


the eaienite alrea dy ciagtie fince 4 is fuppofed to 
_ have the fame proportion to B that # hath to D. But 


eit A be greater than M4 and lefs than ~2 of B, then 


C muft be greater than = and lefs than 2 of D by 
the bypothefs , the relation between A, B, Cand D 

being iuppofed co be fuch, that 4 cannot be greater. 
or leis than any part or parts of B, but C accordingly 
muit be preater or lels than ali ke part or parts of D. 
Therefore we are now advanced thus far, that if & 


- ties between 4 and 25 ae of D, C mutt alfo neceffarily 


lie betwixt the fame — now the difference betwixt. . 
14 
10 


betwixt 19; and E, which lie both between thefe two | 
ae he gat alia limits,’ 


oie 2. of D is = 3 D; therefore the difference 
ite) 
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limits, muft be lefs than — of D. This is upon a 


fuppofition that the quantity D was at firft divided into 
10 equal parts; but if inftead of 10 we had fuppofed 
it to have been divided into 100, or 1000, 0r 10000 
equal parts (which fuppofitions could not have af-)-.ie 
| fected the quantities C and &,) the conclufion would ol 
then have been, that the difference betwixt C and E 
would have been lefs than the hundredt!, or thou-. be 
fandth, or ten thoufandth part of D; and fo on ad 
infinitum: therefore the difference navaeeg Cand Lae 
(if there be any difference) muft be lefs than any part 
of D whatever; therefore the difference between C 
and £ is only imaginary, and not real; therefore in 
reality C’ is equal to EH. Since then C is equal to #, = 
and that 4 is to Bas Fis to D, the confequence mutt 
be that / is to B as Cis to D. 2D. ED ae 

Here then we have a proper characteriftic of pro- 
portionality which always accompanies it, and, on the 
other hand, is never to be found sithian it, tO wit,- 
that four quantities may be faid to be proportionabie, 
the firft to the fecond as the third is to the fourth, 
when the firft cannot be greater than, equal to, or 
Jefs than, any part or parts “of the fecond, but the third 
muft accordingly be greater than, equal to, or lefs 
than, a like part or parts of the fourth: or thus; 
- Four quantities may be faid to be proportionable as above, 
when the firft cannot be contained between two limits ex- 
preffed by any parts of the fecond, how near foever thefe 
limits may approach to each other, but the third muft ne- 
ceffarily be contained between the limits expreffed by like 
parts of the fourth. 

6thly, Had Euchd flopped here, without refining 
any further upon the criterion of proportionality deli- 
_vered in the laft fection (for I dare venture to affirm, 
he was no ftranger to it,) 1 doubt not but it would 
have given much greater fatisfaction to the generality 
of his difciples, efpecially thafe of a lels delicate tafte, 

than 
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~ than that which he advances in the fifth book of his 
elements, as being more clofely connected with the 
- common idea of proportionality : but it was eafy to 
fee, that in demonttrating feveral other affections of | 
_ proportionable quantities upon this fcheme, there 
_ would then be frequent occafion for taking fuch and 
' fuch parts of magnitudes, as there is now “for taking 
~ fuch and fuch multiples of them, the praxis of which 
m partition had no where as yet been taught by Euchd; 
_ nay, he rather feems to have determined, as far as 
N poflible, to avoid it, and that upon no ill grounds 
neither; for the ufe of whole numbers is in all cafes 
_jufily efteemed more natural and more elegant than - 
_ that of fractions, and the multiplication of quantities | 
_ has always been looked upon as more fimple in the 
conception than the refolution of them into their ali- 
quot parts. Ic is for this reafon that Euclid never 
_ fhews how to multiply a line or any other quantity 
whatever, afluming the praxis thereof as a fort of 
poftulatum; whereas in the ninth propofition of the 
fixth book of his elements he fhews how to cut off 
any aliquot part of any given line whatever. Upon 
- thefe and fuch like confiderations it was that Euclid 
efolved to advance his characteriftic property of pro- 
portionality one ftep higher, by fubiticuting multiples 
inftead of aliquot parts in fuch a manner as we fhall. 
now defcribe ; and we fhall at the fame time demon- 
ftrate the juftnefs of his definition from what has been 
already laid down in the laft fection. The propofition 
to be demonftrated hall bethis: Jf there be four quan- 
tities A, B, C and D, whereof KA and EC are any 
: equimultiples of the firft aid third, and FB.and © D are 
any other equimultiples of the fecond and fourth; and if 
now thefe quantities are ‘of fuch a nature, that KA can- 
not be greater than, equal to, or lefs than; FB,. but at 
the fame time KC muft neceffarily be greater than, equa. 
to, or lefs than, FD, when compared re/pectively, ‘be the 
multiplicators E. and F what they will: I fay then that 


A tif necefjarily have the heads proportion to B that C 
53 ‘ bath 


yeas 


aw T.. 2 
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bath to D, Now that four quantities may be under 
~fach circumftances-as are here defcribed; can be 
‘queftioned by no one who has with any attention con- 
fidered the nature of proportionable quantities: for — 
fuppofe A to be the diameter and B the circumferencé 
of any circle, and C to be the diameter and D the — 
‘circumference of any other circle 3 who doubts but 
that twenty-two times the diameter of one circle will 
be greater than, equal to, or lefs than, feven times ~ 
the Circumference, according as twenty-two times the _ 
diameter of the other circle is greater than, equal to; 
or Jefs than, feven times the “circumference of that | 
circle? I now proceed to the demonilration oF thew 
propofition. i 
“Fit be denied that 4is to B as Cis to D, let A be 
to BasGis to D; and then, fuppofing D to be di- 
vided into to equal parts, let G be greater than 14 
of thefe parts, and lefs than 15: then fince by the fup- 
3 ay AA isto B as ¢ is to.D, we fhall have 4 greater 


‘than 5 —- Fand lefs than - = 2 of B; therefore 104 will be } 


‘grea ter than 14B eh than.15B; but by. the by: , 
potbelis, no multiple of .4 can be. greater or iefsthan 
any multiple of B, bue the fame multiple of Cmuft be 
- greater or lels than the fame multiple of D; therefore - 
106 is greater than 14 D and lefs than sD; ‘there- 


1 I 
fore C is ereater than - and lefs than ie cs vir; 


, eaeetts ifG G be.a quantity between=—= and = ee 2 of D; 


: a i mutt alfo bea quantity between the fame finite there- 
got the difference betwixt c and G muft be. lef than 


_— — of D, This-is upon a foppofition that D was divid- 


- into 10 equal. parts ; but C and G will be the fame, 

. into what. number of parts. foever we fuppofe. -D to be 
divided; therefore it we fuppofe D to ‘be divided into 

100, 


» 
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100, 1000, or 10000 equal parts, Gc, the difference 
betwixt C and G might have been fhewn to be lefs 
than the hundredth, or the thoufandrth, or the ten 
thoufandth part of D; and fo on ad infinitum ;there- 
fore C and G are equal, as was fhewn in the-sth 
fection. Since then A cannot be greater than, equal 
to, or lefs than, any part or parts of B, but G muft be 
greater than, equal to, or lefs than, a like part or parts 
of D, becaufe 4 is to B as Gisto D; and fince G 
cannot be greater than, equal to, or lefs than, any 
part or parts of D, but C muft be greater than, equal 
to, or lefs than, the fame partor parts of D, becaufe 
Gand C are equal; it follows ex <quo, that 4 cannot 
be greater than, equal to, or lefs than, any part.or 
parts of B, but that C muft accordingly be greater 
than, equal to, or lefs than, a like part or parts of 
Dy; and confequently that Ais to B asC isto D, ac- 
cording to the mark of proportionality given in the 
laft feGtion. 9,E£.D.. | 

Four quantities then may be faid to be proportionable, 
the firft to the fecond as the third to the fourth, when 
no equimultiples whatever can be taken of the firjt and 
third, but what muft either be boib greater than, or 
both equal to, or both lefs than, any-otber equimultiples 
that can poffibly be taken of ibe fecond and fourth, when 
compared refpecitvely, | cae 

athly,. As number is a difcrete, and not a conti- 
-nued quantity, there is fuch a thing as a minimum in 
the parts of number, whereas in thofe of extenfion 
there is none ;' whence it follows, that the parts of 
number mutt necefarily be more diftinct, and for 
that reafon moreaffignable, than are the parts’ of ex- 
‘tenfion. Again, as all numbers are commenfurable 
by unity, every number may be conceived either as 
fome multiple, or fome part, or fome parts, of every 
other. Hence it is that Huclid, defining propor- 
| tionable numbers, makes ufe of the definition given 
- in the 4th fection ; fo unwilling was he to recede eee 
: ‘34 | the 
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the common notion of proportionable quantities, 
whenever the fubject he treated of would bear it. 


Of the Jeventh definition of the fifth book of Euclid. — 
263. If it be allowed to be a fufficient mark of thé - 
proportionality of four quantities, when they are fo 
related to one another in their own Natures, that no 
equimultiples can be taken of the Arft and third, but 
what muft either be both greater than, or both equal 
to, or both lefs than, any other equimultiples that can 
poffibly be taken of the fecond and fourth; then 
wherever it happens, or may happen otherwife, there 
can be. no proportionality. As for inftance, Jf in 
comparing equimultiples of the firft and third with otber 
equimultiples of the fecond and fourth, there be any cafes 
wherein the firft multiple foall be greater than the Second, 
and yet the third not greater than tbe fourth 5 or wherein 
the firft multiple fall be lefs than the Second, and the 
third not lefs than the fourth; then the jirft quantity 
will not have the Jame proportion to the fecond that the 
third bath to the fourth, but either a Lreater,as in thé 
former cafe, or a lefs as in the latter, Nay, and [ 
may add further, that if of four quantities, the jirft 
bath @ greater proportion to the Jecond than the third 
hath to the fourth, there muft be cafes extfling, whethér . 
tbofe cafes can be afigned or not, wherein of equimultiples 
of the firft and third, and of other equimultiples of the 
Jecond and fourth, the fir ft multiple foal exceed the fe~ 
cond, and yet the third fhall not exceed the fourth: tor 
if no fuch cafes were poffible, then the firft quan- 
tity muft either have the fame proportion’ to the fe- 
cond that the third hath to the fourth, or a le: both’ 
which are contrary to the fuppofition. Thus we have’ 
found the fifth and feventh' definitions of the-fifthy 
book of the elements both of a piece. Ce 


fd gueftion 


Art. 264. of the fifth Book of Evciips .. 281 


A queftion arifing out of the foregoing article. 


- 264. This is all that was neceffary to be obferved 


concerning the foregoing definitions; but if, having 


given four quantities 4, B, C and D, whereof Zhath | 


a greater proportionto B than C hath to D, any one, 
_ for his own private fatisfaction, would know how to 


find fuch equimultiples of 4 and C, and fuch other 
equimultiples of B and D, that 4’s multiple fhall ex- 
ceed that of B, and at the fame time C’s multiple 
fhall not exceed that of D, it muft be done thus: If 
the quantities 4, B, C and -D be commenturable, 


det their ratios be exprefied by numbers: as for in- 
-ftance, let 4 be to Bas 7 to 5, and let C be to Das 
_ 4 to 3; then will 4 and 3, the numeral expreffions 


of the leffer ratio, be the multiplicators required, if 


of the terms 4 and B, the greater term 4 be multi- 
plied into the leffer multiplicator 3, and the leffer term 
B into the greater multiplicator 4; for then 3.4 (21) 
will be greater than 4B (20), and yet 3C (12) will 
not be greater than 4.0 (12), for-the two laft mul- 


_tiples are equal. But if fuch multiples be required, 


eel 


affume * 375s that is gontote 


that the firft multiple fall be greater than the fecond, 
and at the fame time the third multiple fhall be lefs 


than the fourth, then fome intermediate fraction muft 


be taken between 7 and #, and the terms of fuch a 
fraétion will be the multiplicators required. As for 
inftance, threwing the extreme fra¢tions inte deci- 


‘Malis, we have 7=1.4, and $=1.34—; therefore 
_ if any décimal fraétion be taken between 1 4. and 


1.34, fuch a fraction being reduced to integral 


terms will give the multiplicators required. Let us 


1375. At 


‘qs then wil 8 


, (56) be greater than 11B (55), and at the fame time 


8C (32) will be lefs than.11D (33). 
Ifthe quantity 4 be haath to B, or CG 


to D, or both to potty find however, by fcholium 


the 
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a ite 


the fecond in art. 1.79*, fuch numbers as will exprefs 
thefe ratios as accurately as occafion requires. As 
Tet the ratio of the numbey E to the number F be — 


‘nearly the fame with that of 4 to B, and let the ratio 
ofthe number G to the number H be nearly the fame 


-with that of Cto D; then if either of thefe ratios, to 


‘wit, the ratio of Z to F, or the ratioof G to H, lie ~ 


‘between the ratios of Ato Bandof Cto D, the terms © 


of the intermediate ratio will make proper multiplica- 
tors; but if neither of thefe cafes happen, fome inter- 


“mediate fraction muft be taken between the two frac- 


‘tions — and 
F H’ 


Having thus ‘prepared my young ftudent for Ex- 
clid’s doétrine of proportion, partly by fetting him 


right in his notions of things, and partly by remove — 
ing out of his way all that “tubbifh which feemed. tO 
block up his entrance to it; I hope I fhall now beable — 
to condué him through the. whole with a great deal 


“_ 


of eafe, and that he will meet with fewer difficulties 


in reading the following propofitions than an equal — 


number in any other part of the elements: and yet all 


I have. done herein has been only to mitigate, as far 
as | thought proper, the rigour and feverity of the — 


author’s manner of writing, and to, render. his demon- 


frations more eafy to the imagination, which the com- 


piler in his whole fyftem feems to have had no great _ 
tendernefs for: but, whatever I have done elfe, I have _ 


taken care to preferve the force of the demontftrations, 


and ‘I hope, ina great meafure, their elegancy too. I 


have ufed no algebraic computations in demonttrating 


thefe propofitions, except what may be juftified by _ 
the antecedent.ones; as well knowing that thefe prin- 
ciples were never intended to depend ' upon arithmeti- 
cal operations, but rather arithmetical operationsupon 


them. 1 have however, for the reader’s eafe,- made 


ufe of the fimpleft algebraic notation. Thus 4,8, C, De 


‘fignify magnitudes of any kind whatever, £, F,G,H 
* See the Quarto Edition, p. 285. 


alma | 
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always fignify whole numbers, unlefs where notice is 
given to the contrary ; 4++-B fignifies the fum of any 
‘two homogeneous magnitudes A and B; A—B' their 
difference. or the éxcels of A above B; EA and FB 
fignify any two multiples of 4 and 8, ‘the mu! tipli- 
cators being # and F; &c. I have fometimes alfo 

ufed very eafy confequences of this notation; as that 
if A—B be added to B, the fum will be 4, ethichs in- 
deed is a general axiom, and faying no more than 
that if to any magnitude be added the excefs of a 
sreater above ir, the fum will be the greater magni- 
tude. 


The Fifth Boox of EUCLID’s Erements. 
| DEFINITIONS 


265. 1. Aleffer magnitude is faid to be a part of a 
greater, ais the leffer meafures the greater. 
, 2. A greater magnitude is faid to be a multiple of a 
Ue, when the greater is meafured by the lefs. 
Note. Our language is not nice enough to exprefs 
thele two definitions as they are in the Greek and 


c Jatin. 


We may further obferve, that by thefe two defini- 
tions every fimple quantity is excluded from being 
‘confidered either as a part or multiple of irfelf; for 
' to bea part, in this fenfe, isto be lefs than that where- 

‘Of it is a patt, and to be a multiple is to be. greater 

_ than that whereof it is a multiple. 
“3. Ratio is that mutual relation two homogeneous 
gitantities are in, when compared together in relpet to 
their quantity. ‘Thus the excefs of 2 above 1 is equal 
to the excefs of 4 above 3, and yet the ratio of 2 to 
- 4 Is greater than the ratio of 4 to 3; that is, 2 has 
"more magnitude when compared with 1 than 4 hath 
when. compared with 3; fince 2 is double of 1, and 

4 is not double of 3. Buton the other hand, 3 | hath 
3, "a greater ratio to 4 than 1 hath toa, ‘becaute 3 hath 
more sai iy in comparifon of 4 than 1 hath in 

compa- 
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comparifon of 2; for 3 is more than the half of 49, 
whereas 1is but juft the half of 2. ‘ 

°4. All quantiites are faid to be in fome ratio or other, 
when they are capable of being fo multiplied as to exceed 
one another. 

Note. By this definition, 1ft, All heterogeneous. 
quantities are excluded from having any ratio one to 
another, becaufe heterogeneous quantities are fuch, 
that their multiples are no more capable of compari- — 
fon as to excefs and def-é, than the quantities them- 
felves: a yard can never be multiplied till it exceeds 
an hour, &c, 2dly, All infinitely fmall quantities are 
hereby excluded from having any ratio to finite anes, 
becaufe the former can never be fo multiplied as to 
exceed the latter. 

_ & Magnitudes are faid to be in the fame ratio, the 

Jirft to the fecond as the third to the fourth, when no 
equimultiples can be taken of the firft and third, but what 
muft either be both greater than, or both equal to, or both 
le/s than, any other equimultiples that can poffibly be taken 
Of the fecond and fourth. 

Note. This and the feventh definition have been 
explained already. 

6. Magnitudes in the faine ratio may be called ioe 
portionals. 

7. If there be four quantities, whereof equimultiples 
are taken of the firft and third, and other equimultiples 
of the fecond and fourth; andif any cafe can be affigned, 


wherein the multiple of the firft foall be greater than the — 


multiple of the Jecond, and at the fame time the multiple 
of the third foall not be greater than the multiple of the 


fourth, :ben of thefe four quantities, the firft is faid ta 


have a greater ratio to the ie than the third hath to 
the fourth. ) 
8. Proportion conf; chs i ina fi militude ae TQS. 3 
g. Proportion cannot be expreffed in fewer than three. 
terms: as when we fay that dis toB as Bis to C. 
10. Whenever three quantities are continual proper= 


ticnals, the jirft is faid to be to the third in a duplicate 
ratio 
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‘ratio of the firft to the fecond: and on the other band, 


the firft 1s faid to be to the fecond in a fubduplicate ratio 
of ‘the firft to the third. 

11. Jf four quantities be continual proportionals, the 
firfsi 15 aid to be to the fourth in a i hee ratio of the 


Jirft to the fecond, and fo on, 


12. The antecedents of all proportions are “coled homo-~ 
Jogous terms ; and fo alfo are the confequents: but an- 


tecedents and confequents confidered together, are never. 


called homologous terms, but heterologous. 
Note. ‘Vhefe three laft definitions, though bean 


~ here, have nothing to do in the following fifth book, 


but in the fixth. 
13. Alternate proportion ts, when four quantities being 


: proportionable, the firft to the fecond as the third to the 
fourth, it is concluded, that the firft is to the third as the 


Jecond tothe fourth; the juftnefs of which conclufion, 


as well as of all the reft that follow, will be fufi- 


ciéntly made out in the following propolitions : 


_ 14. Inverfe proportion is, when four quantities being 


provortionable, the firft to tke fecond as the third to the 
fourth, it is concluded, that the fecond is tothe firft as the 


x fourth to the third. 


15. Compofition of proportion is, when four quantities 


being preportsonable, the fir/t to the fecond as the third to 
the fourth, it is concluded, that the fum of the firft and 


fecond is to the fecond as the Jum of the third and fourth 


15 to the fourth. 


16. Divifion of proportion is, when four quantities 
being proportionable,. the firft ia the fecond as the third 
to the fourth, it is concluded, that the exce/s of the firft 
above the fecond is to the Jecond as the exce/s of the third 


 abive the fourth is to the fourth. 


17.,Converfion of proportion is, when four quantities 
being proportionable, the firft to the fecond as the third 
tothe fourth, it ts concluded, that the jift 15 tothe excels 
of the firft above the fecond as the third is to the exces of 


| bbe third xh aa fourth. 


18. 5 


t 
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18. Jf ever fo many quantities im one feries be com- 
pared with as many in another; and if from all the 
ratios in one being equal to all thofe in the other, either 
an tbe Jame or a different order, it be concluded, that the 
extremes in one feries arein the fame proportion with the~ — 
extremes in the other, this proportionality of the ex- 
tremes is faid to follow ex #qYO: or ex zxqualitate 
rationum. — 

~19. If all the ratios in one feries be equal to all 
thofe in the other, and in the fame order, this is called 
ordinate proportion, and the extremes in this cafe are 
Said to be proportionable ex equo ordinate, or barely 
ex zequo. 

20. If all the ratios in one feries be equal to all thofe 
in the other, but not in the fame order, this is called 
inordinate proportion ; and the extremes are Jaid to be 
proportionable ex zequo perturbate, — 

Thus if 4; B and Cin one feries be compared with 
D, Hand Fin another; andif Ais to Bas Dto£#, 
and Bto Cas E to F, this is called ordinate propor- . _ 
tion, and 4 is faid to be to Cas D to F ex equo ordi- 
nate, or barely ex eguo: but if 4 is to B as E to 

_Fyand B to Cas D to £, this is called ‘inordinate ~ 
proportion, and 4 is faid to betoC as Dto F ex aqua 
periurbate. 


PROPORTION Ty. 


266. Lf there be ever fo many bomogencous quantities, 
~ AAS By Cy whereof HA, EB, EC are are equimultiples 


re[pectively ; ; I fay then, that the fum EA--LEB--EC 


will be the fame multiple of ihe Jum A--B--C - 

that E.A is of A, or EB of B, &c. 

For the multiples £4, EB. and EC may be pone: + 
dered as.fo many diftin& heaps or parcels, whereof i 
EA confilts wholly of 4’s, EB of B s,and EC of C's, 
and fince the number of 4’s in EA is the fame with’. 4 
the number of ’s in EB, or of C’s in EC, ir Pei: 
that as often as 4 can be fingly taken out of EZ, or 

B one 


: / 
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~B out of ER, or C out of EC, juft fo often. may the’ 
whole fum 4-!-b--C be taken out of the whole fum 
EA+-EB--EC, therefore the fem LA-EB+EC 


is the fame Pere of the fum ATG that EA is 
of 4, or EB of B, &e. 9. E.D 


PROPOSITION 2. 


267. Tf EA and EB be equimultiples of any two quan- 
tities whatever A and B, and if FA and FB de alfo 
__equimultiples of the fame, I fay then that the fum 
EA+-FA will be the Jame multiple of A that the Sum 
EB--Fs is of B. 
For tince the number of .4’s in EA is the fame with © 
the number of B’sin EB; and fince alfo the number 
of A’sin FA is the fame with the numberof B’sin FB, 
add equals to equals, and the number of A’s in’ 


EAP A 4 will be the fame with the number of B’s in | 
EB4-FB, that is, the fum EA4-FA FA will be the 


fame multiple of A that the fum EBS i is of B, | 
me &. D, 


Pi cuceaavet a 


268. If EA and EB be equimultiples of any two quan~ 
tilies whatever A and 8, and if 3EA and 3EB be. 
any equimultiples of EA and EB; I fay then, that 
3hA and 3EB will alfo be aquimultiples gt a 
and B. 

This is evident from the laft proportion: for fince - 
EAand EB are equimultiples of Zand B; and fince - 
EA and EB ase again equimultiples of the fame, it 
follows from that | propoiition, that the fum 2£4 is | 
the fame multiple of 4 that the fum 2£ZB is of B: 
again, lince 2EA and 2EB are equimultiples of Aand . 
B; and fince EA and EB are other equimultiples of © 
the fame, the fum 3A is the fame multiple of 4 
that the fum 3£B is of B; and fo on ad infinitum. 


Pro: 
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PROPOSITION 4. 


169. Tf four quantilies A, B, C and D be proportion- — 
‘able, A to Bas C toD, and if EA and EC be any © 
equimultiples of the firft ‘and third, and FB and FD 
any other equimultiples of the fecond and fourth, I 
Say then that thefe multiples will alfo be proportionable, 4 
provided they be taken in the fame order as the pro- 
portionable quantities whereof they are multiples; that — 
18, that EA will be to FB as ECis to FD. A 


“For let 3 EA and 3 EC be any equimultiples of 
EA and EC, and let 2FB and 2FD be any other ~ 
equimultiples of FB and FD: then fince 3E4 and — 
3KC aré equimultiples of HA and EC, and fince EA 
and EC are equimultiples of 4 and C, it follows 
from the laft propofition that 3£.4.and 3EC are 
equimultiples of 4 and C; and for the fame reafon 
2FB and 2FD are alto equimultiples of B and D. 
Since then, ex ypothef, A isto Bas C isto D; and 
fince 7H A and 24C are equimultiples of 4 and Cy 
and 2/B and 2FD are alfo other equimultiples of B 
and D, it follows from the fifth definition, that 324 
cannot be greater than, equal to, or lefs than, 2FB,. 
but 3£C muft alfo be greater than, equal to, or lefs _ 
than, 2FD. Again, fince we have. four quantities _ 
EA; "FB, EC, FD, whereof 3.4 and 3EC reprefent 
any equ aimultipl es of the firft and third, and 2 FB and 
2FD any other equimultiples of the fecond and ~ 
fourth ; and fince 324 cannot be greater than, equal 


“to, or lefs than 2FB, but 3EC mutt in like manner | 


be greater than, equal to, or lefs than 2/D, it follows 4 
from the fifth see anid than thefe four quantities el 
EA, FB, EC, FD are proportionable ; 5 that £4 1 is to 

FB as EC to FD. Q,E.D. , i 


ScHOLIUM. 
iis this place is ufually referred the invokes of 
proportion (though why to this, rather than.to any 


other, I know not;) that is, that if four quantities — 
be oy 
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be proportionable, they will alfo be inverfely propor- 
tionable: as if A be toBas Cis toD, then B will be 
toAasDtoC. Forlet EAand EC be any equimul- 
| tiples of 4 and C, and let FB and FD be any other 
| equimultiples of B and D; and firft let us fuppofe . 
FB to be greater than £4, then will EZ be lefs than . 
FB: and Becaufe dis to B as Cis to D, EC will alfo 
be lefs than FD by the fifth definition ; ‘and therefore 
FD will be greater than EC: thus then we fee that 
if FB be greater than ZA, FD will alfo be greater than 
EC. And after the fame manner it may be demon- 
ftrated, that if FB be equal to, or lefs than ZA, FDin 
like manner will be equal to, or lefs than EC. Since 
then we have four quantities B, A, D, C, whereof FB 
and FD are equimultiples of the firft and third, and 
EAand EC are other equimultiples of the fecond and © 
fourth; and fince FB cannot be greaterthan, equal ~ 
to, or lefs than ZA, but FD mutt accordingly be 
‘greater than, equal to, or lefs than EC, it follows 
from the fifth definition, that thefe four quantities 
B, A, D, G, muft be proportionable ; that 6 muft be 
to Aas D to C, Q, Bi Di : 


PROPOSITION 5. 


270. If A andB be any two homogeneous quantities, 

_ whereof A is the greater, and whereof EA and EB 

are equimultiples refpeciively; I fay then that the 
difference tA —tB will be the fame multiple of 
the difference A—B that EA is of A, or EB of B. 


___If this be denied, let G be the fame multiple of 

A—B that EA is of A, ot or EB of B; then we hall 
have two quantities 4—B and B, whole fum is 
‘A, and whereof G and EB are equimultiples ref{- 
pectively; therefore, by the firft propolition, the fum. 
G--EB will be the fame multiple of the fum 4 that 
EB is of B: but £4 is alfo the fame multiple of 4 
that EBi is of B; therefore G-+-+8 is the fame mul- 
Sas dS tiple 
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- tiple of 4 that EA is of A; therefore G+-#B mutt ; 
be equal to EA; take EB from both fides, and G 


will be equal to EA—EB: but G was the fame | 


multiple of A—B that EA was of A, or EB of B; 


therefore EZ—EB will be the fame multiple of 


A—B that EA is of 4, or EB of B, 9. E, D.. 


PROPOSITION 6, 


271. If from EA and EB, equimultiples of any two . 


‘quantities A and B, He fubtratted FA and FB 


any other equimultiples of the fame; the remainders — 


-EA—FA and FB—EFB will either be equal to the 


quantities A and B refpettively, or they will a { 


equimultiples of them. 


a me ee 


In the firft place, let the remainder EA—FA 


be equal to A; I fay then that the other remainder 


EB—FB wilt alfo be equal to B. For fince FA is — 
the fame multiple of 4 that FB is of B, it follows — 
from the nature of multiples, that F444 will be — 
the fame multiple of 4 that FB+-B is of B: but A 


is equal to LA—FA; and adding FA to both fides 
we have FA--A=EA , therefore inftead of faying 


as before, that FA--4 is the fame multiple of Athat _ 


FB-+-B is of B, we may now fay that Edis the fame 
multiple of 4 that FB-}-B is of B: but EA is the 


fame multiple-of A that EB is of B; therefore ZB i is 
the fame multiple of B that FBA-B is of By; there~ 


fore EB is equal to FB--B; fubu fubrract FB from both 
- -ofides, and you will have EB—FB=B. Q,£. De. 


if 


CASE 
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CASE 2 


Let us now fuppofe the remainder EA— FA to be 
fome multiple of 4; for if 4 meafures both EA and 
eee, $0 mit ihedtlied EA—FA; and fo EA—FA 
~muft be fome multiple of A; 2 and for the fame 
 reafon, the other remainder EB—FP mutt be fome 
multiple of B: I fay then in the next place, that 
EB—FB muft be the fame multiple of B that 
 EA—F4Ais of A. If this be - denied, let G be the 
fame multiple of B that EA—FA is of A; then 
fince EA—FA and G are equimultiples of 4 and B, 
and fince #'A and FB are. alfo other equimultiples of 
the fame, it follows from the fecond propofition, that 

the fum EA—F4-+-FA will be the fame multiple of _ 
A that GFR i isof B: but E4A—FALFA = EA; 

therefore EA is the fame multiple of A that G--FB 
is of B: but £4 is the fame multiple of A that EB | 
isof B. is of B; therefore EB is the fame multiple of B that B that 
G+FB is of B; therefore EB is equal to G+-EB ; 

therefore EB—FB is equal to G: but G was the 
fame multiple of B that EA—FA is of A by the 
fuppofition ; therefore EB—FB is the fame multiple 
of that LA—Fd is of 4. Q. E.D. 


ScHOLIUM. 


_ As in the fecond definition it was provided that no 
 fimple quantity be confidered as a multiple of itfelf, 
’ fo in this propofition care is taken that no two imple 
quantities be confidered as equimultiples of them- 
{elves ; which indeed is but a confequence of that 
definition, and is the reafon why this propofition 
_ Fefolves itfelf into two cafes. yh 
' qT 2 | For 
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For a better underftanding and remembering the 
{tructure of the fix foregoing propofitions, it may be 
oblerved, that the two Jaft. propofitions are nothing 
elfe but the two firft with their fgns changed. In the 
firft propofition it was demonftrated, that the fum 
EdA--EB is the fame multiple of the fum A+B 
that EA is of .4, or EB of B: in the fifth propofition 


ir is demonftrated, that the difference EA—EB is rg 
the fame multiple of the difference 4—B that EZ is 


of 4 or EB of B. Again, in the fecond propofition 
it was demonftrated, that the fum EA--FA is the’ 
fame multiple of 4 that the fum ZB--FB is of Bs 
and in the fixth it is demonftrated that the remainder 
| EA—FA is the fame multiple of 4 that the remainder - 
EB—FB is of B. 7 ; | 


PROPOSITION 7. 


272. If two equal quantities A and B be compared with 
a third as C, I fay then, that both A and B will - 
have the fame proportion to C3 and vice verla, that 
C will have the fame proportion both to A and toB. 


For taking any equimultiples of 4 and B, fuppofe 
3A and 3B, and any other multiple of C, fuppofe 
5C, it is plain that 34 mutt be equal to 34, becaufe 
Ais equal to B: butif 34 be equal to 38, then it 
. will be impoffible for 3.4 to be greater than, equal to, 
or lefs than 5C, but 3B muft accordingly be greater, 
than, equal to, or lets than the fame 5C; therefore 
we have four quantities 4, C, B and Cy whereof 34 | 
and 3B reprelent any equimultiples of the firft and — 


third, and 5C and 5C any other equimultiples of the — a 


fecond and fourth; and fince the firft multiple 34 
cannot be greater than, equal to, or lefs than the fe- 
cond 5C, but the third multiple 38 mutt accordingly | 
be ereater than, equal to, or lefs than the fourth 5C, — 

a fallows from the fifth definition, that thefe four — 


quantities 
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quantities 4, C, B and C are proportionable, 4 to C 
asBhtoC. 9. #..D. 

Again, fince 34 is equal to 3B, it will be impof- 
- fible for 5C to be greater than, equal to, or lefs than. 
34, but the fame 5C mult alfo be greater than, equal 
to, or lefs than 38; therefore we have four quanti- 
ties C, 4, C and B, whereof 5C and 5C reprefent any 
equimultiples of the firft and third, and 34 and 3B 
any other equimultiples of the fecond and fourth; and 
fince the firft multiple 5C cannot be greater than, 
equal to, or lefs than the fecond 34, bat the third 
} multiple 5C mutt alfo be greater than, equal to, or 
lefs than the fourth 3B, it follows from the fifth defi- 
_ hition, that thefe four quantities C, 4, Cand B muft 
_ be proportionable, CtodasCtoB, 9,4.D. 


ProrposiTrion 8. 


273. Lf two unequal quantities A and B, whereof A is 

the greater, be compared with a third as C, I fay 
_ then that A will have a greater proportion to C than 
B kath to C3; but that, on the other hand, C will 

dave a greater : proportion to B that it bath to A. 


For fince by the fuppofition, 4 is greater than B, 
A—B will be the excels of 4 above B; and nd by the 
fifth propofition, if EB be any multiple of B, EA—EB 
will be the fame multiple of A—B: multiply then 
thefe two quantities B and A—B alike, till of the 
equimultiples thence arifing, the lefs fhall be greater 
than C3 then will the other be much greater; let thefe 
 equimultiples be 3B and 34—38, each being greater 
_ than G; laitly multiply C till you come to a multiple 
_ of it that fhall be the next’greater than 35, which 

multiple let be 5C; then it is “plain thac 38 cannot be 
_efs than 4C; for if it was, then 4C, and not 5C 
would be the next multiple of C greater than 3B, con- 
_ trary to the fuppofition. Since then 3B cannot be 


Tels than 4C; it follows, that if to 3B be added a 
3 greater 


\ 
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greater quantity, and to 4C a lefs, the former fum 
will be greater than the latter : but 34—38 is greater | 


than C by the conftruction ; add then 34—38B to 3B, 

and C to 4C, and you will have 34 greater than 6C: 

burt’ 3B islefsthan 5C by the conftruction ; therefore 
we have four quantities 4, C, B and C, whereof 34 
and 2B are equimultiples of the firtt and ‘third, and 


6C and sC are other equimultiples of the fecond and 
- fourth; and fince the firft multiple 34 is greater than 


the fecond 5C, and at the fame time the third mul- 


tiple 3B is not greater than the fourth 5C, but lef, ic’ 


follows from the feventh definition, that of the fou 


quantities A, C, Band €, 4 hath a greater propor- — 


tionto C than BhathtoC. 9, E. D 


Again, fince we have four quantities ‘C, B,Cand A, | 


whereof 5C and 5C are equimultiples of the firft and 
third, and 3B and 2A are other equimultiples of the 
fecond and fourth ;: and fince the firft multiple 5C is 


greater than the fecond 3B, and at the fame time the 
third multiple 5C is not greater than the fourth 34, 


but lefs, it follows from the feventh definition, that 
of the four quantities C, B, Cand 4, C hatha ae 
proportion to B than Chathto 4. Q. alk. 


PROPOSITION 9 


274. If two quantities A and B have both the fame 


proportion to a third as C, or if C hath the fame 


(| proportion to both A andB; in either of thefe cafes " ; 


and B muft be equal to each other. 


For fhould either of them be greater than the others 
fhould A be greater than B, then by the laft propo- 


fition, 4 mutt have a greater proportion to C than B 
hath to C, contrary to the firft {uppofition ;' and a 


muft have a greater proportion to B thanit hath to 4, j 


contrary to the fecond ivppofition ;. therefore A an 
B mutt be aah to each other. 2s £. D. 


PROPOs | 
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PRoposrTrion 10. 


275. If of three quantities A, B bint C, A bath a 
greater proportion to C than B hath to C, or if'C 
bath a greater proportion to B than it bath to A; in 
either of thefe cafes A muft be greater than B. 

For was 4 equal to, or lefs than B, then either 4 
muft have the fame proportion to C that B hath to C, 
as in the feventh propofition, or a lefs as in the eighth, 
both which contradict the firtt fuppofition : and again, 
was 4 equal to, or lefs than B, then either C mut 
have the fame proportion to # that it hath to B, as 
in the feyenth propofition, or a greater as in the 
eighth, both which contradict the fecond fuppofition ; 
therefore A muft be greater than B. Q, E. D. 


ProposiITIon ft. 


276. If two ratios be the fame with a third, they muft 

be the fame with one another : as if the ratio of A to 
a and the ratio of C toc be both the fame with the 
ratio of B to b, then the ratio of A to a will be the 
fame with the ratio of C toc: or thus; If Abe toa 
as B to b, and B tobasC toc; I jay chen that A. 
Will Be to a aj C 0c 


For taking any equimultiples of the antecedents, 
fappofe 3.4, 3B, 3C; and any other equimultiples of 
the confequents, {uppofe 28;) , 2Dy 203‘ let: 9ud be 
greater than 2a; then {ince by the fuppofition 4 is to 
aas 8 to b, and 34 is greater than 2a, 3B muft be 
greater than 2b by the fifth definition: again, fince 
 £B is todas Ctoc, and 38 is greater than 2d, 3C 
_ muft bé greater than 2¢; thus then we fee that if 3.4 
be greater than 24, 3G muft neceffarily be greater 
than 2¢: and in like manner it may be demonftrated 
. thatif 3/4 be equal to, or lefs than 2a, 3C will ac- | 
cordingly be equal to, or lefs than 2c. Since then we 
have four quantities 4, 2,C and ¢, whereof 34 and 
3 reprefent any pee of the frkt and Babe 
i: an 
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and 24 and 2¢ any other equimultiples of the fecond 


and fourth ; and fince 34 cannot be greater than, — 


equal to, or lels than 2a, but 3C mult accordingly 
be greater than, equal to, or Jefs than 2¢, it follows 


from the fifth definition that thefe four quantitiee aa 


4, a, Cand ¢ muft’be proportionable, 4to 2 as C to ¢. 
Q, £. D. : 


PROPOSITION 12. 


277. If ever fo many quantities A, B, C in one Series 

be proporticnable to as many a, b, c in another, that 
i, AtaoaasBtobasCtoc; I fay then, that as 
any one antecedent is to its confeyuent, fo will the 
Sum of all the antecedents be to the Jum of all the con- 
Sequents; that is, as A istoa fo will A--B-+-+-C 
be to a-+-b---c: or if we fuppofe A--B+C=S, and 
a--b-+-c=—s, I fay then that qs A is to a fo will 
S be tos. | | | 

_ For taking any equimultiples of the antecedents, 

fuppote 3.4, 3B, 3C, and any other equimultiples of 

the confequents, fuppofe 24, 24, 2c, let 3.4 be greater 

than 2a; then fince 4 is toaas Bto }, and 34 is 


greater than 24, 3B'mutt be greater than 24 by the | 


fifth definition : again, fince B is to 4 as C to ¢, and 
38 is greater than 24, 3¢ mutt be greater than 2¢; 
therefore if 3.4 be greater than 2a, not only 2B will 
be greater than 24, but alfo 3C wiil be greater than 
2c, and confequently the whole fum 3 4-4-3 B+-3¢ 
will be greater than the whole fum 2a+-2b- oc: 


but by the firft propofition, the fem 34-+-3B-+ 3G 


| is the {ame multiple of the fum AVBAC or:6 eau 


‘oi 


3A is of 4; therefore 34-+-3B-1-3C= 38; and for 


the fame reafon 24-|-2b-+-2¢==25; therefore we may 


now fay that if 3A be greater than 2a, 38 will be 


> 


greater than 25; and after the fame manner mightic 
be demonitrated, that if 3.4 be equal to, or lef than 


24a 
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ga, 35 will be equal to, or lefs than 25. Since 
then we have four quantities A, a, S and s, whereof 
3A and 35 reprefent any equimultiples of the firft and 
third, and 24 and ‘2s any others of the fecond and 
- fourth; and fince 34 cannot be greater than, equal 
to, or lefs than 24 but 38 mutt in like manner be 
_ greater than, equal to, or lefs than 2s, it follows from 
the fifch definition that thefe four quantities 4, a, 


~§ and s muft be proportionable, 4 toaas Stos. 
Q E. D. : 


PROPOSITION 13. 


278. If A bath the fame proportion to a that B bath 
to b, but B bath a greater proportion to b than C 
hath toc; I fay then that A bath a greater proportion 
toathan C toc. | 


For fince by the fuppofition Bis to 4 in a greater 
proportion than Cto c, it follows from the feventh 
definition that there are equimultiples of B and C, 
and others again of dandc, of fuch a nature that B’s 
multiple fhall exceed that of 4, and at the fame time 
C’s multiple fhall not exceed that ofc: let then 3B 
exceed 20, and let 3C not exceed 2c; then fince 4 is 
toaas Btod, and 3B exceeds 2b, 3d mutt necef- 
farily exceed 2a by the fifth definition; therefore we 
have four quantities 4, 2, Cand c, whereof 3 Zand 3C 
are equimultiples of the firft and third, and 2¢ and 
 2¢ are other equimultiples of the fecond and fourth; 
and fince 34 exceeds 2@ when 3C does not exceed 2¢, 
_ jt follows from the feventh definition that of thefe 
four quantities 4, a, Cand c¢, 4 hath a greater pros 
portiontoathanChathtoc. Q, £. D. 


| PRoOposiTiIoN 14. 
279. If four homogeneous quantities be proportionable, 
the furft to the fecond as the third to the fourth; I 
Say then that the fecond will be greater than, equal to, 
gr lefs than the fourth, according as the firft is greater 
Rx - ei “ak than 
: . 1WUly 
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than, equal to, or le/s than the third: as if A be to i 
Bas CistoDs I fay then that B will be greater than, 
equal to, or lefs ‘Ban D, according as Ai is das iio Ey 
equal to, or lefs thanC. - ae 


CoA S ee, 


Let A be greater than C: I fay then that B will bar “ 
greater than D. For fince A is greater than C, A 
will have a greater proportion to B than C hathtoB 
by the eighth propofition: again, fince CistoD as 
A to 8, and Ahath a creater proportion to BthanC | 
hath to B, it follows from the latt propofition thatC 
is to D in a greater proportion than C to B; there 
fore ay the tenth propofition B is greater than D. 


PE. D 
PO We ait ag. 


Let now 4 be lelsthan C: I fay then that B will 
be leis than D. For if A be lefs than G; thenC will . 
be greater than 4: fince then Cis to D as A ts to B 
ex bypothe/i, and C is greater than 4, it follows from 
the laft calé that D will be greater than B; and there~ fn 
fore B will be lefs than D. 9. £. D. = 


Ss wifi 3. 


Laftly, let 4 be equal to C: ¥ fay then that Bewill | 
be equal to D. For fince Zis equal to C, 4 willbe 
— £0'B as C is to B by the feventh propofition ; but Cis 
to Das Ato B by the fuppofition; therefore C isto D 
as Cis to B by the eleventh propottion : thereh ‘ore: 2 ae 
and D are equal by the ninth. 9. FE. D 


 Propasitiros Ie. 


Bio. Parts are in the fame proportion with their ref= 
pettive equimultiples. Let A and a be any two homo=— 
geneous quantities, whereof 3A and 3a reprefent any - 
equimultiples refpettively , I fay then, that A will be to | 


aan 3X to 3a, - or) 
Lb i For 
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‘For take B and C both equal to 4, and alfo 2 and ¢ 
both equal toa; then by the feventh propofition we 
fhallhave 4 to a as Bto das Ctoc; therefore by the - 
twelfth propofition we fhall have Ato aas AL BVC 
to a+b-+c: but in this cafe A BC=34, and 
a-+-b-t-c=n3@; therefore 4 is to a.as 34 is to 3a, 


ag 


ve 


PROPOSITION 16, 


281. If four homogeneous quantities be proportionable, 
the firft to the fecond as the third to the fourth ; I fay 
then that they will alfo be alternately proportionable, 
that is, the pirft to the third as the fecond to the fourth : 
asif Abe toBasCioD; I fay then that A will be 
toC as BtoD. | , 


For, taking any equimultiples of Zand B, fuppofe 
3A and 38, and any others of C and D, fuppofe 2C 
and 2D; fince 34 is to 3B as 4 to B by the laf, andd © 
is to Bas C to D by the fuppofition, and Cis to D as 
2C to 2D by the laft; it follows from the 11th pro- 
pofition that 34 is to 3B as 2C to 2D; therefore by 
the 14th propofition, 34 cannot be greater than, equal 
to, or lefs than 2C, but at the fame time 2B mutft be 

reater than, equal to, or lefs than 2D. Since then we 
A. four quantities 4, C, Band D, whereof 3.4 and 
3B reprefent any equimultiples of the firft and third 
and 2€ and 2D any other equimultiples of the fecond 
and fourth; and fince 34 cannot be greater than, 
equal to, or lefs than 2C, but 3B muft accordingly 
be greater than, equal to, or lefs than 2D, it follaws 
from the fifth definition that thefe four quantities 
A, C, Band D, mutt be proportionable, 4 to C ag 
“Bod. QED. : 
' Note, Alternate proportion can have no place, ex- 
cept where all the quantities 4, B, C and D, are of the 
fame kind: for if 4 and B were of one kind, and G 
and D of another, how wowld it be poffible for the 

ey : quantities — 


300 The fifth Book of Evcirp’s Elements. Book vit, a 
quantities 4 and C, or Band D, to have any propor- — 


tion one to another, much lefs the fame } Po 


Fido dliah ee rie 


282. If four quantities A, B, C and D, whereof A. is) 


greaver than B, and C greater than D, be proportion~ ‘ 
able, A toBas CtoD; T fay then that A—B will — 


be to Bas C—D is to D, which t is called proper tiga by 


avifion. 


For let 34, 3B, 3C and 3D, be any equimultiples | 


of the e quantities 4, B, C and D; then will 34—38 
and 3C—3D be like multiples of A—B and C—D. 


Again, let 2B and 2D be any other equimultiples of 
B and. D, and let 34—3B be greater than2B; then 


if 3B be added to both fides, we fhall have 34m 


greater than 55; and becaule 4 is to Bas Cis to D, 


we fhall Haves by the fifth deinition, 3C greater than 
6D; take 3D from both fides, and you will ha will have 


30—3D greater than 2D; therefore if 3A4—3B be a | 


greater than 25, 30 3D mutt be greater than 2D: 


and. by a like procefs it may be demonftrated, that that ie 


if 34—3B be equal to, or lefs than 28, 3C—3D 


will be equal to, or lefs than 2D, Sioce then we Mh 


have four Tr quantities, A By Bite Diond D; 


whereof 34—3B and 30—3D reprefent any etek 3 
multiples of the firft and third, and 28 and 2D any © 


other equimultiples of the cabiaines and fourth; and~ 


fince 34—-3 cannot be greater than, equal to, or — 


jefs than 2B, but at the falco 30—3D mvft ace 
cordingly be greater than, equal to, or lefs than 
aD at fotowe: from the fifth definition. that thefe © 


tour quantities Hea, B, GsuD and D. mutt be 


proportionable, A—B to B as CD to Dv QE, Dy 


Pro- 
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Proposition 18. 


283. If four quantities A,B,C and D be propor- 
tionable, AtoBasCtoD; I fay then that A+B 


will be to Bas C-D to D, which is called proportion 
ty compofition. 


_If this be denied, that A+-B is to B as CLD is 
to D, it muft then he alowed that 4-+-B is to B as 
C-l-D is to fome quantity either greater or lefs than 
D; fuppofe to a greater, and call it £; then fince 
E is by the fuppofition greater than D, if CE be 
added to both fides, we fhall have C greater than 
C+D—E. This-being obferved, let us fie again, 
and fuppofe 4-+B to B as C+-D to E; then we ‘fhall 
have have dividendo (that is, by the lat _propofition) 
ABB A-B—B to Bas C-+-D—E to £; but A+-B—B j is 
equal te 4; therefore 4 is to B as C-+-D—Eisto E; 
but 4 is to B as Cis to D by the fuppofition ; there- 


fore C isto DasC-++-D—E is to E; but of thefe four 


proportionals C, D, C+-D—E and E, it has been 
proved that the firft is greater than the third, that C 


is greater than C--D—E therefore, by the four- 
teenth, the fecond muft be greater than the fourth, 
that is, D muft be greaterthan & ; therefore E mutt 
be lefs than D; therefore if AS-B be to BasC+-D 
is to any quantity greater than D, that quantity muft 
alfo be lefs than D, which is impoftible ; therefore it 
is impoflible for A+ B tobeto Bas C-+-D is to any 
quantity greater than D: and by a like procefs it 
may be demonftrated, that it is as impoffible for 
A-+-B to beto B as C-+-D is to any quantity lefs than 
D; therefore 4-+B mutt be to B as C4-D is to D. 
Ql B.D. . 


Propa- 
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PROPOSITION 19. 


284. If from two quantities A and Bin aity proportion : 
be fubtratied other two C and D in the fame pro- 
portion; I fay then that the remainders A—C and — 
 B—D will fiill be in the fame proportion, that is, — 
that A—C will be to B—D as A to Boras C 
toD. 


For fince by the fuppofition Ais to BasC isto D, — 
we fhall have hig Mee (that is, by the fixteenth 
propofition,) 4 to C as B to D; and dividends, — 
A—C to C as B—D to D; and again permutando, 
A—G toB—DasCistoD; but 4 is to BasC is ta 
D; therefore A—C is to B—Das Ato B. 2. E. D. 


ScHOLIU™M. 


Here Doctor Gregory in his manufcript copy finds — 
a corollary demonftrating that illation called conver- 
fion of proportion; but becaufe it is difficult to — 
make fenfe of that demonftration, I chufe rather to 
infert his own demonftration of the fame propofition, , 
which is as follows: ‘sf 
If four quantities A, B, C and D, be  proportionable, ) 
AtoBas Cte D; I fay then that A is to A—B as 
C is to C—D, which is called converfion of proportion. 
For fince by the fuppofition 4 is to B as C is to Dy 
we fhall have dividendo, A—B to Bas C—D to D; 
and invertendo, B to A—B as D to C—D, and com- 
ponendo, B-\-A—B to A—B as D-+-C—D to C—D, 
that is, 4 to 4—BasCrwC—D. QED. ? 
As to the foregoing nineteenth propofition I fhall 
further obferve, that as in that propofition, by divi- 
fion of proportion it was demonftrated, shat if from 
two quantities “and B in any proportion be fub- 
trated two others Cand D in the fame proportion, 
the remainders A—C and B—D will ftill be in the 
fame proportion with 4 and B; fo by compofition 
of proportion it may be demonftrated, that if to. 
two quantices A and B in any Propane be added 
two 
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‘two others C and D in the fame proportion, the ag- 
| gregates A--C and B--D will {till be in the fame 
proportion with 4 and £; but this has already been 
_demonftrated, being a particular cafe of the twelfth 


propofition. | 


PROPOSITION 20. 


285. If there be three quantities A, B and C in one 


Jeries, and three others D, E and E in another, and 
if the proportions in one feries be the fame with the 
proportions in the other when taken in the fame order, 
asif A betoB as Dis taE, and BtoC as KioF; 
I fay then that A cannet be. greater than, equal ta, 
or lefs. than C in one feries, but accordingly D muft 


_ be greater than, equal to, or lefs than F in the other. 


For let 4 be greater than C;. then it is. plain from 


the eighth propofition that A muft have a greater 
proportion to B than Chathto B; but Ais to Bas 
Dto£ by the fuppofition, and Cis.to Bas F to EB, ~ 
_becaufe by the fuppofition Bis to Cas. & to F; there- 
fore D hatha greater proportion to Z.than F hath to 
_£, therefore 5 
 pofition ; therefore if 4 be greater than C, D mutt. 
_be greater than F: and after the fame manner it may 


is greater than # by the tenth: pro- 


be demonttrated, that if 4-be equal. to, or lefs. than 


C, D mutt accordingly be equal to, or lefs than F; 
as therefore. 4 cannot be greater than, equal to,, or lefs 


than C, but accordingly D muft be: greater: than, 


equal to, or lefs than F.. Q, E. D. 


PROPOSITION 21. 


286. If there be three quantities A, B and C in one 


Series, and three others. D, E and FE in, another, and. 


if the proportions in. one feries be the fame with the: 
_ - preportions in the other, but in.a different order, as. 


fA be to Bas EistoF, and BtoC as Dis toE;. 


; 


LT fay fill that A cannot be greater than, equal to, or 


Tefs than. C, but accordingly D muft be greater than, 


es _ equal to, or lefs than F, 


9 : For 


304 The fifth Book of Euciip’s Elements. Boox VII. _ 
For let A be greater than C; then by the éighth — 
propofition 4 muft have a greater proportion to B 
than C hath to B: but Aisto Bas ListoF bythe | 
fuppofition, and Cis to B as Eto D, becaute by the _ 
fuppofition B is to C as D to £; therefore E hath a 
greater proportion to F than it hath toD; therefore — 
D muft be greater than F’ by the tenth propofition ; 
therefore if / be greater than C, D mutt be greater’ — 
than F: and bya like way of reafoning, if 7 be equal _ 
to, er lefs than C, D will accordingly be equal to, or 
lefs than F; therefore Acannot be greater than, equal 
to, or lefs than C, but accordingly D muft be greater 
than, equal to, or lefs than F, 9, #. D. | 


PROPOSITION 22. 


2847. If there be three quantities A, B and C in one — 

feries, and three others. D, E and F in another, and 
if the proportions in one feries be the fame with the 
proportions in the other when taken in the fame order; 
I fay then that the extremes in one feries will bein the 
fame proportion with the extremes in the other: asif 
A be to Bas Dis to EK, and BtoC asEK toF; [fay 
then that A will be toC as D fo F, 


Note, For avoiding a multiplicity of words, this 
confequence is faid to follow ex equo ordinate, or ex 
equo: fee the eighteenth and nineteenth definitions. 

Take any equimultiples of 4 and D, fuppofe 44° _ 
and 4D, and any others of B and E, fuppofe 3 Band + 
3E, and laftly any others of C and F, as 2Cand 2F; 
then fince by the fuppofition 4 isto Bas Disto#, ~ 
it follows from the fourth propofition that 44 will be 
to 3B as 4D to 3E: again, fince by the fuppofition © 
B isto Cas Eto F, it tollows from the fame fourth 
propofition tliat 3B will be to 2C as 3E to 2F: fo — 
that we have three’quantities, to wit 44, 3B, 2C in 
one feries, and three others, to wit 4D, 3E and 2F 
in another; and it has been fhewn that the propor- 
tions in one feries are the fame with the proportions 

| in 
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in the other when taken in the fame order, that is, 
4A is to 3B as 4D to 3£, and 38 to 2C as 3E to 2B; 
- therefore, by the twentieth propofition, 44 cannot be 
greater than, equal to, or lefs than 2C, but 4D mutt 
accordingly be greater than, equal to, or lefs than 
‘oF. Since then we have four quantities 4, C, D and 
F, whereof 44 and 4D reprefent any equimultiples 
“of the firtt and third, and 2C and 2/ any other equi- 
multiples of the fecond and fourth ; ; and fince 44 
cannot be greater than, equal to, or lefs than 2C 
but accordingly 4D muit be greater than, equal to, 
or Jefs than 2F, it follows from the fifth definition, 
that thefe four quantities 7, C, D and Fare propor- 
tionable, Zto Cas Dtol. Q: £. D. ‘ 


GC'OR OLE A RY. 


In like manner, if there be ever fo many quantities 
A, B, C, G, &c. in one fies and as many others 
D, E, F, H, &e. it another, and if A be to B as D is 
ee and B to Cas E. to F, and C to G as F to R, 
> &c. the confequence with refpect to the extremes will fill 
be the fame, that is, A will be toGas D to H: for ic | 
has been proved already that Zis to Cas D to F; and 
by the fuppofition C is to G as F' to H; ‘therefore, ex 

equo, A will be to Gas D to Hi. | 


PROPOSITION 23. 


288. If there be three quantities A, B and C in one 
~ feries, and three others D, E and F in another, and 
_ if the proportions in one feries be the fame with the 
proportions in the other, but in a different order ; I fay 
that the extremes in one feries will fiill be tn the fame 
proportion with the extremes in the other: as if A be 
© toBas Eis to F, and BtoCasDtoE; I fay fill 
that A will be ta C as Dio F, 
_ ‘Note. This confequence is faid to be ex @quo per 
os turbate, 
Take any equimultiples of 4, B and D, fuppole 
A 3B and 3D, and any others of C, # and F, lup- 
U puie 


i 
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pote 2C, 2H and 2F, and the reafoning is as follows: 
3A is to 3B as. Ato B by the fifteenth, and Z is to By 
as E to F by the fuppofition, and £Z is tof as 2E.to 
- 2F bythe fifteenth ; therefore 34 is to 3B as 22 1 isto | 
2F by the eleventh : again, Bisto Cas Dto # oe 
the fuppofition ; therefore 3B will be to 2C as 3D to 
2E by the fourth: fince then we have three quanti- — 
tics, to wit, 34, 3B and 2C in one feries, and three ~ 
-others, to wit, 3D, 2E and 2F in another, and fince ” 
the proportions are the fame in both feriefes, but ina — 
different order, that is, fince 34 is to 3B as 2H to 
2F,and 28 is to 2C as 3D to 2#, it follows. from the 
twenty-firft propofition;, that 3.4 cannot be greater — 
than, equal to, or lefs than 2C, but 3D muft accord- 
ingly be greater than, equal to, or lefs’ than oF: 
again, fince we have four quantities 4, C, D and F, 
whereof 3.4 and 3D reprefent any equimultiples of — 
the firft and third, and 2C and 2fany others of the 
fecond and fourth, and fince 34 cannot Be ea 5 
than, equal to, or lefs than 2G, but 3D muft accord- — 
‘ingly be greater than, equal to, or lefs than 2F, ice 
follows from the fitth definition that thefe four quan- - 
tities 4, C, D and F are proportionable, A to C as Re 
tof, QED. ear 


PROPOSITION 24. 


289. If there. be fix quantities A, B, C, D, E, F, 
whereof A isto Bas C is to D, ‘and Eis Lo Bas 
to D; I fay then teat A4+-E will be to B as ore 
to D. 

For fiace by the fippateed Fis to oe as PF to D,} 
we fhall have, isvertendo, Bto Eas D toF. » Since 
then 4 is to B asC isto D by the fuppofition,- and B- 
is to Eas Deo F, it follows ex «quo, that Zis to E 
as.C to F; whence, componendo, A4-E will beto £ as © 

-C-\-F is to F: again, fince 44-# isto # as C4+F is 
to F, and E is to Bas F to D by the fuppofition, »it 
‘follows again ex <guo, that hes is to B as C-+F to. 
D. 2. eR Xie ‘ 

i , * | Lema. 
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eB iis 
"Te = MM vo 


ibbo. If four quantities A, B, Cand D is proportion- 


able, A to Bas C to a I fay then that A cannot 
ap ibly be greater than, equal to, or lefs than B, but 
that C. will. gan singty be greater ‘bin, equal to, or 

3 a lefs than Ds. 
~~ That this Jemma. is felf- evident according to the: 
aa notion of proportionality, or even-upon the 
pe of the fifth definition, were fimple quantities al- 
wed to be confidered as equimultiples of themfelves, . 


Is what I fuppofe will fearcely be denied: but this the 


name of multiple and equimultiple will by no means 
admit of, and therefore care has been taken to provide 


againft it, as may be feen in my obfervations on the 


fecond definition, and at the end of the fixth propofi- 
tion: therefore, as the doctrine of proportion here 


ftands, thislemma ought certainly to be demontftrated ; 


and the:author’s taking it for granted inthe demonftra. 


tion of the next Bropofition following, where he might 
with fo much eafe'have avoided it, is not fo much an 
argument of its felf-evidency, as that he had demen- 


Praised it fornewhere before in this Sfth book, but chat 


it is now loft. Commandine, from the ee of 
this book, has demonttrated one particular cafe of 
this propofition, that is, where the quantities Aj.B, 


Gand D are all of a ints but this propofition is no 


i 
i aa 
bid ohn 

« : . 


left true when the quantities A and Bare of one kind, 


and Cand Dof another. This Clavius very wellob- 


ferves, and endeavours to demonttrate this propoli- 


- fion in this: more extended fenfe’ (fee his fcholiam to 
the fourteenth propofition of the fifth book; >) but 


whether this demonftration of his amounts to any 


more than proving sdem per idem, Jet them that read 
x judge. The demonftration I fhall here-give of it 


63 ‘follow’ : 
ew: T am to derhonftrate that if Abe to RasC ig to D; 
then 4 cannot poffibl y be Breaiet than, eaten to, 
i * Or 


\ 
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or lefs than B, but accordingly C mutt be greater than, 
equal to, or lefs than D. ' | 


CoA S 2 tg 


Let Abe greater than B; I fay then that C aut 
be greater than D. For fince A is greater than B, 
multiply the excefs d—B toa multiple greater than, than B, | 


and let this multiple be 34—34; then fince 3A—3B 
is greater than B, if 3B be added to both fides, we 
fhall have 34 greater than 4B: again, fince A is to 
B as C is to D, and 3/is greater than 4B, we fhall 
have, by the fifth definition, 3C greater than 4D; 

therefore 3C mult be much greater than 3D, and @ 
muft be Steater ‘than D. QE. D. ie 


Con S be-gs a 


Let now A be lefs than B;. I fay then that | mal 
be lefsthan D. For et isto Bas Cis to D, we ~ 
fhall have, invertendo, Bto Aas D%to C; but B is 
greater than 4, becaufe by the fuppofition A is lefs 
than B; therefore D muft be greater than C by the — 
laft cafe; therefore C mutt be lefs than D, - m | 


oun ue 


Laftly, let A be equal to B; I fay than that C tiie 
be equal to D. For fince C isto D as Ais to B, 
fhould C be greater or lefs than D, 4 would actdtd 
ingly be greater or lefs than B by the two laft cafes ; 
but / is neither sreater nor lefs than B by the fuppo- 
fition ; therefore Lis Heche creater nor lefs than D ; | 
therefore Gi 18 bape to D. g, £.D. 


PROPOSITION 256 


291. If four quantities A. B, C.andD be proportion- 
able, Ato BasCtoD; I fay then that the fum of 

the greateft and leaft terms put together will be “Sreahey . 

_ than the Jum of the other two. Pe : 
t ’ et 
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Let A be the greateft of all; then, fince 4 is to B 
asCis to D, and B is lefs than 4, D will be lefs than 
C by the lemma: again, fince Zis to B as C is toD, 
and C is lefs than 4, D will be lefs than B by the 
fourteenth; therefore if 4 be the greateft of all, D, 
which is lefs than either 4, B or C, will be the leaft 
of all, and fo the fum of the greateft and leaft terms 
added together will be 4-D; therefore the fum of 
the other two will be B--C. We are now then to 
‘prove that the fum A-+D is greater than the fum 
_ B--C, which is thus done: It has been demonftrated 
in the nineteenth propofition, that if from two quan- 
tities 4 and B in any proportion whatever, be fub- 
tracted other two Cand D in the fame proportion, 
the remainder 7—C will be to the remainder B—Das 
Ato 8B; but 4 is greater than Bby the fuppofition ; 
therefore A—C muft be greater than B—D by. the 
lernma; add C--D to both fides, and you will have 
_A--D greater than B+-C. Q, EF. D. 


OC O°e G@ LE A’ RY: 


Ff three. quantities A, B and C be in continual pro- 
portion, A toB as Bio C3; I fay then that the fum of 
the extremes will be greater than twice the middle term, 
that A-+-C will be greater than B+-B or 2B. 


Of the Composttion and RrsotuTion of — 
Oty RATIOS. 


_. N. B. As numbers are quantities whereof we have 

- more diftinét ideas than of any other quantities what- 
‘ever, and as all ratios muft be reduced to thofe of. 
numbers before we can make any confiderable ufe of 
‘their compofition and refolution in computing the 
quantities of time, fpace, velocity, motion, force, 
 &c. I thall confine myfelf chiefly to this fort of 
ratios in what I have to deliver in the following ar- 


4 ticles. 
‘ERD3 Deri- 


DEFINITION ‘Te shen 


292. In comparing ratios, that ratio is faid to a 
greater than, equal to, or lefs than another, whofe 


gaye at ais Of the Compofition and Boox ue x 


antecedent bath a greater, or an equal, or a lefs pro- : 


portion to its confequent than the other's antecedent hath 
to its confequent. Thus the ratio of 6 to 2 is {aid to 
be greater, and the ratio of 4 to 3 lefs than the ratio 
of 5 to 3; thus again the ratio of 6 to 3 is faid to 
te greater, and the ratio of 6to 5 lefs than the ratio of 
6 to 4, ec. Therefore whenever two ratios are to 
be compared whofe antecedents and confequents are both 


different, it will be proper to reduce them to the 


faine antecedent or to the fame confequent before the 
comparifon is made. As for inftance ; fuppofe any 
one would know which of thefe two ratios 1§ the 
greater, to wit, the ratio of 7 to 5, or the ratio of 4. 
to 3: to know this, it will be proper to fet off one 
‘of the’ ratios: fuppofe that of 4 to 3, from. 7. the 
antecedent of the other (by' which phrafe-1 mean 
-no more than finding a number to which 7 hath the 


fame Proportion that 4 hath to 3 ;) and this may be’ | 


) 21 
done by faying, as. 4 is to 3, fois 7 to rs or 53 thus 


then it tee that the proportion of 4 to 3 18 the 
fame with the proportion of 7 to 543; fo that now 
the gueftion turns upon this, heck of thefe two 
“ratios is the greater, that of 7 to 55.08 that-of 7 to 
54? and the anfwer. is ready, to wit, that the ratio 
of : to 5 is the greater ratio, by the eighth propo- 
fition of the fifth book of the elements ; therefore 
the ratio of 7 to 5 is greater than the ratio of 4 to 3. 
Again, fuppofe I would compare the ratio of 3. to 4 
with the ratio of 5 to.7; then I would fet off the. 
ratio of 3 to 4 from s, by faying, as 3 is to 4, fo is 
20 
Sel hi 
-rauo of 2 to 4is thefame with the ratio of 5 to rh ; 
aie the proportion of 5 to ie is greater than the 


abe oii 


I ; 
5 to—, of fie whereby it appears that the 4 
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proportion of § to 7, as is evident from the eighth 
propofition of the fifth book of the elements, and 
‘alfo from the very nature of ratios, the number 5 
_ having more magnitude when compared with 7—+ 
than it hath when compared with7; therefore the 
ratio of 2 to 4 is greater than the ratio of 5 to7. ~ 

There is alfo another way of comparing ratios, by 
‘turning their terms into fractions, making the ante- 
‘cedents numerators, and the confequents denomina- 
‘tors. Thus the ratio of 4 to B is greater than, 
equal to, or lefs than the ratio of C to D, according 


as the fraction B 38 greater than, equal to, or-lefs 


Tei : Ge : A i 
than, the fraction D: for the ratio of R to 1 is 


ereater than, equal to, or lefs than, the ratio of 


C eee vs ois 
plot according as the fraction R38 greater than, 


equal to, or lefs than, the fraction =; this is evident 


from what has been laid down already: but the ratio 


x 


of zB 10 1 is the fame with the ratio of 4 to B, and 
the ratio of 5 to-z is the fame with the ratio of C 
to D; therefore the ratio of 4 to Bis greater than, 

equal to, or lefs than, the ratio of C to D according 


ee ay : 
as the fraGtion B is greater than, equal to, or lefs 


_ than, the fraction = _ But this way of reprefenting 
_ratios by fractions, though it may ferve well enough 
vel comparing them as to greater and lefs, yet it 

ought not by any means to be admitted in general. be- 

caufe thefe reprefentatives are not in the fame propor- 

- tion with the ratios reprefenred by them: thus the 

~ fraction + is double of the fraction 3, but yet it muft 

Pe. U4 | by 
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by no means be concluded from thence that the ratio. 
of 6 to 2 is double of the ratio of 3 to 2; for it will ~ 


be found hereafter that the ratio of g to 4 is double 
of the ratio of 3 to 2. For my own part, J never 
was a favourer of reprefenting ratios by fractions, or 
even fraction-wife, as is done by Barrow and others ; 
hot only for the reafons above given, but alfo becaufe 
that this way of reprefenting ratios is very apt to 


miflead beginners into wrong conceptions of their — 


‘compolition and refolution. 


Dek Fr NOT DL ON ee 


293..In a feries of quantities of any kind what- 


foever increafing or decreafi ing from the firft to the laft, 


the ratio of the extremes is faid to be compcunded of all 


the intermediate ratios. Thus if A, B, C, cot te i 
fent any number of quantities put 

down (orimaginedtobe purdown) 4, B, G, D, 
ina feries, the ratio of Zto Dis 48, 40, 30,155 
faid to be compounded of, or to be 

relolvaole into thefe ratios, to wit, the ratio of 4 to 
5, the ratio of B to C, and the ratio of C to D: or 


thus; If A and D be any two quantities, and if — 


B, "el &e. reprefent any number of other intermediate 
quantities interpofed at pleafure between Aand D, the 
ratio of Ato D is ite by this interpofition to be refolved 
into the ratios of A to B, of BtoC, and of C toD. 
This is no propofition to be proved, but a defi- 
nition laid down of what Mathematicians commonly 
mean by the compofition and refolution of ratios, 
which is certainly ‘no more than what they mean by 
compofition and refolution in the cafe of any other 
continuum whatever. As for inftance; fuppofe the 
letters 4, B, C, D, inflead of reprefenting quantities, 
to reprefent fo many dittinét points iene: in a right 


Jise one after another, whether at equal or unequal . 


diftances it matters not: who then would fcruple to 
fay that the whole interval AD confifted of the inter- 
vals 4B, BC, CD, as of its parts? Or, if the points 


A and 


\ 
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' and D be the extremities of a line, and any num- 
ber of points B, C, &c. be marked at pleafure upon 
it; who will not fay that the line 4D is by thefe 
_ points refolved or diftinguifhed into the parts 4B,.BC, 
CD, &c.? This is the cafe in the compofition and 
refolution of lines ; and I {ee no difference when ap- 
plied to the compofition and refolution of ratios, ex- 
eept that here the whole and all its parts are lines, 
and there the whole and allits parts are ratios. 

If A, B,C, D, &e. fignify quantities, the ratio 
of 4 to B begins at 4 and terminates in B; the 
ratio of B to C begins at 6 where the former left off, 
and terminates in C; and the ratio of C to D begins 
at C and terminates in D: why then fhould not thefe 
continued ratios be conceived as parts conftituting 
the whole ratio of 4 to D? That ratios are capable 
of being compared as to greater and lefs, and.that 
one ratio may be greater than, equal to, or lefs than 
another, we have feen already ; and if fo, why fhould 
not ratios be allowed to have quantity as well as all 
other things that are capable of being fo compared ? 
but if ratios have quantity, they muft have parts, 
_ and thefe parts muft be of the fame nature with the 
whole, becaufe ratios are not capable of being com- 
_ pared with any thing but ratios: therefore I do not 

fee but that the idea I have here given of the compo- 
_ fition and refolution of ratios is as juft and as intelligi- 
ble as it is when applied to any other compofition < or 
refolution whatfoever. 

To proceed then: let 4, B, C, D be points in a 
right line as before; let the line AB be equal to any 
line Rr, let BC be equal to fome other line Ss, and CD 
to the line 7¢; then it will not only be proper to fay 
that the line AD is equal to the three lines 4B, BC, 
CD, dut alfo that the fame line 4D is equai to the 
three lines Rr, Ss and T¢ put together: and the fame 
-confideration is {till applicable to ratios; for fuppofing | 
Bee i. C,: 1), again to fignify quantities, as alio 
R, ays « apeti ; let 4 be to B as Rtor, let B be 
| to 


ery Ofothe Cimpofitiin and Book VIL, 
to Cas S tos, and let Cbe to Das T to ¢; then it is 


ufual amongft Mathematicians not only to confider — 


the ratio of 4 to D as compounded of the leffer ratios 
of Ato B, of BtoC, and of C to D, but alfo as com- 


‘pounded of the ratios of Rk tov, of Stos, and of F : 


to ¢. All this will be very intelligible, if we attend 
to the feries already defcribed; for there the ratio of 
48 to 15 was compounded of the ratio of 48 to 40, 
of 40.to 30, and of 30 to 153; but 48 is to 40 as 
6to 5, and 40 is to 30 as 4 to 3, and 30 Isto 15 as 
-2 to 13 therefore it is as proper to confider the ratio 
of 48 to 15 as compounded of the ratios of 6 to 5, 
‘of 4 to 3, and of 2 to 1, as it is to confider it as 
compounded of the ratios:of 48 to 40, of 40 to 30, 
and of 30 to 15, 5 


Dik oFikudie® & OyeNegg, 


294. 45 whena line is divided into any number of equal 
parts, the whole line is faid to be fuch a multiple of any 
one of thefe parts as is expreffed by the number of parts 
into which the.whole is fuppofed to be divided, fo in a@ 
‘feries of continual proportionals, where the intermediate 
“yatios are all equal to one another, and confequently to 
fome common ratio that indifferently reprefents them all, 
the ratio of the extremes is faid to be fuch a multiple of 


this common ratio as is expreffed by the number of ratios 


from one extreme to the other. Thus 9, 6 and 4 are 
“continual proportionals whofe common ratio is that 
of 310 2; for g is to 6 as 3 to 2, and 6 is to 4 as 
3 to.2; therefore, in this cafe, the ratio of 9 to 4 Is 
{aid to be the double of the ratio of 3 to 2; and on 
‘the other hand, the ratio of 3 to 2 is faid to be the 
half of the ratio of 9 to 4; but the common expref- 
fion is, that 9 is to 4 in a duplicate ratio of 3 to 2, 


and 31s to 2 in a fubduplicate ratio of gto 4. Again, 


27, 18,12 and 8 are in continual proportion, whofe 


common ratio is that of 3 to 23 therefore 27 is to 8. 


in a triplicate ratio of 3 to 2, amd 3 is to 2 ina fab- 
triplicate ratio of 27 to 8. Laltly, 81, 54, 36, ' 


24. 
and 
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and 16 are continual proportionals, whofe common 
ratio is that of 2 to 2; therefore 81 is to 16 in a qua- 
‘druplicate ratio of .3 to 2, and 3 is to 2 in a fubqua- 
druplicate ratio of 81 to 16. «By thefe initances we 
fee that one ratio a not only be greater or lefs than 
another, but a multiple, or an aliquot part of ano- 
ther ; nay there is no proportion can be affigned which 
fome one ratio may not have to another : thus the 
ratio of 81 to 16 is found to be to the ratio of 27 to 
8, as 4 to 3, becaufe the former ratio contains the 
ratio of 3 to 2 four times, and the latter three times; 
thus again, the ratio of 27 to 8 is to the ratio of g to 
4, a8 3 to 2, becaufe the former contains the ratio of 
3 to 2 three times, and the latter twice; whereby it 
‘appears that proportion is competible even to ratios 
themfelves, as well as to all other continued quanti- 
ties whatever. But though all ratios are in fome cer- 
tain proportion one to another, yet this proportion | 
‘cannot always be expreffed,; I mean, when the quan- 
‘tities of ratios are incommenfurable to one another ; 
for ratios may be incommenfurable as well as any 
other continued quantities of what kind foever : thus 
‘the ratio of 4 to 3 is incommenturable to the ratio of 
to 2; which is the cafe of moft ratios, though not 
ofall. If all ratios were commenfurable to orie ano- 
ther, their logarithms would be fo too; and fo the 
_Jogarithms of ail the natural numbers might be accu- 
rately affigned; whereas from other principles we 
-know to the contrary, as will be feen when we come 
to treat particularly of logarithms. 

IN. B. The bef way of reprefenting the quantities 
of ratios, that I know of, is by Gunter’s line, where as 
many of the natural numbers as can be placed upon 
“it are difpofed, not at equal diftances one from ano- 
ther, but at diftances proportionable to the ratios 
they are in one to another. Thus the diftance be- 
tween 1 and 2 is equal to the diftance between 2 and 
_ 4, becaufe the ratio of 1 to 2 is equal to the ratio of 

iol | 2 [0 
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- earn Se 


2to4: thus again, the diftance between 4 andg is 
double the diftance between 2 and 3, becaufe the ras 


tio of 4 to g is double the ratio of 2 (1035 and fo a B 
the reft. 3 ; 


Of the addition Cee ratios. 


295. Since all ratios are quantities, as has eae 4 
fhewn in the three laft articles, it follows, that they — 
alfo as well as all other quantities muft be capable of _ 
addition, fubtraction, multiplication, and divifion: to 
treat then of thefe operations in their order, I fhall 
begin firft with addition. 

If the ratios to be added to be continued ratios, that is, 
if they lie ina fertes wherein the antecedent of every 
fubfequent ratio 1s the fame with the confequent of the 
ratio that went immediately before, their addition is beft 
performed by throwing out all the intermediate terms : 
thus the ratios of 4 to B, of Bto C, and of Cto D, 
when added together, make up the ratio of to D, as 
was fhewn in the 293d article. © 

Therefore, if the ratios to be added be difcontinued, 
jt will be proper to continue them from fome given 
antecedent, fuppofe from unity, before they can be 
added, thus: let the ratio.of 4 to B, the ratio of — 
€ to D, and the ratio of E to F, be propofed to be 
added into one fum : now the ratio of / to B fet oif 


B . 
from 1 reaches to qa becaufe 4is to B as 1 to 3° the 


Oo FR PA ie BD 
next ratio of C to D fet off from ib reaches to Te 
and the laft ratio of E tof fet off from aah reaches 
PF 
to Sn EB} ‘Betnefore the ratios ae A to B, of C to D 


and of E to F, when added together, make the ratio 
5 ie Gr 
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f ee hich 1s the f ith th ¢ 
of 1 toF em which is the fame with the ratio o 


ACE to BDF; whence we have the following canon : 

Multiply firft the antecedents of all the ratios propofed 
together, and then their confequents, and the ratio of 
the produéis thence arifing will be the Jum of the ratios 
proposed. 

‘That the ratio of to B,of C to D, and of Eto F, 
all together conftitute the ratio of ACE to BDF, may 
be further confirmed by fetting them off from ACE 
» and from one another thus: the ratio of 4 to B fet 

off from ACE reaches to BCE ; in the next place the 
ratio of C to D fet off from BCE reaches to BDE; 
and laftly the ratio of EZ to F fet off from BDE 
reaches to BDF’; therefore all thefe ratios together 
conftitute the ratio of ACE to BDF. An example in 
numbers take as follows: let it be required to add 
thefe four ratios together, viz. the ratio of 2 to 3, 
the ratio of 4 to s, the ratio of 6 to 7, and the ratio 
of 8 tog. Here the product of the antécedents is 
2X4X0x8 = 384, and the product of the confequents 
is 3X5X7X9=9453 therefore the fum of all the ra- 
tios propofed is the ratio of 384 to 945; and the . 
proof is eafy: for the ratio of 2 to 3 reaches from 
“384 to 576; the ratio of 4 to 5 reaches from 576 to 
720 ; the ratio of 6 to 7 reaches from 720 to 840; 
and the ratio of § to g teaches from 840 to 945 ; 
therefore the ratios of 2 to 3, of 4 to 5, of 6 to 7, 
and of 8 to 9, reach from 384 to 945: 

From what has here been faid concerning the addi- 
‘tion of ratios, may eafily be underftood an expreffion 
fo frequent among Mechanical and Philofophical 
‘writers; as when they fay that Zis to Bina ratio 
‘compounded of the ratioof Cto D, and of the ratio 
of £ to; whereby they mean no more than that the 

“ratio of Ato Bis equal to the fum of the ratios of 
Cwo D, and of E to F; or that -4is to Bas CE to DF. 
- Aecording to the Mathematicians, every ratio is 
“either a ratte mayoris thequalitis, OY a ratio @quali- 
‘ tatisy 


318 Of the. Compofition and Boox VII, 
tatis, OY a Yvatio minoris inequalitatis, which takes. in 
all fort of ratios: for by a ratio majoris inequalitatis 
they mean the ratio that any greater quantity hath to” 

a leis, by a ratio minoris inequehtatis they mean the 


contrary, that is, the ratio. of a lefler quantity to. a, 


greater 3 and therefore by a ratio equalitatis they 
mean the ratio (if it may be called {o) that. every 
quantity hath to its equal. If we, diftinguifh ratios 
according to the effects they have in compofition, 
then every ratio majoris inequalitatis ought to be look. . 
ed upon as affirmative, becaufe fuch ratios always in- 
creafe thofe to which they are added ; on the other 
hand, the rationes minoris inaequalitatis ought to be 
confidered as negative, becaufe thefe always diminifh | 
the ratios to which they are added; therefore the ; ra ; 
tio equalitatis ought to be looked uponas having no. 
magnitude at all, becaufe fuch ratios have no effect 
in compofition. | Thus if to the ratio of 5 to 3 be | 
added the ratio of 3 to 2, the fum will be the ratio 

of 5 to 2, as above; but the ratio of 5 to 2 is greater 
than the ratio of 5 to 3 ; therefore the ratio of 3 to2 

ought to be looked upon as affirmative, becaufe it 

rte ne the ratio to which it is added: on the other. 
hand, if to the ratio of 5 to 3 be added the ratio of 3 
to 4, the fum will be the ratio of 5 to 4, which is lefs 

than the ratio of 5 to 3, and therefore the ratio of 3 

to 4 is negative: laftly, if to the ratio of 5 to 3 be 

added the 1 ratio of 3 to 3, the fum will ftill be the 

ratio of 5 to 3; therefore the ratio of 3s to 3 is no- . 
thing. 
. Whenever a ratio is to be refolved into two thes ' 
by any arbitrary interpofition of an intermediate term, 
‘it may be thought however that this intermediate term 
fhould be fome intermediate magnitude between thé. 
terms of the ratio to be refolved; “and fo we fuppofed. 
-it in the 293d article: but that reftriction, was, only 

luppofed.to prevent unfeafonable objections t that might 
otherwife arife about it; for there is no neceflity. hae. 
the intermediate term. fhould be of an intermediate .$ 
magni- 


ats 
wee 
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Bi magnitude betwixt the extremes, if we allow of nega- 
‘tive ratios; for the/ratio of 5 tO 4 (for inftance) may | 
be refolved into the two ratios of 5 to 2 and of 3 to 
_ 4, though the intermediate term 3 be out of the 
limits of 5 and 4. This I fay is plain; for though 
the ratio of 5'to 3, which is one of the parts, be 
greater than the ratio of 5 to 4, yetthe ratio of 3 to 
4, which is the other part, is negative, and qualifies 
the other in the compofition, fo as to reduce it to the 
ratio of 5 to 4: fo g may be Sg a rpens as a part 
of 7, provided the other part be — 


Coat a ew 


Uf there bea feries of quantities A.B, C, D, pane. 
A is to Bas R tor, and Bis to Cus S tos, ‘and Cds 
to Das T tor; 1 fay then that A will be to D as 
RST, the product of all the antecedents, tor st the pro- 
duct of all the confequents. Vor by the art. 293, the 
‘ratio of 4 to D is compounded of the ratios of R to r, 
‘of S to s, and of 7 to ¢; and thefe ratios, when 
thrown into one fum, conftitute the ratio of RST to. 
(rst; therefore 4 is to D as RST tors. 


Of the fubtraciion of ratios. 


296. The fubtraétion of ratios one from. another, 
when. both have the fame antecedent, or both the fame 
_confequent, is obvious enough: thus the ratio of Ato B 
Subtratied from the ratio of A to C leaves the ratio of 
—BioC; and the ratio of B to C ees from the 
ratio of A to C leaves the ratio of Ato B: this I fay 
is obvious, becaule (according to art. 293) the ratio 
of 4 to C contains the ratios ‘of Ato B and of B co 

_C; and therefore, if either part be taken away, there 
_mutt remain the other. 

Butif the two ratios, PREP ONES is to be fabeaced 

“from. the other, have neither the fame antecedent nor 
the fame confequent, it will be proper then to reduce 
em to > the fame antecedent, by fetting off the*ratio 

: to 


“ 
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to be fubtrated from the antecedent of the other, - 


thus : let it be required to fubtraét the ratio of CtoD — 


ftom the ratio of A to B: now the ratio of C to D’ fet y 


D 
of from A reaches to ——- eo 
ratio of C to D from the ratio of Ato B is the fame 


: AD : ° 
as to fubtracét the ratio of 4 to— = from the ratio of | 


C. 


q 


AtoB; but the ratio of J to fubtraéted from — 


_ the ratio of 7 to B, a ratio of the fame antecedent, 


nord aM to fubtra& the i 


AD | 
leaves the ratio of —- to B, orof 4D to BC; there. — 


G 


fore the ratio of Cto D fubtraéted from the ratio of 
A to B leaves the ratio of AD to BG. The rulethen | 


is as follows: 
Whenever one ratio is to be fubtratied from another, 


change the fign of the ratio to be fubtratied by inverting — 
its terms, and then the fum of this new ratio added to — 


the other will be the fame with the remainder of the 


intended fubtraétion. ‘Thus to fubtraét the ratio of C — 


to D from the ratio of Ato B is the fame as to add the — 
ratio of Dto C tothe ratio of Ato B; but the ratio 
of D to C added to the ratio of Zto Bgivesthe ratio — 
of AD to BC by the laft article; therefore the ratio of 


Cto D fubtracted from the ratio of A to B leaves the 
tatio of AD to BC. For a further proof of this, we 
are to take notice, that in all fubtraction whatever, 
the remainder andthe quantity fubtracted ought both 
together to make the quantity from whence the fub- 


‘traétion was made; but in our cafe the remainder was 
‘the ratio of AD to BC, and the quantity fubtracted — 


was the ratio of GC to D, and thefe two added toge- 


ther make the ratio of ACD to BCD, or of Ato B, 
which is the ratio from whence the fubtraGtion was 
“made ; therefore the remainner in this cafe was rightly 
eet 


For 
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For an example in numbers, let it be required to 


fabtrac&t the ratio of 4 to s from the ratio of 2 to 3: 


now the ratio of 5 to 4 added to the ratio of 2 to 3 


~ gives the ratio of 10 to 12, OF of 5 to 6, by the laft 


article; therefore the ratio of 4 to 5 fubtraéted from 


the ratio of 2 to 3 leaves the ratio of 5 to 6, which - 


_ may be confirmed thus: the ratio of 2 to 3 is the 


fame with the ratio of 4 to 6, which contains the 


Yatios of 4 to 5 andof 5 to6; therefore, if the ratio 


of 4 to 5 be taken away, there will remain the other 
part, which is the ratio of 5 to 6. 

Before I conclude this article, I ought to take no- 
tice that there is another way of conceiving the fub- 


traction of ratios, which for its ufe in Phyfics and 


~ Mechanics ought not to be pafled by in this place ; it, 


is thus: the ratio of C to D added tothe ratio of 4 


: 4 
: tio of G 


to B conttitutes the ratio of ACto BD ; therefore, e 
_ converfo, the ratio of C to D fubtraéted from the ratio 


bir, | Biorosw 
of Ato B muft leave the ratio of to to becaufe 


—D 


_ multiplication and divifion are as much the reverfe of 
~ one another as addition and fubtra&ion,; but this ra- 


B 
to >> when reduced to integral terms, is 
the fame with the ratio of AD to BC found before. 

N.B. Wherever it is faid that the ratio of A to B 


48 compounded of the dirett ratio of C to D, and of the 


hoe 


inverse or reciprocal ratio of Eto F, the Meaning iS, 


that the ratio of A to B is equal to the exece/s of the ratio 


eee 
Deas + fo 


Bo 


of C to D above the ratio of E to FB, or that Ais to B 


D 
pe ras CF to DE. 


Of ihe multiplication and divifion of ratios. 


207. If the ratio of Ato B be added toitfelf, that 
is, to the ratio of 4to B, the fum will be the ratio 
of 4° to B* by the tait article but one; and this 

xX being 
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being added again to the ratio of Ato B gives the ratio — 


of @ toB,and fo on; therefore the ratio of 7 to.B* 
is double, andthe ratio of to B* triple, of theratio 
of Ato B. And-univerfally, The ratio of A* to BY as 
fuch a multiple of the ratio of A to Bas is expreffed by 
the number n« Thus the ratio of 44 to B4is four umes, _— 


the ratio of Ato B, which I prove thus’: the ratio of 
Ato B reaches. firft from 44 to 4°B, 2dly, from 4°B 
to A’B*, 3dly, from A’ B: to AB’, and 4thly, from 
AB} to B*. . ene’ 
To give an example in numbers, I fay that five 


times the ratio of 2 to 3 is the ratio of the fifth 


power of 2 to the fifth power of 3, that 1s, the ratio 
of 32 t0 243: for the ratio of 2 to 2 reaches 1ft from 
32 to-48, 2dly from 48:to 72, 3dly from 72 to 108, 
Athly from 108 to 162, and sthly from 162 to 2435 
‘Fhus much for multiplication. 

. Divifion is the reverfe of multiplication, and there- 

ore as every ratio is doubled or trebled or quadrupled by 
fquaring or cubing or fquare [quaring its terms, fo every 
vatio 1s bifeéted or trifected or quadrifected by extraciing 


the fquare or cube or fquare-[quare roots of its terms. — 
Thus half the ratio of 2 to 3 is the ratio of the fquare 


root of 2 tothe {quare root of 3, that is (when re- 
duced according to the firft fcholium in art. 179*) the 
ratio of 40 to 49 nearly; which’ is further proved 
thus: the ratio of 40 to 49 is half the ratio of 1600 


to 2401, by what was delivered in the former part™ 


of this article; but 1600 Is to 2400 as 2 to 3 5 there- 
fore 1600 i8 to 2401 as 2 to 3 very near. 


“But there is no neceffity of a double extraction of 


the root in the divifion of aratio, provided the ratio 


propofed be reduced to an equal one whofe antecedent — 


isunity. Thus 2 is to 3 as 1to 3, and therefore 
half the ratio of 2 to 3 is the ratio of 1 tor/3,; or the 
yatioof 1t0V1.5. Bere gk. 

“From what bas been faid it appears that one ratio. 


may be commenfurate to another, and yet the terms of — 


a 


ene incommenfurate to the terms of the other: thus the 
| * See the Quarto Edition, p. 283. - ratto 
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Tatio of 2 to 3 1s certainly commenfurate to the ratio. 


of the fquare root of 2 tothe fquare root of 3, the 


former being double of the latter; and yet 2 and 3, 
the terms of the former ratio are incommenftrate to 
— A2and 4/3 the terms of the latter. 


Note. Wherever it is faid that A is to Bin a fe of 
quiplicate ratio of C to D, JS meaning is, that the 


ratio of A to Bis equal to = of the ratio of Cita D: 
‘therefore, in fuch a cafe, twice the ratio of 4 to B will 
be equal to three times the ratio of C to D; but twice 
the ratio of Ato Bis the ratio of 4 to B’, and three 
times the ratio of C to D is the ratio df C? to” D3; 
‘therefore if Abeto Bin a fefquiplicate ratio of Cto D, 
4+ will be.to B’.as Ci to D*, _ Thus, inthe revolu-. 
‘tions of the primary ‘planets about the,Sun, and of 


the fecondary planets about Jupiter and Saturn, their 


periodic times are faid to be in.a fefquiplicate ratio of 
their middle diftances, that is, the fquares of their 
‘periodic times are as the cubes, of their middle .dif- 
SPOSES- : 


} Another way of multiplying and nf viding fimall 


ratios, that 18, whofe terms are large in com- 


Vig ifon of their difference. 


298. Before I deliver what I have to fay upon this 


head, I fhall only obferve, that Jf two intermediate 
quantities b have always the fame difference, the greater 
the quantities are, the nearer will their ratio approach 
towards a ratio of equality: thus the difference be- . 
_twixt 2 and 1 is the fame with the difference betwixe 


100 and 99; but the ratio of 2 to 1 or of 100 to 


_§0 is much greater-than the ratio of 1ooto gg. B 
the help of this obfervation, and the following theo- 


rem, I fhall endeavour to fhew that {mall ratios may 


-fometimes be doubled, or tripled, or bifeéted, or tri- 
feed, by more compendious ways than thofe that are 


taught in the laft article; and whenever they happen 
be tn oat Sano 
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to be fo, they ought to be ufed, and ae Oe ate 


ufed, rather than the other. 


Ao Tow 5 OUR Eon 


If there be two quantities whofe difference is but {mall 
in comparifon of the quantities themfelves, and if fo much 
be added to one and fubtratied from the other as foall 
make their difference double, or triple, or half, or a 
third part of what it was before s I fay then that the 
quantities after this alteration hall bein a duplicate, or 
a triplicate, or a fubduplicate, or a fubtriplicate ratio 
of that they were in before any fuch change was made, 
nearly. 

1ft, Let there be two numbers 10 and 11, whofe 
Gimerenice | is 1; then if 2 be added to 11 and fub- 
tracted from 10, we thal. have the numbers 112 and. 
9%, whofe difference is 2: I fay now that 112 is to 

I in a duplicate ratio of 11 to 10 nearly. For the 
ratio of 114 to gi is refolvable into thefe two ratios, 
viz. the ratio of 114 £ to 103 and the ratio of 102 to 
92: now of thefe two ratios the former, to wit, that 
of t1$ to 104, is fomewhat lefs than the ratio of 11 
to 10, by the obfervation at the beginning of this 
article; and the latter, to wit, that of 102 to gi, is 
fomewhat greater A the ratio of 11 to. 10, and the 
excefs in this cafe is nearly equal to the defect in the 
former; therefore the fum of both thefe ratios put to- 
gether, that is, the ratio of 113 to 94 will be very 
nearly equal to twice the ratio of 11 to Io. 

adly, As the difference betwixt 10 and 11 is 1, add 
y to 11 and fubtract it from 10, and you will have the 
‘numbers 12 and g, whofe difference is 3: I fay now 
that 12 willbe to 9, or 4 to 3, in a triplicate ratio of 
rrtoronearly. Forthe ratio of 12 tog is refolvable 
into thefe three ratios, to wit, the ratioof 12 to 11, 


the ratio of 11 to 10, and the ratio of 10 to 9; andof _ 


“thefe three ratios, the firft, to wit, that of 12 to £1, is 
fomewhat lefs than the middle ratio of 11 to 10; and 
the laft, to wit, that of 10 to. 9, is about as much 


greater; 
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greater; therefore the firft and laft ratios put together 
will make about twice the middle ratio of 11 to 10; 
therefore all thefe three ratios put together, to wit, the 
ratio of 12 to g, will make three times the ratio of 
Ir to 10 nearly. 

3dly, And if increafing the Lacon ee increafes the 
ratio proportionably, then diminifhing the difference 
ought to diminifh the ratio proportionably, that is, if 
the difference be reduced to half, or athird part of what 
it was at firft, the ratio ought to be fo reduced; now 
as the difference between 10 and 11 is 1, add 4 to 10 
and fubtract it from 11, and you will have the num- 
bers 104 and 103, het difference is 3, and 10%. will 
be to 103. in a fubduplicate ratio of 10 to. 11 nearly 5 ; 
but if 2 be added to 10 and fubtracted from 11, you 
will then have the numbers 104 and 103, whofe dif- 
ference is ;.and 102 will be to 102 in a fubtriplicate’ 
ratio of 10 to II nearly. 

Let us now try how near the ratios here found ap- 
proach tothe truth. By the laft article, the duplicate 
ratio of 10 to 11 is the ratio of 100 to 121, orof 1 to 
‘1.2100; and according to the foregoing theorem it 
is the ratio of 93 to112, or of 19 to 23, or of 1 to 
1.2105. 

By the laft article the triplicate ratio Of 10 tort is 
the ratioof 1000 to 1331, orof 1to 1 .331 3 and ac- 
cording to the foregoing theorem it is the ratio of 9 
to 12, or of three to 4, or of 1 to 1 .333. 

By the laft article the fubduplicate ratio of rotor 
is the ratio of 1 to the fquare root of +2, or of 1 to 

T,04381; and according to the foregoing theorem it 
is the ratio of 104 to 103, or of 41 to 43, orof1 to 

1.04878, 

~ By the laft article the fabtriplicate ratio of rotor 
is the ratio of 1 to the cube root of +2, that is, of 1 
to 1.03228; andaccording to the foregoing theorem 

it is the ratio of 102 to 103, OF Of 31 to 32, OF 
of 1 to 1.03226. . 
ry: gohae Me By 


HON Etre 
Mbit ae 2 
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“By thefe inftances we fee how near thefe ratios come » 
up to the truth, even when the difference is no lefs_ 
than a tenth or an eleventh part of the whole : but if” 


we fappofe the difference to be the hundredth or the — 


thoufandth part of the whole, they will be much more 


accurate; infomuch that, to multiply or divide the | 


atio, it will be fufficient to encreale or diminifh one 


of the numbers only. Thus 100 is to 102 ina dupli-_ 


cate, and to 103 in a triplicate, ratio of 100 tO 101 
‘and 100 is to 100-+-2 in a fubduplicare, and to 100 
+-tin a catia ratio of 100 to 101 nearly: and 
univerfally, Jf A--z and A-|-y be any two quantities 
approaching infinitely near to the quantity A, the ratio 
of A-+z to A will be to the ratio of A-+-y to A as the 
infinitely mall difference z is to the infinitely [mall dif- 
ference y. 


I fhall draw only one example out of an infinite | 


number that might be produced to fhew the ufe of 
the foregoing propofition. Suppofe then | have a 
clock that gains one minute every day; how much 


muft LT lenethen the pendulum to fer it right ? Let 7 


be the prefent lenoth of the pendulum, let x be the 
increment to be acdded to its length in order to cor- 
rect its motion, and let » be the ‘number of minutes 
in one day; thet it is plain that the pendulum / per-. 
forms tbe fame number of vibrations in the time z—1 
that the pendulum /+-y is to perform. in the time 7. 
Now Monfieur Huygens has demonftrated. that the 
_ times wherein different pendulums perform the fame. 

umber of vibrations are in a fubduplicate ratio of 
the lengths of thole pedulums; therefore z—1 muft 


be to zin a iubduplicate ratio of J to +x, or (which 
comes 


pl icate ratio of n—1 ton: 
pofition, the STA ratio of 71 toz is the ratio 
of n— to 7-1-2, or of 27—2 to 2n--1 5 therefore 
fis toJ--x as 22—3 is to an, that is, the pen- 
dulum es be lengthened in the proportion of 22—2 
to ret : but z the number of minutes in one day 


1s 


to. the fame thing) / muft be to /--x in a du-’ 
but by the foregoing pro-. 
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is 1440; and therefore 2u—93 is to 2u-4-1 as 2877 
is to 2881, Or as 719 to 720 very near; therefore 
the’ pendulum muft be lengthened in the pe epceonk 


.. OF'416, to 720) °O) Eo Tie 


‘Had the duplicate ratio of x—1 to » been taken 
only by diminifhing z—1 to x—2, without meds 
dling with the other. number 2, the conclufion would 
fill, T have been tne fame; for then / would have 
been to/-\-x as w—2 to m, as 1438 to 1440, as 719 
to 720. 

Having now delivered aie if iceneed concerning 
the compofition and refolution of ratios, it remains 


_ that I fay fomething further concerning the applica. 


tion of this doétrine, e, and then | fhall make an end of 
the fubjed. 
DEFINITION 4 


299. If two variable quantities Q and R be of fuch 
a nature, that R cannot be increafed or diminifbed in any 


a proportion, but Q muft neceffarily be increased or dimi- 


nifoed in the fame proportion ; asif R cannot be changed 
to any other value r, but Q muft alfo be changed to fome 
‘agile value q, and fo changed that Q 2 foall akways be ta 
q in the fame proportion as R to rs then is Q faid to be 
ie R direéily, or fimply as, Thus is the circumfe- 
rence of a circle faid to be as the diameter; becaufe — 
the diameter cannot be increaled or diminifhed in any 
proportion, but the circumference mult neceffarily be 
increafed or diminifaed in the fame proportion. ‘Thus 
is the weight of a body faid to be as the quantity of 


matter it contains, or. proportionable to the quantity 


of matter ;. becaufe the quantity of matter cannot be 
increafed or diminifhed in any proportion, but the 
weight mult be increated or diminithed in the fame 


proportion. 
| CS OR. Oh LvAyR Vig 
If Q be as R direétly,- then e converfo R mujft nes 


ceffarily be as Q direfily, For let Q be changed to 
‘ath X 4 “any 


7 
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any other value g, and at the fame time let R_ be 
changed tor; then fince Q is as R, Q will be tog | 
as Rtor; but if Q is to g as Risto r, then vice 
verfa R will be toras 2 to gq: fince then Q cannot 
be changed to g, but A mult be changed to 7, and 
that in the fame proportion, it follows by this defi- 
nition that Ris as 2 directly. 


Cio ROLL AIR Ve. 


Ff Q be direéily as R, and R be direétly as S, then 
will Q be directly as S. For let S be changed to s, 
and atthe fame time Rtor, and 2 toq; then fince 
by the fuppofition Ris as S$, R mult be tor as § to. 
s; and fince again Q isas R, Q willbeto gas Rto 
r: fince then Q is tog as R tor, and Ris toras § to 
$, it follows that 9 will be to g as S to s, and confe- 
guently that 2 will be as S. . 


Croc ROei ALR 9. 


If Q be as R, cud R be as S; I fay then that Q will 
be as RES, and alo as the fquare root of the product 
RS. Forchanging’ 2, &, S, into ¢,7,'5, fince Ris as 
S, we fhall have R tor as S to.s; whence by the 
twelfth and nineteenth of the fifth book of the Ele- 
ments R willbe tor as R+Sis torts; but Q is to 
gas Ristor, ex bypothef , therefore Q is togas RtS 
1s to r+5; therefore by this definition 9 will be as 
R+S. Again, fince Ris as S, R* will be as RS, © 
and Ras WAS; but @ is as R; therefore by the 
Jaft-corollary 2 will be as /RS. 


oom OL EL ARTY hi, 


If any variable quantity as Q be multiplied by any 
given number as 5, 1 fay then that 5Q. will be as Q. 
For it will be impoffible for Q to be increafed or 
diminifhed in’ any proportion, but 52> muft be in- 
ereafed or diminifhed in the fame proportion : if Q in 
ary one cafe be double of 2 in another, then sn 1 

the 
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the former cafe muft be double of 5Q i in the latter, 
and fo on; therefore 5Q is as 9, 


Co ROL Dea ew 
fQ be asR, then 2 will be as R*, Q’ as Rs, 


| VQ as VR, &c. For let R* be changed in the 


proportion of D to.£; then will R be changed in 
the proportion of /D toV£; but QisasR; “there- 


fore Q will alfo be changed in the proportion of WD 


' to VE; therefore 2: will be changed in the propor- 
tion of Dto E: fince then A? cannot be changed in 


any proportion, fuppofe of D to FE, but Q* mutt 


neceffarily be changed in the fame proportion, it 
- follows from this definition that 2° is as R*: and 
_ the reafoning is the fame in all other cafes. 


. a lh eo 


Oe SS, . ae oe 


: CorRoLiaRry 6, 
If Q, R, and S, be three variable quantities, and Q- 


| be as the produél or reclangle RS; I fay then, that 


od < Ln 
7% will always be as S, and 545 R, ana that RS 


_ will be a given quantity, or (which is chiefly meant by 
that phrafe) that the quantity os will always be the 


fame, be the values of Q, R, andS, what they will. 
For fince Q is as RS, Q cannot be increafed or di- 
minifhed in any proportion, but RS muft be in- 


_ creafed or diminifhed in the fame proportion ; there- 


_ fore cannot be increafed or diminifhed in any 


‘ 9 } ee 
proportion, but as or § muft be increafed or di- 


R 


_ minifhed in the fame proportion ; therefore S is as 


sy and Fas S: and by a like proof, R will be 


as x and © will be as R: but if - be as R, 


f $ ? 
then 
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then dividing both fides by R, we fhall’have a 
as 1; but 1 is a quantity. that neither increafes nor. | 
diminifhes, but is always the fame; therefore the 
quantity a will always be the fame; and for the 
fame reafon, If Q 4e as any fingle quantity, fuppofe 
as Swill always be the fame, let Q and R be what 
they will. : ‘an 
CoROLLARY 7 me 

Sf there be four variable quantities A, B, C, D, af 
in numbers, whereof A is as B, and C isasD; I fay 
then that the produit AC will be as the produét BD. 
For fince Zis as By 4C willbe as. BC, and fince C 
is as D, BC will be as BD; therefore by the fecond” 
corollary AC will be as BD that is, 4C in one cafe” 
will be to AC in any other as BD in the former cafe 
is ‘to BD in‘the latter. ~ > Ligh ae 

Def ba KT FON goers 4 

300. If two variable quantities Q and R be of fuch 

a nature, that R cannot be increafed in any proportion 

whatever, but Q  mujt neceffarily be dininifbed in a con- 
trary proportion, or that i cannot be diminifoed in any 
proportion whatever, but Q mujt necelfarily be increafed 
in a contrary proportion; ina word, if R cannot be 
changed in a proportion of D to B, but Q muft ne- 
ecffarily be changed in the ‘proportion of K to Ds them 
is Q faid to be as R inverfely or reciprocally. Thus if 
a fpherical body be viewed at any confiderable dif- _ 
tance, the apparent diameter is faid to be recipro-_ 
‘cally as the diftance, béecaufe the greater the diftance | 
is, the lefs’will be the apparent diameter, and vice” 
verfa. Thus ifa globe be fuppoled to move unt- : 
formly about its axis, the periodical time of this | 
motion is faid to be reciprocally as the velocity with — 
which the globe circulates (for the quicker the cir- 
| culation 
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‘culation is, the fooner it will be over); which is as 
‘much as to fay, that the greater the velocity is with 
‘which the globe circulates, the lefs will.be the peri- 
Odical time of one revolution, and tice verfa. Thus 
if the numerator of a fraction continues always the 
fame whilft the denominator is fuppofed to vary, 
‘that fraction is faid to be reciprocallyas its denomi- 
nator, becaufe the greater the denominator is, thelefs | 
will be the value ‘Of the fraction, and vice vera. 


GODOT Bw a Piel Ty 


DF Q: be reciprocally as R, then e converfo R will be 
reciprocally as Q. For let Q be changed in the pro- 
“portion of D to £, and at the fame time let R be 
“changed in the proportion of Ato B; then fince Qis 
“teciprocally as R, 2 muft be changed in the proportion 
of B to A; but 2 was changed in. -the proportion of D 
tok; 5 tiaterore Bmuftbeto dasDto£; therefore, 
_inverfely, A muft be to Bas Eto D; but R was 
changed in the proportion of 4 to B by the fuppo- 
- fition; therefore / was changed in the proportion of 
E to D. | Since then 2 cannot be changed in any 
- proportion, fuppote of D to E, but R mutt necefta- 
_tily be changed in the contrary proportion of Eto D,. 
it follows from this definition that R muft be recipro- 


cally as 2, 
CoroLtary an 


Tf Q be direéily as R, and R bereciprocally as S, then 
| Q muft be reciprocally as S. For let S be changed i in 
the proportion of Dto £; then fince Ris reciprocally 
as 8, R mutt be changed in the proportion of £ toD ; 
- but 2 is direétly as R by the fuppofition; therefore 2, 
mutt alfo be changed in the proportion of Eto D. 
"Since then $ cannot be changed in the proportion of - 
Dto£, but Q muft necefiarily be changed in the 
proportion of & to.D, it tollows.from this definition 
; sem at reciprocally as & 


. CoroL- 


> 
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4 
- 


‘ny 


Corotrary 2 


By a like way of reafoning, if Q be reciprocally as 
as 8. 


CoRoLLARY 4. 


Tf two variable quantities Q and R be of fuch a na 


ture that their prodult or rectangle QR is always the 
fame; I fay then that Q will be reciprocally as R. For 


fince 9F is always the fame, it will be as the number _ 
a, which neither increafes nor diminifhes; but if QR 


R, and R be reciprocally as 8, Q will be ‘ir 


be as one, then Q will be as the fraction — by the | 


R 


fixth corollary to the fourth definition. Since then — 
e e ° I i ° I 
® is directly as the fraction Bs and the fraction RY 


is reciprocally as its denominator R by this definition, — 
it follows from the fecond corollary that 2 willbere- — 


ciprocally as R. 


Coon 0 BAK Review: 


Every frattion is reciprocally as the fame frattion 


inverted. Thus the fraction 7 


: fraction | This 1 is evident from the laft. corglerys ; 


Ie 


R S 
for if the fractions — e and x be eerie together, : 


their produc will always’ ES unity, let R and S be 


_ what they will. 


Cornotiary 6. 


Ff Q_ be reciprocally as Ry or reciprocally as : 


is reciprocally as the | 


then 
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i then ee be rhea as =. For fince Q is reci- 


R 
R by 
"procally co, and j is reciproaatly as — by the 
dat corollary, it follows from the third ie’ that 


- Qwill be direétly as = For the fame reafon, Jf Q. 


be reciprocally as saa it will be direcily as R. 


R 


DEFINITION 6, 


»  30r. Df any quantity as Q depends upon feveral others 
as RK, S, T, V, X, all independent of one another, fo 
_ that any one of them may be changed fingly without affett- 

_ ing the reft; and if none of the quantities R, S, TV, can 
be changed fingly, but Q mujt be changed in the fame 
eke nor any of the quantities V, X, but Q muft 
be changed in a contrary proportion ; then as Q fad te 
i, asR and S and T direéily, and as V and X recipro- 


“ally or inverfely. Thus the fraction oF is faid to 


be as R and S andT dire&tly, and as Y and X inverfely, 
_ becaufe none of the factors belonging to the nume- 
 rator can be changed, bur the value of the fraGtion 
_‘muft be changed in the fame proportion, and none of 
‘the factors belonging to the denominator can be 
_ ‘changed, but the wali of the fraction muft be changed 
in a contrary proportion. 
~ N.B. If Q be as R and§ and T direély, without 
‘any reciprocals, then it is faid to be as R and S andT 
~ conjunctim, jointly. 
5 A THEOREM. 
302. If Q be asR and 8 and T direttly, and. as 
YV and X reciprocally , and if the quantities R, S,T, | 
V, X, be changed into r,s, t, Vv, X, and fo Q into qs 


‘id Jay then that the ratio of Q_ to q will be equal to the 
3  exce/s 
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excels of ae the dircé# ratios taken together’ above all 
the reciprocal ones taken together : as if the ratios of R 
tor, of Stos, andof T tot (which [call dire& ratios) 
avhen. added together make the ratio of A to Bs and f 
the ratios of V to v, and of X tox (which I call reCi= 
~ procal ratios) when added together make the ratio of c. 
toD; I fay then that the ratio of Q toq will be equal 
to the exces of thé ratio of A to B above the ratio of Cc 
to D. A 
For fuppofing all but Rto continue the fame, let 
R be changed intor; then will 2 be changed from 
its firft value in the ratio of R to r by the bypothefis : 
let now r, J, V, X continue, and let $ be changed 
ainto s: then will & be changed from its laft value 
in the ratio of Stos; in like manner if T be changed 
into 4, ceteris paribus, Q willbe changed from its 
Jaft value in the ratio of J to ¢: therefore if R, S, 
T be changed into r, s, 4, Q will be changed from 
one value to another in a ratio compounded of all 
the direct ratios of Rto r, of S tos, and of Z.tor; 
that is, 2 will be changed in the ratio. of A to B. 
This being fo, let us now imagine V tobe changed, - 
ceteris paribus, into Vv; then will 2) be Yutcher " 
changed in the ratio of v to Y; and if after this we ~ 
imagine X to be changed into x, Q will be changed 
in the proportion of x to X, and will now be arrived. 
atts laft value ¢: chereune if to the ratio of 4 to 
B you add the ratios of v toY and of x to X, you 
will have the ratio of 2 tog: but to add the ratio 
of v to Vis the fame thing as to fubtract the ratio of 
Vo wv by art. 296; and fo again, to add the ratio. 
of xto Xis the fame as to fubtract the ratio of Xto 
x; therefore if from the ratio of 4 to B you fub- 
tract the ratios of VY to v and of Xto x, you will 
have the ratio of 9 to g; but the ratios of Ytov. 
and of X to x, when added together, make the 
ratio of Cto D, ex bypothefi; therefore if from the ratio 
of A to B you fubtract the ratio of C'to D, there 
will remain the ratio of A q therefore the ratio of | 


Og 


« S 
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— Qtogis the excels of the ratio of Ato B above the 


~yatio of Gto D-; or (which is the fame thing) Q, is 
tog inaratio compounded of the ratio of d to B 


- directly, and of the ratio of C to D inverfely.: See 
"art. 296. ; 


> = 


This is upon a fuppofition that the quantities R, S, 
T, V, X were changed into r, s, 7, v, x one after an- 


other in time: but fince the ratio of 2 tog does not» 


_ depend upon the intervals of time between the feveral 


changes, but will be the fame whether thofe intervals 
be greater or lefs, it follows that the ratio of 2 to g 


_ will be the fame as if all thefe changes had been made 
-atonce. Q.E.D. bss 


CoRoLLARY Te . 
If the quantities R, S, TZ, V, X, and confequently 


_ A, B, GC, D, be exprefled by numbers, as they muft 
_ be before they can be of ufe in any computation ; 
- then the ratio of /to B will be the ratio of RST to 
rst, and the ratio of C to D will be the ratio of 


VX to vm; and the excefs of the ratio of Ato B 


above the ratio of C to D’will be the ratio of 


RST. rst Pants an.” 
Sa aert (fee the fecond way of fubtracting 


ratios in art. 296) therefore, in this cafe, 2 will be 


} | Rol 
then the fraétion 


4 y 


s 
. 


: hn Oe Se ; 
to gas the fraction is to the fraction ——. Since 
: : VAS UN 


rst 
cannot be chanzed into —— 
VX S VX. 


but at the fame time Q mufi be changed into. q, and fo 


rst 


ea Ty, i 
changed that Q will be to q asap is to, it fol- 


i cafe will be to Q in any other as the fraftion —> 


¥ lows from the fourth definition that Q_ will be as the 


fraction Vx and confequently that Q_ in any one 


RST 


ag ae sh Bt it 


& 
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RST ae 
in the former cafe is to the frasion Vx _ 
latter. : 
CoROoLLAR ¥ . 2. 


If there be no reciprocals then Q will be as the produ 
of all the direc terms, that is, as the produc? RS if there 
be two of them, or as the produét RST if there be three 
of them, &c. : 


ScHOLIUM 


In the demonftration of the foregoing propofition 
as well asin the fixth definition it was fuppofed, that 
the quantities R, S, 7, Y¥, X, upon which @ depended, © 
were themfelves entirely independent of one another, 
fo as thatany of them might be changed fangly without ~ 
affecting the reft; and in fuch a cafe, if 9 be as Rand 
S directly, it may be concluded to beas the produc& RS. 


But this conclufion muft not be carried farther than: 


can be juftified by the demonftration: for if in any cafe 
the quantities R and S fhould not be independent, if 
neither of them can be changed whilft the other conti- 
nues the fame, then though no change can be made 
either in R 3 S but what will make a proportionable 
change in 9, yet here 2 muft not be faid to be as the 
product RS "As for example, let 2 be an arc of a cir- 
cle fubtending at the diftance Ran angle whofe quan- 
tity is reprefented by S; then it is plain that neither R 
nor S can be changed fingl y, but 2 muft be changed 
proportionably ; it is plain alfothat either Ror S may 
be changed fingly whilft the other remains the fame; — 
and therefore inthis cafe it is lawful to conclude that 
Qis as the produ& AS. But let us now fuppofe Q to 
be the circumference of a circle whofe radius is R, 
and let S be the fide of a regular polygon of any given 
fort infcribed in that circle; as for inftance, let S be 
the fide of an infcribed {quare: here then it is plain 
that neither R nor § can be changed, but 2 muft be _ 
changed 
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changed proportionably ; ; and yet if we fhould con- 
clude in this cafe that Q is as RS, the illation would 
be falfe, becaufe R and S have here as much depen- 
_ dence upon one another as Q upon both; for every 
one knows that the radius of a circle cannot be in- 
creafed or diminifhed in any proportion, but the fide 
_ of a fquare infcribed in that circle muft be increafed. 
or diminifhed-in the fame proportion: in this cafe it 
may be concluded that 2 is as R-LS, or as R—S, or 
as the {quare root of RS by the third corollary in arr. 
299, but it muft by no means be allowed that & is as 
_ RS; for thould 2 beas RS, fince in this cafe S is a$ 
we and confequently RS as Re, Q would be as R* by 
the fecond corollary in art. 299, which contradicts the 
 fuppofition that Qis as R. 


3 Examples to illuftrate the fareg oing theorem, where 
| direct ratios are only concerned. 


30 43 Ex. . If a body moves for any time with any 
uniform Ses through any fpace, that [pace will be as 
the time and velocity jointly. For if we fuppofe the 
velocity to be the fame in all cafes, but the time to 
differ, then the fpace defcribed will be greater or lefs 
in proportion as the time is fo, and therefore will be 
as the time: on the other hand, if we fuppofe the 
time to be the fame in all cafes, and the velocity to 
differ, then the {pace defcribed in thefe equal times 
will be greater or lefs as the velocity is fo, and con- 
fequently will be as the velocity: laftly, let us fuppofe 
both the time and velocity to vary ; then the fpace 
will vary upon both thefe accounts, and therefore wilk 
_ Vary in a ratio equal to the ratio wherein the time va» 
ries, and the ratio wherein the velocity varies put to~ 
‘gether; that is, the fpace in any one cafe will be to 
‘the {pace in any other in a ratio compounded of the 
ratio of the time in the former cafe to the time in the 
Jatter, and of the-velocity in the former cafe to the 
velocity in.the Jatter.. This is. univerfal; but if we 

Serb As ¥ fuppole 
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fuppofe the time and velocity to be expreffed by num. | 


“bers, we muft then fay that the fpace defcribed is as 


the produét of the number reprefenting the time mul- _ 


tiplied into the number reprefenting the velocity, by 


the fecond corollary in the laft article; or that the — 
{pace defcribed in any one cafe is to the {pace defcribed — 
in any other as the product of the time and velocity in — 


the former cafe is to a like product in the latter. 


Ex. 2. The quantity of matter in any body depends — 
upon two things, viz. its pagnitude and denfity (where — 
by denfity I mean the compaéine/s or clofenefs of its mat-- 


ter). For iftwo bedies of equal denfities but of un- 


equal magnitudes be compared, one body muft have — 


more matter than the other, or lefs, according as its — 


folid content is greater or lefs, that is, according as 


_ its magnitude is greater or lefs, therefore in this cafe _ 
the quantities of matter in any two bodies thus com- — 
pared will be as their magnitudes: on the other hand, _ 
if two bodies of the fame magnitude but of different — 


denfities be compared, their quantities of matter will — 


‘be as their denfities, becaufe the clofer the parts of a 


body are, fo much more matter will be crowded into 


the fame fpace ; therefore, if the bodies be different 
both in magnitude and denfity, the quantity of mat- 
ter in one body will be to the quantity of matter in 


the other in a ratio compounded of the ratio of the — 


macnitude of one body to the magnitude of the other, 


and of the ratio of the denfity of the former body to 


_ the denfity of the latter; and therefore, if thefe quan- 
tities be reprefented by numbers, the quantity of mat+ 
ter in any body will be as its magnitude and denfity 


multiplied together. Thus if D and d be the diame 


ters of two globes whofe denfities are as E toe, the 


"quantity of matter in the former globe will be to the- 


quantity of matter in the latter as D°xE is to d’xe; 
for the folid contents of all globes are as the cubes of 
their diameters. | | 


Ex. 3. Tbe momentum, or force, or impetus with — 


which a body moves, and with which it will firike any 


i chftacle 
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| obftacle that lies in its way to oppofe or ftop it, is as 


the velocity of the motion and the quantity of matter in 


the bedy jointly. Yor the fame quantity of matter 
- moving with different velocities will {trike an obftacle 
__ with forces proportionable to the velocities : on the 


other hand, different quantities of matter moving 
with the fame velocity will ftrike with forces propor- 


— tionable to their matter; a double body will ftrike with 


a double force, &c.; therefore, in the cafe where the 
welocity is the fame, the momentum of a body is as the 
quantity of matter it contains; and inthe cafe where 
the quantity of matter is the fame, the momentum is 
as the velocity ; therefore, if neither the velocity nor 
the matter’be the fame, the momentum will be as the 
matter and velocity jointly ; and, in numbers, as thé. 


_ product of the number expreffing the matter multi- 


plied into the number expreffing the velocity. 

- Ex. 4. If a heavy body be fufpended perpendicularly 
upon a lever (by which Imean an inflexible rod moving 
about a fixt point in the middle), the momentum of 


‘efficacy of that body to turn the lever about its center is, 


ceteris paribus, as the weight of the body and as thé 


diftance of the point of fufpenfion si the center of the 


lever jointly. For if we fuppofe this diftance to be: 
the fame, the momentum of the body to turn the lever _ 
muft be greater or lefs according as its weight is fo, © 


from whence that momentum arifes : on the other hand, 


- 


if we fuppofe the weight to be always the fame, but 


to be removed, fometimes farther from, and fome- 


times nearer to the center, the momentum of the body 


to turn the lever will be greater or Jefs in proportion 


to the diftance of the point of fufpenfion from the cen- 


ter of the lever, as isdemonftrated in Mechanits, and. 


_-may eafily be tried by experience: therefore univer- 


“fally, the momentum of the body will be as this dif- 


tance and the weight of the body jointly; and in 


‘numbers is as the | product of the weight multiplied 
into the diftance. 


Y 2 Te 
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. To illuftrate this, I fhall put the following queftion. 
Let_a body weighing five pounds be fufpended at the 
diftance of fix inches from the center of a lever, and, 
let another body of feven pounds be fufpended on the 
fame fide of the center atthe diftance of eight inches; 
then let a third body of nine pound weight be fuf- . 
pended on the other fide of the center at the diftance 
of ten inches: Quere, whether will thefe bodies ful 
tain each other in aquilibrio or not; and if nor, on 


which fide will the lever SIPs: and with what momen- 
tum 2 


+ «# 


To refolve this, Babe we are at liberty to reprefent 
any one of thefe momenta by what numbers we pleafe, 
plowed: the reft be reprefented proportionably, let 
us reprefent the momentum of the nine pound body by 
the product of its weight and diftance multiphed to- 
gether, thatis, by 9x10 or 90; then mutt the other 
momenta be reprefented by Tike produdts, or they 
would not be reprefented by numbers proportionable — 
to them: therefore the momentum of the five pound 
body will be 5x6 or 30, and that of the feven pound . 
body 7x8 or 56; and therefore the {um of the M0~ 
menia on this fide the center acting the fame way will 
be 86: whence now it plainly appears that the lever 
will dip on the fide of the nine pound body, becaufe ~ 
90, the. momentum on that fide, is greater-than 86, 
the fum of the momenta on ie aiier fide: and ener 
the excefs of go above 86 is 4, it follows that 4 will 
be the difference of the momenta on one fide and the 
other; infomuch that if any one fuftains this lever 
immoveable, he. will fuftain the fame force as if all 
the weights now upon the lever were taken away, and 
a fingle pound weight was fufpended at the diftance 
“Ob four inches from. th the center of the lever: therefore 
when.all the weights were upon the lever, if.a fingle 
pound weight had been fufpended at four inches. dif- 
tance, and on the fame fide of the center with the other 
_two bodies whofe weights were five and feven pounds, 
the whole fyftem would then have confifted in equi- 
libria, Upon 


; 
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Upon this theorem, that the force of a body upon 


a lever is as its weight and diftance from the center 


multiplied together, is founded the method of finding 
the centers of gravity of bodies, or the center of 
gravity of any iy{tem of bodies, let their places or 
pofitions be what they will: but J muft not carry this 
matter any farther. 

Ex. 5. Ifa globe be made to move uniformly in an 
uniform fluid, the refiftance it will meet with in any 
given time by impinging againjt the particles of the fluid 
avill be as the denfty.of the fluid, and as the /quare of the 
diameter of the bebe: and as the [quare of tie velocity it 
moves with jointly. a 

To determine rightly in this cafe, we muft here do 
what we all along have done, and what we always 
mutt do in like cafes; that is, we muft take the 
whole to pieces, examine every particular circum- 
flance by itfelf, ceteris paribus, and then put them 
vall together. Firft then let us fuppole the fame 
globe to move with the fame velocity, but fometimes 
jn a denfer fluid, and fometimes in a rarer; then it 
is plain that the denfer the fluid is, the more par- 
ticles of it the body will be likely to meet with in - 
any given time, and conlequently the ereater re- 


fiftance it wil tuffer from them; there -fore the re- 
Aiftance of the body, ceteris paribns: will be as the 


sdenfity of the fluid. In the next place let us fuppofe 
different globes to move in the fame fluid, and with 


' hefame velocity; then, fince the refiftance of thete 


‘globes arifes only frony their furfaces, or rather from 
half their furfaccs, and fince the furfaces of all 


globes .are as the fquares of their diameters, it 
follows that the refiflance thefe globes meet with will 
be as the fquares of their diameters. Laaftly, let us 


fuppofe the fame globe to move in the fame fluid 


“with different velocities; then itis plain that a globe 
which moves with a double velocity will {trike twice 


as many particles of the fluid in any given time, as 


jt would if it was to move with a fingle velocity : 
pei : ) pie 2 buc 
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but if the body ftrikes twice as many particles, then. 
twice as many particles will ftrike it, whence arifes 
the refiftance; therefore the refiftance of a body 
moving with a double velocity is-upon this account 
double of what it would have been in the cafe of a 
fingle velocity: but this is not all; for it will not 
only ftrike twice as many particles, but it will ftrike 
every particle with twice the force in this cafe of 
what it would in the cafe of a fingle velocity ; and 
therefore, fince action and reaction are always equal, 
and fince it is the reaCtion of the medium that creates 
the refiftance, it’ follows that a body moving with a 
couble- velocity meets with four times the refiftance 
of what it would meet with when moving with a 
fingle velocity. In like manner, a body that moves 
wich a triple velocity will aét three times as ftrong 
upon three times the number of particles, and there- 
fore will fuffer nine times the refiftance of what 
it would fuffer witha fingle velocity ; therefore the 
fame globe moving in the fame medium with dif- 
ferent velocities will meet with a refiftance propor- 
tionable to the fquare of the velocity it moves with. 
Put now all thefe confiderations together, and the 
refiftance of a globe moving uniformly in an uni- 
form fluid. (1 mean that refiftance which arifes from 
the globe’s impinging againft the particles of the 
medium) will be as the dentty of the medium, as 
the fquare of the diameter of the globe, and as the 
{quare of the velocity it moves with jointly. Thus 
if two globes whofe diameters are D and d move with 
velocities which are to one another as V to v in two. 
fluids whofe denfities are as E to e, the refiftance of 
the former will be to the refiftance of the latter as— 
¥XD*KE is to v’XaKe. 


Art. 304. : Refelution of Ratios, Tyg | 
Other examples, wherein direél and reciprocal 
| ratios are mixt together, : 


304. Ex. 6. If a body be put into motion by any 
force directly applied, whether this, force be a fingle 
impulfe aéting at once, or whether it be divided into 

Several impulfes aéting fuccefively; I fay that the laft 
- velocity of this motion will be as the moving force 
direéily, and as the quantity of maiter in motion rect- 
procally. For if different forces be applied to the 
fame quantity of matter, the greater the force is, 
the greater will be the velocity, and vice verfa; there- 
fore in this cafe the velocity will be as the vis 
motrix: but if we fuppofe the fame force to be 
applied to different quantities cf matter, then the 
greater the quantity of matter is, the lefs will be the 
velocity, and vice verfa, which I thus demonitrate. 
‘Suppofe the moving force M4, when applied toa 
certain quantity of matter as,Q, will produce the 
velocity V ; I fay then that the fame-force'/, applied 
to a quantity of matter equal to 22, will only pro- 
duce a velocity equal to $Y: for M acting, upon 2Q 
will produce the fame velocity as +M acting upon. 
12; but 2M ating upon & will produce a velocity 
equal to V/V, becaufe by the fuppofition MZ acting 
upon 2 will produce the velocity /; therefore MZ 
acting upon 22 will produce a velocity equal to 37; 
and for the fame reafon,, M acting upon, 32 will 
produce a velocity equal to 4V, &c. ;. therefore, if the 
vis motrix be the fame, the velocity of the motion 
produced will be. reciprocally as the quantity of 
matter: therefore’ univerfally, the velocity will be 
as the wis motrix directly, and as the quantity of 
-matter inverfely.. As if M be changed into m, 
Q into g, and fo V into v, the ratio of V tov will 
_ _beequal to the excefs of the ratio of AZ to m above 
the ratio of 2 tog, In numbersthus; V¥ will be to 
Ui! | dian Ne as 


¢ 
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was oe is to fe ; fee the firft corollary in art. 302. 


Otherwife thuss the momentum or impetus with which 
a body moves, is the force with which it will ftrike 
van object.rhat lies in its way to ftop it; therefore 
dince action and reaction are equal, the force neceffary 
to deftroy any motion muft be equal to the momentum — 
with which the body moves: but the force neceflary 

to deftroy any motion is equal to the force that pro- 
“duced it, which we call the vis motrix; therefore in all 
motion whatever, the vis motrix mutt be equal to the 
momentum, and muft be as the quantity of matter in 
‘the body moved multiplied into the velocity of the 
motion, becaufe the momentum is fo; fee the laft ar- | 
ticle, example the 3d; therefore M@ will always be as 
VxQ and V as 2 


If M be as Q, then 2 Will b a ftanding quan- 


ecity and therefore the velocity V in this cafe will al- 
aways be the fame. Thus ifthe weights of all bodies 
‘be proportionable to the quantities of matter they 
contain, they will be equally accelerated in equal times ; : 
and ‘vice vera, if all bodies, how different foever in the 
‘kinds and quantities of matter, be equally accelerated 
‘in €qual times (as by undoubted experiments upon 
pendulua ins we find they are, fetting afide the refiftance 
of the air}, i¢ follows that the weights of bodies are 
-proportionable to their quantities of mattet only, 
‘without depending upon: their forms, conftitutions, 
‘or any thing: eee! ? 
1 PRR A Tbe velocity of a planet moving unifebialy 
“Gh a Cir cle round. the Sun-is as its diftance from the 
centre of the Sun diretily, and as-its periodical time in- 
werfely. For if two’ planets at’ different diftances from 
the Sun’ perform their revolutions in the fame time, 
‘that planet muft move with' the greatett velocity that 
‘has the greateft circumference to “defcribe ; therefore ; 
‘ in 
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in this cafe, where the periodical time is given or al- 
ways the fame, the velocity of the planet muft be as 
the circumference of the circle to be defcribed: but 
the circumference of every circle is as its diameter 
or femidiameter ; therefore, if the periodical time be ' 
‘given, the velocity of a planet mutt be as its dif- 
tance from the Sun directly. Let us now fuppofe 
two planets revolving at the fame diftance from the 
Sun, but in different periodical times; then it is 
plain that the {wifter planet will perform its revo- 
lution in lefs time, and vice verfa; and therefore, if 
the diftance be given, the velocity will be recipro- 
cally as the periodical time. Put .boch thefe cafes 
together, and the velocity of a planet moving uni- 
formly round the Sun will be as its diftance from 
the center of the Sun directly, and as its periodical 
time inverfely. Thus the Earth’s diftance from the 
Sun is to that of Jupiter as 10 to 52 nearly; andthe 
Earth’s periodical time is to that of Jupiter as 
_ year to 12 years nearly, or as 1 to 1235 therefore 


the. Earth’s velocity is to Jupiter’s velocity as 
10 2 
re is to -— or as 120 to 53, Or aS 200 13. 


This way of reafoninos is applicable to all bo- 
‘dies moving uniformly in circles, let the law of 
‘their*motions be what it will. But if (as that ace 
‘curate Aftronomer Kepler has demonftrated) the pla- 
‘netary motions be fo tempered that their periodi- 
-cal times are in a fefquiplicate ratio of their dii- 
tances, or (which is the fame thing by art. 297) 
-that the {quares of their periodical times are as the 
‘cubes of their diftances, we fhall then have a more 
fimple way of expreffing the velocity of a planet 
thus: let Y be the velocity, and D the diftance of any 
»planet from the Sun, and let 7 be the periodical 
time; then fince, from what has been laid, Fi Sas 


die 
-* we hall ae V* as Fas but, according to Kep- 


ler’ s 


Re af z 


~ 
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2 D* 


ler’s propofition, T° is as D’, and z aS p> OF as. 


F3 therefore Vis as — 5 , and Vas —~ = : 
this cafe, the velocity of a planet is reciprocally 
in a fubduplicate ratio of its diftance from the fun, 
So the velocity of a planet whofe diftance is D is te 


the velocity of a planet whole diftance is d as /d is 
D 


to /D, or as1 is to i . 
Ex. 8. If a wheel turns uniformly about its axis, 


the time of one round will be as the diameter of the wheel — 


directly, and as the abjolute velocity of every point 
in the circumference of the wheel inverfely. For if 
the circumference of a great wheel moves with the 


fame velocity as the circumference of a {mall one, 


the periodical time of the former wheel will be as 
much greater in proportion than the periodical time 
of the latter as the circumference of the former wheel 
is greater than the circumference of the latter, or 
as the diameter of the former is greater than the dia- 
meter of the latter ; therefore if the velocity of the 
wheel’s circumference be given, the periodical time 


will be as the diameter of the wheel dire@tly : let us | 
now fuppofe the velocity of the circumference of the 
fame wheel to be in any cafe increafed; then willthe 
periodical time be diminifhed in a contrary propor~ 


tion, and vice verfa; therefore if the diameter of a 


wheel be given, the periodical time will be reci-. 


procally as the velocity of the circumference ; there- 
fore if neither the diameter nor the velocity of the 
circumference be given, the periodical time will be as 
the diameter of the wheei-directly, and as the abfolute 
velocity of every point in the circumference inverfelys 


In numbers the periodical time will be as Tv 


,s 


that. is, in i 
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Ex. 9. The relative gravity of any fpecies of bodies is 
as the abjolute weight of any body of that fpecies direéily, 


_ and as its magnitude inverfely ; where by the magnitude 


or bulk of a body is meant the quantity of {pace it 
takes up, and not the quantity of matter it contains. 

All bodies of the fame kind are fuppofed to weigh 
in proportion to their magnitudes ; and therefore ifa 
body of any one kind be compared with a body of 
the fame magnitude of another kind, the proportion 
of their weights will always be the fame, let their 
common magnitude be what it will ; and hence arifes 
the comparifon in general of the weight of one 


Apecies af bodies with the weight of another: if a 


cubic inch of gold be 19 times as heavy as a cubic 
inch of water, then a cubic foot ef gold will be tg 
times as heavy as a cubic foot of water, &c.; and io 


‘we pronounce in general that gold is 19 times as heavy 


as water, though we mean bulk for bulk. In this 
fenfe therefore may any one fpecies of bodies be faid 


_ to be heavier or lighter than another, in proportion as 


any one body of the former fpecies is heavier or lighter 
than a body of the fame magnitude of the latter, which | 
is the fame in effect with the firft part of my affertion. 
Let us now compare bodies of the fame weight, but 
of different magnitudes; and then it will appear that 


the fpecific gravities of thefe bodies, that is, of the 
feveral fpecies to which they belong, will be recipro- 


cally as the magnitudes of the bodies compared : 


thus if a cubic inch of gold be as heavy as 19 cubic 


inches of water, then the fpecific gravity of gold will 
be to the fpecific gravity of water, not as 1 to 19, 


but as 19 to 1; for if one cubic inch of gold be as_ 


heavy as 19 cubic inches of water, then 1 cubic inch 


- of gold will be 19 times as heavy as x cubic inch of 


water; and therefore, from what has been faidin the 
former cafe, the fpecific gravity of gold will be tothe 
{pecific gravity of water as 19 tor. Put both thefe 
cafes together, and the relative gravity of any fpecies 


of bodies will be as the abfolute weight of any one 
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body of that fpecies direétiy, and as its: magnitude 
inverlely. Thus if in numbers P and p be the weights 


of two, globes whofe diameters are D and d, the fpe- ~ 
cific gravities of the metals out of which thefe two © 


Ve 
globes were formed are as a0 He 
Ex. 10. If a body as A gravitates toward the center 


of a planet as Bat the diflance D; I fay then that the — 


weivht of A will be as the quantity of matter in A di- 
reélly, and as the quantity of matter in B direéily, and 
as the {quare of the diftance D inverfely. For the weight 


of the whole body 4 towards B ariles, ceteris paribus, — 


from the weight of all its parts; and therefore in 
fuch a cafe will be as. the quantity of matter in 4. 


Again, the weight of 4 towards the whole planet B Mi 
atiles; coteris paribus, from the weight of 4 to all the 
parts cf B; and therefore in fuch a cafe will be as» 


the quantity of matter in B. Laftly, if the quanti- 
ties of matter in 4 and B continue the fame, and the 


diftance D be fuppofed to vary, the great Newton has 
demonttrated that the weight of 4 towards B will be — 
reciprocally as the fquare of the diftance D. There- 


fore if neither the quantities of matter in A and B, 
nor the diftance D be the fame, the weight of 4 


towards B will be as the quantity of matter in 4 di- © 
rectly, and as the quantity of matter in & directly, | 


and as the {quare of the diltance Dinverfely. Thus 


if 4 and B be numbers reprefenting the quantities of — 


matter in the bodies A and SB refpectively, the weight 


of Atowards B at the diftance D will be as’ that 


D?? 


is, the weicht of A towards B’at the diftance D will 


be to the weight of a towards 4 at the diftance d as 


; ‘abil 8 92 i b 
the fraction Pes to the fraction oa 


, - 7 
, payer Pe vi 

i goede ket 8 =. 

fr : A 
2€nce 

aie 

ay 

‘ ae 
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Hence the weight of 4 towards B will be equal io 
the weight of B towards 4, fince both.will be repre- 


AB 
_ fented by the fame quantity Dp 


a Another way of treating the examples in the two 


laft articles.’ 


205. If there be ever fo many quantities, and thefe 
all beterogencous to one another, we are at liberty to re+ 
prefent them by what number we pleafe, or even all by 
unity itfelf, provided we take care to reprefent all other 
quantities of lke kinds by proportionable numbers. Thus 
1 am at liberty tocall any quantity of-time I pleafe1, 
or any degree of velocity 1, or any quantity of fpace 


1; but then I muft take care to call a double time, 


or a double velocity, or a double fpace, by the num- 
ber 2, and foon. This confideration fuggefts to us 
another way of treatine the examples in the two.laft 
articles, fomewhat different from the former ; which, 


as it may be explained by a bare inflance or two, I 


_ fhall give the learner as follows : 


In the firft example we were taught that the {pace 
defcribed by a body moving uniformly for any time, 
and with any velocity, is in numbers as the time and 


velocity multiplied together ; which may alfo be de- 


monitrated thus : fuppofe that.a body moving uni- 
formly in fome known time called.1, and with fome 
velocity called 1, fhall defcribe a fpace which we will 
alfo call 1; chad if in the time 1, and. with the velo- 
city 1, there be defcribed the fpace 1, it is plain that 
In the time J, and with the velocity 1, there will be 


__ defcribed the fpace {; but if in the time 7, and with 
. the velocity 1, there be defcribed the fpace 7, then 


in the time 7, and with the velocity V, there will be 
defcribed the fpace YZ, and that, let the quantities 
V and T be what they will; and therefore, i in all cafes, 
the {pace will be as Tx/. | 


Again 


f 
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Again, in the fixth example it was fhewn that if — 

any moving force as M be directly applied to any body 

whofe quantity of matter is 2, the velocity thereby — 


produced will be as—>: for a future demonftration 


whereof, let us fuppofe that fome known force called 
1, when applied to fome quantity of matter called 1, 
will produce the velocity 1; then will the force 2ap- — 
plied to the fame quantity of matter 1 produce the 

velocity 2; but if the force 2 when applied to the 
quantity of matter 1 produce the velocity 2, then 
the fame force 2 applied to a quantity of matter as 3 
will produce a velocity equal to a third part of the 
former, to wit 3; and for the fame reafon the force — 
M applied to a quantity of matter as 2 will produce 


the velocity 93 and therefore this velocity will al- 


b M. 
ways e as wai 


It is not impoffible but that fome of my lefs judici- 
ous readers may be inclined to think I have fpun out 
this fubject to too great a length: but I eafily per- 
fuade myfelf that there are none who have thoroughly 
confidered the very great ufefulnefs and importance — 
of this doctrine, efpecially in Mechanical and Natural 
Philofophy, but will readily acquit me of this charge; 
and the more fo, becaufe none that | know of have> 


_. digefted thefe matters into a fy{tem, or have written 


fo diftinétly upon them as the importance of the — 
fubject requires. | 


THE 


= 


sane 


| 


Aes: 


i 
f 


TRE 


ELEMENTS or ALGEBRA, 


BOOK VIill.. PART II. 


Of Prifms, Cylinders, Pyramids, Cones, and Spheres. 


ANY of the following articles concern- 

ing the circle, fphere, and cylinder, are 

taken out of Archimedes, but demon- 

‘ ftrated another way: and though they 

have no immediate relation to Algebra, yet as there 


are not many of them, and as they are a fort of fup- 


plement to Euclid’s Geometry, I have been prevailed 


upon to infert them here, for the fake of thofe who 


cannot read Archimedes, and for the eafe of thcfe who 
can. Moreover, as Euclhd’s doétrine of folids is 
fomewhat hard of digeftion as it is delivered in the 
Elements, | have not fcrupled to transfer fome of the 


chief properties of cones and pyratnids into this book, . 
_ and to demonitrate them after a more eafy and fimple 


manner. And laftly, as the menfuration of the circle 


__is abfolutely neceffary to the menfuration of the cy- 


Jinder, cone, and fphere, I fhall, before I enter upon 
the reft, explain what Arcdimedes has delivered upon 
that head. . 

on A We teeath A Lemna. 


a} ae 
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A LEMMaA. 


340. [fin a right-angled triangle one of the acute 
angles be thirty degrees, or a third pari of aright one, 
the- eppyfi ite fide will be equal to half the 0c 
(Fig. 48.) 

Let ABC be a right-angled triangle, right- aneiam 
at B, and let the anole BAC be 30 degrees ; I ” fay 
then that the oppofite fide BC will be half the hypo- 
tenufe AC. 

For producing CB beyond B to D, fo that BD 
may be equal to BC, and drawing 4D, the two tri- 
angles ABC and ABD will be fimilar and equal ; 
therefore the angle C4D will be 60 degrees, and the 
lines AC and AD will be equal ; therefore the other 
two angles at C and D will be 60 degrees each, and 
the triangle ACD will be equilateral ; therefore the 
line BC, which is the half of CD, will alfo be the 
half of AC. Q ra, 


A LemMa. (Fig. 49, 50). 

341. Let ABC be a right-angled irignilh oh. 
angled at B; and fuppofing two fimilar and equilateral 
polygons, one to be circumferibed about a circle, and the 
other to be infcribed in it, let the angle BAC be equal 
to half the angle at the center fubiended by a fide of 
either polygon: I fay then that AB will be to BC as 
the diameter of the circle to the fide of the circum/cribea 
polygon ; and that AC will be to BC as the diameter af 
the circle is to the fide of the inferibed polygon. _. — 
Let D be the center of the circle, let EFG be a 
‘fide of the circum{cribed polygon, touching the circle 
in the point F, and let AJA be the fide of a like poly= 
gon infcribed, and let HK and EG be fuppofed par- 
allel, fo as to fubtend the fame angle at the center. 
Draw the lines DHE, DIF, DKG; then will the three 
triangles ABC, ‘DEF and DHI be schema having the. 
angles at B, F,and right, and the angle BAC being 
equal to the angle EDF by the fuppofition; cae 


Art. 341, 342. Lhe Menfuration of the Cirtle. 383 
AB will be to BC as DF to EF, or as 2DF to EG, 
that is, as the diameter of the circle is to the fide of 
the circumf{cribed polygon; and AC will beto BC as 
Dito HI, or as 2D H to HK, that is, as the diameter 
of the circle is to the fide of the infcribed polygon. 
9. EF. D. 

Lf the angle BAC be a 48th paré of a right one, AB 
will be to BC as the diameter of any circle is to the fide 
of a regular polygon of 96 fides circumfcribed about it, 
and AC will be to BC as the diameter is to the fide of a 
Like polygon infcribed. For it the line HK be the fide 
of an infcribed regular polygon of 96 fides, the arc 
HFK will be a g6th part of the whole circumference, 
or a 24th part of a quadrant, and the arc HFa 48th 
part of a quadrant; whence the angle EDF or HDI 
will be a 48th part of aright angle. 


A THEORE™. 


342. Lhe circumference of every circle is fometwbat more 
than three diameters. (Fig. 51.) 


, Let AB be the fide of a regular hexagon infcribed 
in a circle whofe center is C, and draw AC and BC: 
then will the angle at C in the triangle ABC be 60 
degrees, .as containing a fixth part of the whole cir- 
cumference.; therefore fince 4C and BC are equal, the 
other two angles at 4 and B will be 60 degrees each; 
therefore the triangle 4BC will be equiangular, and 
confequently equilateral ; therefore 4B will be equal 
to AC, and 648 to 64C ; but 648 is equal to the 
perimeter of the infcribed hexagon, and 647 is equal 
to three diameters; therefore the perimeter of a regu- 
lar hexagon infcribed in a circle is equal to three 
times the diameter of that circle: whence it follows 
‘that che circumference of the circle itfelf will be fome- 
what more than threediameters. Q,4:D. 


Z, A THE- 
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“ rd EOREM. + 
34 3. If the diameter of a circle be called it; the e circum 


. ference will be fomewhat.lefs thao 3 a and fome- i 


vs alae | Jo. 
— what greater than 3 ak 


| The demonftration of the fir? part. (Fig. 52.) 


Let ABC be a right angle, in which infcribe the — 


fines AC, AD, AE, AF, AG in the manner follow- 
ing: make the angle BAC a third part of aright one, 
BAD a 6th part, BAH a. 12thpart, BAP a 24thepare, 
and BAG a 48th part : then will AC be double of BC 
by the 340th article, and 4B wil! be to BG as the 


diameter of any circle is to the fide of aregular poly- 


gon of 96 fides circumfcribed about it by the 341ft 


article... Moreover, as the line AD. bifects the angle : 
BAC, we fhall have as 4B to AC fo BD to DC 


by the third of the-fixth book of the Elements ; 
and by art. 330%, AB--4Cisto AB as BC is to BD; 
and by. permutation, 4B-+AC is to BC as AB is to 


BD: therefore if BC be divided into any number of. 
equal parts, how many foever of thefe parts are con- 


_tained in the fum of the lines 4B and AC, the fame 
number of like parts.of 6D will be contained in the 


line AB alone; as if BC be divided into 10000 equal | 


parts, and the fum AB-+-AC contains 37320 of thole 
parts, then if the line BL be divided into 10000 


equal parts, the line AB alone will contain 27320 0f 


them. After the fame manner it may be demontftra- 
ted, that whatever parts of BD are contained-in the 


fum of the lines 78, AD,.the fame number of like _ 
parts of BE will be contained in. AB alone, and fo on: 


_ whence we have the following proces. 
ift. Let BC be divided into 10000 equal parts, or 


Cmniep is the fame thing) let BC be called 10000 ; iy 


* See the Quarto Ed. tion, P+ 539° 


shes i 
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‘then will AC be 20000, and confequently AB will be 
* greater than 17320, and AB+-AC will be greater than 


20. | 

2dly, Therefore if BD==10000, AB willbe greater 
than 37320, AD greater than 38636, and 4B+-AD | 
greater than 75956. 

»  gdly, Therefore if BE= 10000, AB will be greater 
than 75956, AZ greater than 76611, and AB--AE 
greater than 152567. 

Athly, Therefore if BF=10000, AB will be greater 
than 152567, AF greater than 152894, and AB-+-AF 
greater than 305461. 

sthly, Therefore if BG=10000, AB will be greater 
than 305461 : therefore e converfo, if AB be fuppofed 
equal to 305461, BG will-be lefs than 10000: but it 
was fhewn before that AB is to BG as the diameter of 
any circle is to the fide of a regular polygon of 96 
fides circum{fcribed about that circle; therefore if the 
diameter of any circle be called 305461, the fide of 
fuch a polygon will be lefs than 10000, and the 
_ whole perimeter lefs than 960000; therefore the pe- 
rimeter of fucha polygon will be lefs than the product 
‘of the diameter multiphed into 3 a3 0 s ey 


nt ae 2 My 
305461 “960020 : therefore if the diameter 


of any circle be called 1, the perimeter of a regular 
polygon of 96 fides circumicribed about it will be 


: 10 Way \ 
lefs than 3-3 but the circumference of every circle 


_ is lefs than the perimeter of any polygon circumfcribed 
 aboutit; therefore the circumference of the circle will 


-ftill be lefs than 3 —. 2. E. D. 
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The demonftration of the fecond part. (Fig. 53). 


Let ACDEFGB be a femicircle whofe diameter is 
AB, and in this femicircle let the lines 4C, AD, AE, 
AF, AG be infcribed in the manner following : make 
the angle BAC a third part of a right one, BAD a 
fixth part, BAE a rath part, B4F a 24th part, and 
BAG a 48th part, and join BC, BD, BE, BF, BG; 
then will AB be double of BC, and AB will be to BG 
as the diameter of any circle is to the fide of a regu- 
lar polygon of 96 fides infcribed.. Let AD cut BC 
in H; and by the demonftration of the firft part of | 
this theorem, 4C-4-AB will be to CB as AC to CH, 
fince by the conftrution the line AH bifects the angle | 
BAC: but the triangles ACH and ADB are fimilar, 
having the angles at Cand D right, as being ina 
femicircle, and the angle CAH being equal to the 
anele DAB; therefore AC will be to H€ as AD to 
BD: but it was before demonftrated, that as AC is 
to HC fo is AB-\-AC to BC; therefore as AB-+-AC is 
to BC fo is AD to BD; and whatever parts of BC are 
contained in the fum of the lines 4B, AC, the fame 
number of like parts of BD will be contained in the 
line AD alone: whence the following procefs. 4 
} ft, Let BG==10000; then will 4B==20000, AG 

will be lefs than 17321, and AB-+-AC will be lefs than 

321. 

Sah. Therefore if BB==10000, AD will be lefs 
than 37321, 4B will be lefs than 38638, and 
AB-\-AD will be lefs than 75959. 

3dly, Therefore if BE=10000, AE will be lefs 
than 75959, 4B. will be lefs than 7661455 and 
AB-\-AE will be lefs than 152574. 

athly, Therefore if BP=10000, AF will be lefs. 
‘than 152574, AB will be lefs than 152902, and 
ABA-AF will be lefs than 305476. 

sthly, Therefore if BG==10000, AG will be lef 
than 305476, and AB ‘will be lefs than 2056403 | 

- therefore 


Art. 343, 344. The menfuration of the Circle. 257 
therefore ¢ conver/o, if AB be equal to 305640, BG 
will be greater than toooo: but AB is to BG as the 
diameter of any circle is to the fide of a regular poly- 
gon of 96 fides infcribed in it; therefore if the diameter 
of any circle be 305640, the fide of fuch an infcribed 
polygon will be greater than 10000, and its peri- 
meter greater than 960000; therefore the perimeter 
of fuch a polygon will be greater than the product of 
the diameter multiplied into 3 a or ie si ifor 
8 
305640X T= 959968 therefore if the dia- 
meter of a circle be called 1, the perimeter of a recu- 
lar hexagon of 96 fides inferibed in it will be greater 


1 ee Hates. 
than 3 ait but the circumference of every circle is 


greater than the perimeter of any infcribed polygon ; 
- therefore'the circumference of this circle will be greater 


Gill chan 3 ae 2. E. D. 


Thus then if the diameter of a circle be called 1, 
the circumference muft lie between thefe two very 


vay , 10 10 
‘narrow limits, to wit, 3 eee 3 en the whole 


difference of thefe limits is but ae and therefore, by 


this method, the circumference of a circle is deter- 
mined to a.-497th part of the diameter. 


The moft compendious way of obtaining the nae 5 
| in the laft article. 


344. If any one has a mind to examine the fore- 
‘going calculations, it may not be amifs to let him 
_ know, that the hypotenufes of the triangles /3D, 
ABE, ABF and ABG ( Fig. 52,:53). may be com- 
puted without either fquaring the greater leg, or ex- 
mm: Z 3 ¢ “ traging 


358 Tike Menfuration of the Circle. Boox VIII, 
tracting the more confiderable part of the fquare root, 
As it AD (Fig. 52.) the hypotenule of the triangle 
ABD in the firft part be required, having given 4B 
37320 and BD 10000, the method I ufe1 is as follows: 
aft, Whatever the hypotenufe 4D maybe, this is 
certain, that the greater leg 4B will be equal toa 
confiderable part of it ; and therefore if 4D be tobe 
found by a feries, as is ulual in extracting the fquare 
root, it will be proper to make 4B. the. firft term ; 
and hence it is that I eall-37320=-46 ny firft root. 
Again, as the {quare of 4D is to exceed the fquare of 
AB by the fquare of BD, that is, by 100e00000;5 
this number I call my firft refolvend, andthen doub- 
ling my firft root, the produét 74640 I call my fir 
divifor, and fo ain prepared for the following ope+ 
ration, 

adly, Thus prepared, I divide my frit refolyend 
by my Grit divifor, and thé firlt figure of the quo- 
tient. (for | am Nertautact for no more at prefent) | 
find to be 1, which, as it comes out of the place of 
thoulands, fignifies 1000 ; this number therefore — 
1c0q I add to my firft root, and fo have 38320 
for a more corrector fecond root. ‘The fame num- 
ber rooo I add alfo to my firft divifor, and then 
multiplying the fum 75640 by 1000, the number 
that was added, I fubtract the product 76640000 
from my firft refolvend, and there remains 243600003 
this I call my fecond refolvend, and the double of my 
fecond root, to wit 76640, I call my fecond: side 
and fo proceed to the next operation. ? 

gdly, Now I divide my fecond refolvend by my | 
fecond divifor, and the firit figure of the quotient is 
3, which, as it comes out of the place of hundreds, 
fignifies 300; therefore 1 add 300 to my fecond root, 
and fo have 38620 for my third root :. the fame num- - 

er 300 I alfo add to my fecond divifor, and the 

fum 76940 | multiply by 300, and the produét i 1S 
2308 2000, which, being fubtracted from my fecond 
relolvend, Mak me 1278c00 fora third velolvend, | 


and 
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and the double of my third root, to wit 77240, Thave- 
for my third divifor. 

4thly, L divide my third refolvénd by: my ira 
divifor,, and the fir fisure .of the quotient is 1, 
which, fignifies, to ; therefore I add 10 to my third 
root, and fo-have a fourth root 28620: moreover 
adding 10 to my third divifor, the fum is 77250, 
} which. being multiplied ‘by 10, and. the product 
772500 being fubtraétéd from the third refolvend, 
leaves’ 505%00 for thé fourth refolvend, and the 
double of my fourth root, to:wit 77260, makes a 
four:h divifor. 

sthly and laftly, I divide my fourth refolvend by 
my fourth divilor, and the nearett quotient too little 
is 6; therefore I add 6 to my fourth root, and fo 
have 4 fifth root, to wit, 38636, which is the neareft 
root lefs than the true that can be expreffed in whole 
numbers: therefore the hypotenufe AD is greater 
than 38636, 

- The reafon of thefe operations will not be difieule 
to any one who thorouehly underftands the foundation 
of the common method of aie = the iquare root, 


Van Ceulen’s numbers Laake ihe circumference 
tf of a circle whofe diameter is I, 


45. This method of Archimedes is ca apable of be- 
ing purlued to any degree of exactnefs required : nay 
‘Ludolf Van Ceulen has computed the circumference of 
a circle to no fewer than 36 places, upon a fuppo- 
fition that the diameter is unity. His numbers ex- 
ha this circumference are, 

1415 9265 3589 7932 3846 2643 3832 7950 288 o. 
ay fince the invention of fluxions by its great author 
Sir Iaac Newton, he (Sir Jfaac) has an this me- 
thod drawn feriefes almoft infinitely more expediticus 
than the bifections of Archimedes or Van Ceulen, where- 
by the circumfetence of a circle may be computed to 
— 2 0rTrg Be: in little more than half an hour’s time, 
| ZL 4 as 


350 Why the circle cannot be fquared, &e. Boox VII, 
as Doctor Halley from hist own experience affures 
us. 

Note, that Metius’s proportion of the diameter of 
a circle to the circumference is as 113 to 355, the 


molt accurate of any in fuch fmall numbers. (See 
Schol, 1. in art. 179%). , 


4 


Why pepe cannot be fquared geometrically. 


246. If, having given the diameter or femidiame- 
ter of any circle, a right line could be found exactly 
equal to the circumference, whether fuch a. line 
could be expreffed by numbers or not, the circle 
might be fquared as well as any right-lined figure 
whatever, thatis, afquare might be contteagied whofe 
area would be equal to that of the circle, which I thus 
demonttrate. 

‘Let 2r-reprefent the diameter of any circle, and 
ae the circumference ; then will rc, the product of 
the: redius into the femicircumference, be its area, by 
cor. 4 in art. 911 +. Let now # be the fide of afquare 
whofe area is equal to that of the circle, and we 
fhall have wx==re whence w will be a mean propor- 
tional between r and ¢, and may be found by the 

13th of the’ fixth book of the Elements. But it 
is impoffible upon Euchid’s poffulata, having given 
the diameter or lemidiameter of any circle, to find a a 
.yight line exactly equal to the circumference; and 
theref fare the circle cannot be fquared upon the fame © 
foundation on which we are taught to {quare all 
right-lined figures ; and hence ic is that we fay, 
the circle cannot be fquared geometrically. But as 
the three paffulata of Euclid, how fimple foever they 
imay appear in theory, are never a one of ‘them capa- 
ble of being perfectly executed, but thaterrors muft 
neceffarily arile in drawing and producing lines, 
in taking the diftances of points, &c.; and as from 
thefé errors others mutt neceflarily arife in fublequent 


* See the Quarto Edition, p. 282, 7 Ibid, p. 504. 
| , operations 3 


\ 
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operations ; and laftly, as the circumference of a circle 
may be had from the diameter in numbers, to any 
affignable degree of exactnefs, it follows that in 
prattice, a circle is as capable of being iquared as any 
other figure whatever that isnot a {quare. 


Corollaries drawn from art. 34.3. 


347. From the 343d article may be deduced feveral 
bekelfacies, fome of the moft ufeful whereof are inferted 
here as follows : 


uit, The diameter of every circle is i ine cincunifer= 


22 

ence as 7 to 22 nearly: for 1 is to eater as 7 
2d, If d be the diameter of any circle, its area will 
11dd | ‘ ‘ tpolat 

: for as 7 is to 22, fo is d the diameter to 


be 


| 


22d . f el ; 

Br the circumference; and if 7 the radius be 
6 IRAE 3 e 

multiplied into —— the femicircumference, the pre- 


du 


by corollary 4in art. 311™. 


3d, Hence we have a ready way, having the diame- 
ter of any circle given to find its area, and vice verfa, 
without the mediation of the circumference, by faying, 
(as 1445 to tt, fo is tha fquare of the given diameter 
to the area fought. But if the area be given, in order 
-to find the diameter, the proportion muft be reverfed, 
by faying as 11 is to 14, fois the given area to a fourth, 
which fourth number will be the fquare of the diameter, 
and its [quare root the diameter itfelf. 
4th, Arguing as in the twa laft corollaries, Jf the 
diameter of 2 a circle be to the circumference as a to -b, 


© then, the /quare of the diameter of any circle will be to its 
. greaas .atab; and vice verfa, the area will be to (pe 


Baa of the diameter as b to ga. 
* See. the Quarto Edition, p. 504. 


qth, 


h 


362 Corollaries drawnfrom the Meafure, &c. Boox VIM. 
bth, The circumferences of all circles are as their 


diameters or femidiameters, and their areas as the 


Squares. of the diameters or femidiameters. For if d and 


e be the diameters of two circles, their circumferen- — 


22 d 22 ¢ Qe xi =) vee ehe 
ces will be = and = 3 and ie 1B FO" ee 


(dropping the common seeped 7, and the 
common factor 22) as ato é Again, the area of 


the circle ‘whofe diameter is d is as in the fie 


cond corollary ; ; se Poe the fame reafon, the ‘area 


Ite ~% 
af ithe other Pale whofe diameter i is ¢ is ——; and 
14 


11dd., I1eéé 
is to rE as dd to ee; therefore the circum- 


4 i 


14 

“ferences of all circles afe as their diameters, and 
their areas as the fquares of their diameters. ‘And 
*fince the halves of -all quantitiés are as the wholes, 
and the fquares of the halves.as the iquares of the 
wholes, it tollows alfo that the circumferences Of cir- 
cles are as their femidiameters, and their areas as the 
{quares of the femidiameters, 


6th, If there be three circles fuch, that the jum 
of the fquares of the femidiameters of two of them is 


equal to the fquare of the femidiameter of the third; 


I fay then thatthe areas of the two firft circles put 


together will be equal to the area of the third. For 
let a} 4, ¢ repreient the femidiameters of the three 


circles, and let. a*+-b° =<? : fince. then the femidiame- — 


ter of the firft circle is a, the diameter will be 2a, 


and the {quare of the diameter 4a¢: but as 14 is to. 


a 


444° 
11. fo is 4aa to ia or 


gre? 


the firft circle will be vhs 


by the third corollary ; and) 


for the fame reafon, the areas of the other two circles | 
will 


; therefore the area of - 


FI 


A 3475 . and siti to the Solution of Problems. 363 . 
will be - 


and = but a*-+-b* ==c* ex bypotheh : F 


2 a" ' ie 29:¢7" 


. 2 
therefore 


7 
N. B. This laft corollary is not demonftrated in 
the itt of the fixth book of the Elements, as fome 
may imagine, that demonftration not reaching farther 
than right-lined figures. 


The. following eafy problems may ferve to fhew - 
fome ufes of the following corollaries. 


FP er’6 22 b.M’* 3: 


348.'To find the proportion between the diameter of any 
circle and the fide of an equal fquare, 

Call this diameter 1, and by the fecond corollary 
.in the foregoing article, the area of this circle will be 


11 
mp and the fide of a fquare whofe area is 


zy be Ve : therefore the diameter of any 
: i 4, 

citcle is to the fide of an éqital {quare as 1 to 
Ve But becaufe this fraétion 7 though it 


| oe well enough for common purpofes, ‘is not 
accurately true, and becaufe irs fquare root cannot 
be accurately exprefied 4 in numbers neither, to reduce 
the error (for there muft be an error) to a more 
fimple point, let c be the circumference of a circle 


whole diameter is 1; and the area of fuch a circle, ° 
that is, the product: oh ne aie into the femi- 


: circumference, will be <x sar and the fide of 
an equal {quare will be fi : but, according to Van 


Ceulen, 6=3 +1415926536, and = 7853981634, 


and 


264 The foregoing Corollaries applied Book VIN, 
Fey Ae 88623; therefore the diameter of a cirs . 
4 


cle is to the fide of an saya {quare as 1 to 88623. 
or as 100000 is to 88623: fuppofe the proportion 
to be that of 100000 to 38625, which makes but’ 
an error of 2 in the fifth place, dnd then multiply- 
ing both terms by 8, the proportion will be that of 
800000 to 709000, or of 800 to 70g; therefore 45 
§00 #5 to 709, fo is the diameter of any circle to the fide 
of an equal fquare, nearly true to five places. 

N.B. If the diameter of a circle be'9 yards, the 
fide of an equal {quare found as above will not err an 
hundredth part of an inch, 


PROBLEM 2. 


349. Io find the femidiameter of a circle that will com- 
prebend within its circumference the quantity of an acre 
of land. 

An acre of land contains 4840 fquare yards, and 
therefore this muft be the area of our circle. Say 
then, as 11 to 14, fo 4840 to 61603 and this laft 


number will be the fquare of the diameter, by the — 


third corollary in art. 347 ; whence the diameter itfelf 
will be 78 .486 yards, and the femidiameter 39 .243 
yards, that is 39 yards 3 inches nearly. 


PROBLEM Ls 


3 50. Let a firing of a given length be difpofed inte 
the form of a circle: It ts required to find the area of 
this circle. han a 


Let c be the length of the ftring, and confequently 
the circumference of the. circle ade by it, and the 


| 
diameter of the circle will beL, the femidiameter 


¢ . CC Mi ee. 
ng —, and the area an Suppofe now this {tring 
to be difpofed into. the form of a {quare, and the fide 


of 


4 
i 


¥ 


ee 
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of this fquare would be—, and its area — —, and the 


area of the a would be to the area of the circle as 


€¢ 


oy Se that is, el: is to fon as It to 14: 
16 88 ? esd B 8 8’ ‘ 


therefore, 4s 11 ts to 14, fois the area comprehended 
by the firing when in form of a a [quare, to. the area 
comprehended by i fame firing when in form of a circle. 
WN. B. By the Nie here given it appears, t thatif . 
¢bethe circumference of any circle, its area will be 
7 ec 
pia 
Square of the circum nference of any ir cle to its area 
seer 


; and confequently that 45 88 és to 7, fo is the 


PROBLEM 4. 


260 huts eee to divide a given circle into any 
number of equal parts by means of concentric circles 
drawn within it. (Fig. 54.) - 


Let 4 be the center, and 4F be the femidiameter 
of the circle given, and let it be required to divide 
‘the area of this circle into five equal parts by means — 
of four concentric circles defcribed within the former, 
and cutting the line 4F in the points B, C, D, £, 
that is, let the area of the circle 7B, and the areas 
of the annuli BC, CD, DE, and &F be fuppofed.all 
equal; then the circle 48 will be + of the whole, 
the circle AC 2, the circle AD 3, &c.; and the area 
of the circle ZF will beto the area of the circle 4B 
as 5 to 1: but the area of the circle AF is to the - 
_ area of the circle 4B as the fquare of the femidiame- 
- ter AF is to the {quare of the femidiameter AB, re 
cor. 5. in art. 347; therefore AF? is to 4.5” as 5 to 1 
but AL” is given by the fuppofition; therefore AB», 
and confequently AB the femidiameter of the inmoft 
circle is given, In like manner Ak is to AC* as 5 
‘biol. 2 F to 
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to 23 whence AC the femidiameter of the next con- 
centric circle is given; and fo of the reff. 9, £. 2. 


Ps 0. BU Mee 


352, Whoever makes a tour round the earth, muft ne- 
ceffarily take a larger compafs with bis bead. than with. 
bis feet: The queftion is, how much larger ? 


Let 4 (fig. 55.) reprefent the center of the earth, 
AB its femidiameter, BC the traveller’s height, 
AG the femidiameter of the circle defcribed by his 
head : let alfo 4 reprefent the circumference of the - 
circle whofe femidiameter is 4B, and ¢ the circum- 
ference of the circle whofe femidiameter is 4C, and 
c—b will be the difference we are now enquiring aie 
which may be thus determined. 

By the fifth corollary in art. 347, 4C is to AB as 
¢ is tod; and by divifion of proportion, BC is to 
AB as c—b isto; and alternately, BC is to c—d as 
AB isto b, Let d be the circumference of a circle 
whofe femidiameter is BC, and BC will be to d alfo 
as AB tob; therefore BC is to das BC is to c—d; 
therefore c—~==d; that is, The traveller's bead qvill 
_ pafs through mare pace than bis feet by the circumference 
of a circle whofe femidiameter ts bis own length: as it the’ 
man be 6 feet high, his head will travel farther than 
his heels by 37 feet 84 inches nearly, and that whe- 
ther the femidiameter AB be eau or leis;or weiclraiy 
at all. 


Pros .L EM 6, 


353. It is required, having given the denih and the dia- 
meter of the bafe of any cylindrical velfel, to pra a its 
content in ale gallons. | 
Here it muft be obferved, that in the ight iced 

of a folid, all its dimenfions muft be taken in the 

fame kind of meafure : as, if any one dimenfion be 
taken in inches, the reft muft be taken fo too, and 
then the number reprefenting the content of any 


folid — 


Art. ee ie a Cones and Pyramids. 367 
folid will be the number of cubis inches to which that 
folid is equivalent. 

Let then a be the given aluuatte of the cylindrical 
vefiel to be meafured, d the diameter of its bafe, 


and by the fecond corollary in art. 34 will give 


a number of fquare inches equal to the bafe, and 
this area multiplied into the altitude a, will give | 
i1 add 

ini ice number of cubic inches equal to the folid 


content of the veffel: bur 282 vole inches conttitute 


an ale gallon ; and therefore if Leas , the folid con- 


tent of the vefiel, be divided by 282, the quotient, to 
11 add 
Wit, Tore will be.the number of gallons therein con- 


tained. Inftead of 3948 put 3949, which will make 
no confiderable Sas in fo great a denominator, - 


and the fraétion a (dividing both the numera- 


tor and denominator by 11) will be a 
59 


whence the following canon : 

' Having taken both tbe depth, and the diameter of the 
bafe in inches, multiply the fquare of the diameter into the 
depth of the veffel, and the produ& divided by 359 will 
give the number of gallons required. 

N. B. This eae of 3949 inftead of 3948 


corrects. about f of the error that would bs shediale 
! 


have been committed in fuppofing the fquare of the 
diameter of the bafe to be to its area as 14 to 11. 


PROBL EM 7: 


354. To measure a frufium of a cone, whofe perpendicular 
- ‘altitude and the diameters of the two ret are given. 


eae N. 8. 
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N. B. By a fruftum of a cone I mean acone © 
having its top cut off by a plane parallel to the 
bafe. 

Let the Uatasles triangle ABC ( Fig 56.) reprefent 
the fection of a cone made through its axis AD, 
and let EF be any line parallel to the bafe BC, cut- 
ting 4B in E, AC in F, and the axis AD in d; then’ 
will the trapezium BEFC be the feGtion of a fruftum 
of this cone whofe perpendicular altitude is Dd. 
Call BC, the diameter of the greater bafe, g; EF, 
the diameter of the leffer bafe, /; and Dd, the 
height of the fruftum, 4: call alfo 4D, the un-’ 
known altitude of the whole cone, x; and confe- 
quently 4d, the altitude of the cone to be cut off, 
x—b,; and from the fimilar triangles ABC, AEF. 
we have this proportion; AD is to Adas BCis to EF, 
that is, according to our notation, x is to x—h as ¢ 
to /; whence, by multiplying extremes and means, 
we have gx—gh=lx, and x, or the altitude of the 


cone, equal to nia In like manner if from the 


value of x we fubtract 4, the altitude of the fruftum, 

we fhall find 4d, or the height of the cone to be cut 
| lb OFLA, 

off, equal to pier Now the folid content of every 


cone is found by multiplying the bafe 1 into a third 
past of its aa theretore fince me, bafe of the 


cone ABC i is mor, and its altssude —— ay fis. its folid 


3 ee | 
pail will be 0 Ee x ay x a : in like many the 
I b 
folid content of the cone AEF will bes aa Pa ee x 


— : fubtract the latter cone from the former, and 


there will remain the folid content of the. fruftum 
BEFE 
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Rte rn pee DL paige! ache iT eth 
BEFC equal to a) x 5 X = — ri but the fraction 
5 

s— y may be reduced to an integet by dividing the 


numerator by the denominator, and the quotient will 
be gg-tci+-i/, therefore the folid content of the 


Sultan BEFC will now be expreffed thus, seterl 
| = ih dad Whence we have the following carion : 


dd we Squares and the reftangle of the two given 
_ diameters together ; multiply the fum into a third part 
of ‘the given ‘altitude, and the produét will be the 
frufium of a pyramid of the fame height having 
Square bafes whofe: fides are equal to the two diameters 
given; and as 14 is to 11 fo will this frufium be to the 


Safin fought. Qs Bal. 


N. B. ift. Since a ‘cone di sets nothing from 4 
fruftum of ‘a cone whofe lefier bafe is equal to no- 
thing, if 7 be made equal to nothing in the foregoing 
canon, it ought to give the folid content of a cone 
whofe height is 4, and the diameter of whofe bafe 


Reha buts) ese r tT x; o 


a 4 
becomes nee eos 
: i he 


edly, Since a cylinder may be confidered ag 4 
fruftum of a cone whofe bafes are equal, if / be made 
equal tog in the foregoing canon, it ought to give 
_ the folid content of a cylinder whofe height i is b, ‘and 
the diameter of whofe we is g/ and fo we find it 


fi 
will for sete x= qin this café becomes 


“5% | 
aS XT = et 


Aa  Bdly, 


370.  . Of Cylinders, Prifims, Cones, Boox VII. 

3dly, If the leffer bafe of the fFetkem be fuppofed. 
to be increafed till it becomes ‘equal to the greater; 
and if, on the other hand, the greater bafe be fup- 
pofed to be diminifhed till it becomes equal to. that 
which was the leffer bafe before, the folid content of — 
the fruftum will be the fame as atthe firft; and there- — 
fore, if the foregoing canon be juft, it ought not to be 
altered by changing the quantities g and/one for the 
other: which is true; for gg--g/-t-// by this means 
only becomes l--ig-+-gg, which is the fame quan- 
tity. 

In ioisiing this laft problem itis s taken for granted 
that every cone is the third part of a cylinder having, 
the fame bafe and height ; which may fafely be done, 
fince Euclid has demonftrated it in the toth of the | 
twelfth book of the Elements : but becaufe Euclid’s 
doctrine of folids is not fo eafy to the imaginations of 
young beginners, I fhall (in another place) give 
another demonftration of this propofition, indepen 
ane of any thing that has here beenfaid. 3 


LEMMA. (Fig. 57;) 


355. Let ABC be any curvilinear fpace conipie 
bended between two firaight lines AB and AC at right - 
angles ta each other, and a curve-as BC concave to- 
wards AB; and from any two points D and E in the 
_ dine AB let the lines DF and EG be drawn parallel to 
the bafe AC, and terminating in the curve at the 
points F and G, and compleat the parallelogram 
DEGH : then it is plain that the curvilinear fpace 
DEGF will be greater than the parallelogram DEGH. 
But what I here propofe to demonftrate is, that if the 


line EG be fuppofed to move towards DF in a pofition 


always parallel.to itfelf, and at laf to coincide with 
DF, the nearer EG approaches to DP, the nearer will 
the ratio of the curvilinear [pace DEGF to the pa- 
rallelogram DEGH approach towards a ratio of equality, . 
and that it will at laft terminate in a ratio of “gy 
when EG coincides wilh DE. HRM 

F or, | 
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For, completing the parallelogram GHFK, the 
parallelogram DEKF will be to the parallelogram 
DEGH upon the fame bafe as DF is to HG; there- 
_ fore the curvilinear {pace DEGF will be to. the pa- 
rallelogram DEGH in alefs ratio than that of DF to 
_ &G; that is, though that fpace be greater than this 
parallelogram, yet the ratio of the former to the lat- 
ter is a lefs ratio than that of DF to EG: but the 
nearer the line £G approaches towards DF, the nearer 
will the ratio of DF to EG approach towards a ratio 
of equality, and it will at laft become a ratio of equa- 
lity when EG coincides with DF; therefore a fortiori, ~ 
the ultimate ratio of the curvilinear {pace DEGF to 
the parallelogram DEGA will be a ratio of equa- 
lity. rb 
Hence it follows, that if we fuppofe the line AB to 
be divided into a certain number of parts, fuch as DE, 
and thefe parts to be made the bafes of fo many infcribed 
parallelograms, fuch as 1s the parallelogram DG, the 
more there are of thefe parallelograms, the nearer will 
the fum of all the curvilinear {paces DEGF, that ts, the 
whole curvilinear [pace ABC, approach towards the fum 
of all the infcribed parallelograms ; and if we Juppofe 
the bafes of thefe parallelograms to be diminifbed, and fo 
their number to be augmented ad infinitum, they will 
make up the whole curvilinear foace ABC; fo that the 
— fpace ABC will be to the fum of all the infcribed paral- 
lelograms ultimately in a ratio of equality. For, fetting 
afide the parts infinitely near the point of interfection 
B, which will be of no confequence in the account, 
Jet the paraliclogram DEGH be that which, of all 
the reft, differs moft from its correfpondent curvili- 
near fpace DEGF ; and the confequence will be thag 
the curvilinear fpace ABC will be to the fum of ali. 
‘the. infcribed parallelograms in a lefs ratio than thag 
of the {pace DEGF' to the fpace DEGH: but..even 
this ratio becomes at laft a ratio of equality, when. 
DE is infinitely fmall, by this Jemma: whence it 
follows a fortiori, that the ultimate ratio of the cur- 
ap : te aa" Vilinear 
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vilinear {pace 4BC to the fum of all the infcribed Bar 
rallelograms will be a ratio of equality. 

I thought myfelf obliged to demonftrate this. pro- 
pofition, becaufe I have known it objected, that. 
though the difference between any particular parallelo- 
gram and its correfpondent curvilinear. fpace be al- 
lowed to be infinitely {mall when the common bafe 
is fo, yet how do we know but that an infinite num- 
ber of thefe differences may amount to a finite quan-. 
tity? and if fo, then the whole curvilinear fpace can- 
not be faid to be to the fum of all the infcribed paral- | 
lelograms in a ratio of eaidlivy. To this I anfwer, 
chat it muft-be the bufinefs of f Geometry to determine 
whether an infinite number of thefe infinitely {mall 
differences amount to a finite quantity or not; and. 
by the demonttration here given it appears that they 
do not, but that the fum of all thefe differences aétu- 
ally diminifhes as their number increafes, and at laft 
éomes to nothing when their number is infinite. 


ALumma. (Bg. 57+) 


56. Suppoft ng the lite ‘AB fill to keep its place, 
Jet ws imagine the whole [pace ABC to turn round it, fo 
as to defer ibe or generate a folid whofe axis is AB, and 
the femidiameter of whofe bafe is AC, and the inferibed 
“parallelagrams will at the fanre time by their common mo- 
tion defcribe fo many thin cylindric \aminee, which, takes 
all tozetber, will be lefs than the folid generated by the 
fpace ABC, but, the more they are in number, the nearer 
they will epproach to it, and their circular edges will at 
loft terminatein the curve furface of the folid when giv? 
aumber is. infinite. 3 
For, completing the patallelogram GHFK as rhe 
fore, the /amina generated by the parallelogram DK 
will be to the Jamina generated by the parallelogram 
DG as the fquare of DF is to the {quare of ZG, all 
circles being as the fquares of their femidiameters 5 ; 
therefore the Jamina generated by the curvilinear. fpace . 
eae will be to the leming generated by the para}- 
lelogram 
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lelogram DG in lefs ratio than that of DF: to EG’: 
but when D and £ coincide, DF will be equal to 
EG, and the fquare of DF to the fquare of EG; 
therefore, in this cafe, every particular cylindric lamina 
will be the fame with a correfpondent /amina of the 
fold; and componendo, all the cylindric lamine will 
conftitute the folid itfelf. This may alfo be further 
evident by applying the demonftration in the Jatt 
Jémma te this cafe. Therefore we need not fcruple 
to fuppofe round folids, generated after the fame 
manner as this is, to be made up of an infinite num- 
ber of infinitely thin cylindric /amine: Nay even the 
cone itfelf may be confidered as being fo confittuted: for 
if we fuppofe BC to be a firaight line inftead of a curve, 
the: reafoning of the laft article and this will equally 
fucceed; in which cafe, the [pace ABC will be a triangle, 
and the figure generated a cone. 

If a folid be made up of a finite number of prifinatic 
or cylindric \aminze, decreafing in their diameters as they 
are farther and farther diftant from the bafe, the furface 
of fuch a folid muft neceffarily afcend by fleps: but the 

thinner thefe elementary \aminz are (fuppofing their 
thinnefs to be compenfated by a greater number), the 
narrower and the {hallower thefe fteps will be, fo as to 
terminate at laft in.a regular furface when their number 
is infinite. < 7 4 


A THEOREM; 


357. All ifofceles cones of equal heights are as their 
bales; that is, the folid content of any one ifofceles 
cone is to the folid content of any other of an equal 
beight, as the bafe of the former cone 1s to the bafe of 
the latier. | | 
_ Note, that by an ifofceles cone I mean a cone whofe 
bafe is a circle, and whofe vertex is every-where equally 
aiftant from the circumference of the bafe, and by an 
afofceles pyramid is meant a pyramid having a regular 
polygon for its bafe, and whofe vertex 1s equally diftant 
feem ail the angles of that polygon: lafily, by tfofceles 
age: ; Aagz pring 
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prifms and cylinders are meant fuch as have equal and 
regular polygons and circles for their bafes, and are fo 
conftituted, that a right line joining the centers of their 
éwo bafes is perpendicular to them. | 4) 
Let ABC (Fig. 58.) bea right-angled triangle at — 
B, and producing the bafe BC out to D, join AD 3. 
Jet alfo the line EFG be drawn any where within the 
triangle parallel to the bafe BCD, fo asto cut AB in 
E, AC in F, and AD in G: then will EF be to BC 
as EGisto BD, fince both are as AE to AB by fimilar 
triangles: therefore, if they be taken alternately, EF * 
will be to EG as BC to BD, and EF* to EG+ as BC* 
10 BD:. This being allowed, let the triangle ABD 
be fuppofed to turn round the fixed fide 4B, fo as to 
generate a cone whofe avis is AB ; then will the tri- 
angle ABC generate another cone having the fame 
common altitude 46, Let both thefe cones be con- - 
fidered as conftituted of an infinite number of infi- 
nitely thin cylindric Jeming, and let EF reprefent in- _ 
differently the femidiameter of any one of thefe lamina 
belonging to the cone ABC; then will EG be the fe- 
midiameter of a correfpondent /amina belonging to 
the cone ABD, and the /amina whofe femidiameter is 
EF will be to the /amina whofe femidiameter is 
EG, having the fame thicknefs, as EF” is to EG*, or 
(according to what is already demonftrated) as BC* 
is to BD*; that is, every particular /amina of the 
cone ABC willbe to a like /emina of the cone ABD 
as the bafe of the former cone is to the bafe of the 
latter ; therefore componendo, the whole cone ABC 
will be to the whole cone 4BD as the bafe of the | 
former is to the bafe of the latter: but the planes | 
ABC and ABD may be fo confticuted as to generate 
any two ifofceles cones whatever that have equal. 
heights; therefore if the heights of two ifofceles cones 
be equal, thefe cones will be to each other as their 
bales, Q.£.D,  ~ | ah 


ATHE. 
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| A THEOREM. 
358.. Every ifofceles pyramid is equal to an ifofceles cone 
of an equal bafe and height. 
Let P reprefent any ifofceles pyramid, and C an 
ifofceles cone of an equal bafe and height: I fay then 


that the pyramid P will be equal to the cone C. 


To demonftrate this, imagine the pyramid P to 
have a cone, as ¢, infcribed in it, fo as to touch every, 
fide of the pyramid in fo many lines of contaét, and _— 
imaginethe circumfcribing pyramid, and confequently 
the infcribed cone, to be conftituted of an infinite 
number of infinitely thin /amine, and every lamina 
of the circumfcribing pyramid will be to a corree 
fpondent /amina of the infcribed cone as the bafe of the 
pyramid is tothe bafe of the cone. For the plane of 
every lamina that conttitutes the pyramid will be,a 
polygon fimilar to the bafe, and the plane of every 
correfpondent /amina that conftitutes thé inferibed 
cone will be a circle infcribed in fuch a polygon: 
therefore componendo, all the /amine conftituting the 
pyramid P will be to all thofe that conftitute the 


-. cone ¢, that is, the whole pyramid P will be to the 


whole cone ¢ as the bafe of P is to the bafeof¢c: but 
the cone ¢ is to the cone C of an equal height, as the 
bafe of c isto the bafe of C. Since then P is to ¢ as 
the bafe of P is to the bafe of c, and ¢ isto C as the 
bafe.of ¢ is to the bafe of 'C, it follows ex equo that P 
is to Cas the bafe of P is to the bafe of C: but the 
bafe of P is equal to the bafe of C by the fuppofition; 
thereforethe pyramid P is equal to the cone C, having 
an equal bafe and altitude. Q, E. D. 
Corot L'a ® Y: 
Hence it follows, that whether cones be compared 


 -qpith cones, or cones with pyramids, or. pyramids with 


pyramids, all fuch as bave equal heights will be to one 
another as their bafes. For cones are fo by the laft 

article, and pyramids are equal to cones having equal 
Aa, bafes 
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bafes and heights by this: I mean ifofceles PY ramidg. 
and ifofceles cones. 


ScHOLIUM, 


As the folid content of a prifm or cylinder of a given 
perpendicular altitude depends upon the quantity, and 
not upon the figure of the bafe, fo by the demonftration: 
of this propofition it appears, that the folid content of © 
an ifofceles pyramid or cone of a given perpendicular al- 
titride depends upon the quantity, and not upon the Jigure 
of the Lafe: \et the perpendicular altitude and the area. 
of the bafe be the fame, and the quantity of the folid’ 
will continue the fame, whether ‘that bafe be in the 
form of a triangle, or a {quare, or a polygon, or a. 
circle. Other pyramids and cones will be confidered. 
in another place, 


A LEM M4. 


359. If from the center of any cube frraight lines be 
imagined to’ be drawn to all its angies, the cube will 
by this means be diftinguifhed into as many equal ifofceles. 
pyramids as it bas fi dei, to wit 6, whofe bofes will be in 
the fides of the cube, and whofe common vertex will be in 
the center. 

For if from a point above any right- -lined, plain. 
figure lines be drawn to all its angles, and then the 
inter{tices of thefe lines be imagined to be filled up; 
with triangular planes, the folid ‘figure thus inclofed — 
will bé a pyramid; therefore, by the lines above 
defcribed, the cube wiil be diftinguifhed into as many 

syramids as it hath fides, And that thefe pyramids, 
will be all equal and ifofceles, is evident: for firtt, 
their bafes will be all equal from the nature of the 
-gube; and in the next place, their heights will be 
all equal from the nature of the center, which is fup- 
pofed to be equally diftant from all the fides of the 
cube ; and laftly, as this centre? mult allo be equally: 
diftant from all its angles, ir iollows that thefe ‘eens 
ids mukt't be all ifotecles pyrarsiteigy! iQ:! BoD 
| Conor 


a lo content of an ifofceles prifm or cylinder having 
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CoROLLARY. 


Fence every one of thefe pyramids will be the fixth 
part of the whole cube. 


A THEOREM. 


360. Every tfo fceles pyramid or cone is a third part of 
an ifofceles prifm or cylinder having an equal bafe, and 
anequal perpendicular beight. 

Let abe the perpendicular altitude ‘of any ifofceles 
pyramid or cone, and let d be the area of its bafe, 
both taken according to the directions given in art. 
353: imagine alfo a cube whofe fide, that is the fide 
of whofe fquare bafe, is 2a; then will 4a” be the 
area of the bate, and 8a the folid content of this 
cube: and if, from the center of the cube, lines be. 
imagined to be drawn to the four angles of the bafe,. 
they will be the outlines of an ifofceles pyramid whofe 
bafe is: the fame with the bafe of the cube, to wit, 
4a*, and whofe perpendicular altitude is 4; whence 

* 3 
the folid content of this pyramid will be a or “= 
by the corollary in the laft article : but as this pyra- 

mid has the fame height @ with the pyramid propofed, 

thefe two pyramids will be to one another as their, 

bafes, by. the corollary in the lait article but one: 

hence the folid content of the pyramid propoied will 
eafily be had by faying, as 4a’, the bale of the py- 
ramid within the cube, 7 to @ the bafe of the py- 


3 ¢ 
ramid propofed, fo is the folid content of the 


ena 2 
former, to a fourth, to wit. —, which will be the 


~ folid content of the latter; therefore the folid content 
of an ifofceles pyramid ¢ or cone whofe bafe is zy and | 


b 
whofe altitude is a is found to be nee but ‘the fo- 


» 
an 
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an equal bafe and height is 2d; therefore every ifof- 


celes pyramid or cone is a third part of an ifofceles 


prifm or cylinder having an equal bafe and an eqiial 
Seti ar altitude. a ELD. 


| CoROLLARY I 
Hence the folid content of an ifofceles pyramid or cone 


is found by multiplying the area of the bafe into a third 


part of the perpendicular altitude, or elfe by multiplying 
the area of the bafe into the whole altitude, and then 
taking a third part of the prouud. 


| COROLLARY 2. | 
Hence alfo it follows that all ifofceles pyramids and 


cones upon equal bafes are to one another as their, . 


heights. 
A LEMMA. 


261. If a pyramid of any kind be cut by a plane pa- 


vallel to its bafe, the quantity of the fection, or (which. 


(is all.one) the.quantity of the bafe of the pyramid cut off, 
wil always be the fame, let the figure of the pyramid 


be what it will, fo long as the bafe and perpendicular . 


altitude of the whole pyramid and the perpendicular al- 
titude of the pyramid cut off continue the fame : in which 
cafe, the perpendicular diftance of the plane of the fection 
from the plane of the psig wilt alfo be the arm {See 
Fig. 59.) 

. Let Abe the verted of the pyramid, and let BC be 
any one fide of the bafe; lerthe lines AB and AC be cut 
by the plane of the fection in the points Dand E refpec- 
tively, and let AMG be the perpendicular altitude of 
the whole’ pyramid, cutting the plane of the fection 
ja F, and the plane of the thats in G, both produced 


if need be; jon FD, FE, GB, GC; ‘thea Gaee the 
bafe of the pyramid cut off will always be fimuar — 


to’ the bafe of the whole py ramid,. whereof DE and 
BC are correfpondent fides; and fince all fimilar plain 
figures are to. each other as the iquares of their cor- 


refpondent 
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refpondent fides by the zoth of the fixth book of 
the Elements, it follows that the bafe whofe fide is: 
_ DE will be to the bafe whofe fide is BC as DE* to 
BC’, that is, by fimilar triangles, as 4D* is to 4B, 
or as AF” is to AG*. Since then as AG’ is to AF* 
fo is the bafe of the whole pyramid to the bafe of 
- the pyramid cut off ; fo long as the three firft con- 
tinue the fame, the laft muft alfo continue the fame. 
QED. | 


COCR OL. BA ke: 


Since the number of fides of the pyramid is not con- 
cerned in the demonftration of this propofition, which 
will be equally true, be the number of fides what it will, 
“it muft alfo be true of the cone, which is nothing elfe but 
a pyramid of an infinite number of fides, let the fhape of _ 
the cone be what it will, that is, whether AG the per- 
pendicular altitude of the cone paffes through the center 
of the bafe or not. : 


At ese Oo: ey eM 


362. If a prifm or cylinder of any kind be defcribed by 
_. the motion of a plain figure afcending uniformly in a 
horizontal pofition to any given height, the quantity 

of the folid thus generated will be the fame, whether 
- the defcribing plane afcends direé#ly or obliquely to the 

fame height; and confequently all prifms and cylinders 
of what kind foever, that have. equal bafes and equal 
perpendicular heights, are equal, whether they ftand 
upon thofe bafes erect or reclining. : 

For the better conceiving of this, let the defcribing 
plane be made, not to afcend all the way, but fome- 
titnes to afcend perpendicularly, and fometimes to 
move laterally or edgeway, and that by turns: then — 


x itis plain that the quantity of folid fpace, or rather 


the fum of al] the folid {paces thus defcribed, ‘will 
amount to no more than if the defcribing plane had 
__ afcended: all the way perpendicularly to the fame 
height, Let the times-of thefe alternate motions 
Bese 2 | wherein 


#f 
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wherein they are performed be diminithed and their 
number be increafed ad infinitum, and they will ter- 
minate at laftin an uniform. oblique motion, and the 
folid generated by. this motion will be equal to a fo- 
lid generated by a perpendicular motion of the fame | 
plane to the fame height. 9. £. D.> | Pe 

NN. B. What has here been denied concern- 
ing prifms and cylinders,. may be further illuftrated ' 
by fliding a pack of cards, or a pile of halfpence, out | 
of an ereét into an oblique pofture; whereby it may 
eafily be feen, that neither the bafe or the perpendi- 
cular altitude, nor the quantity of the folid, can be © 
affected by this change of pofture; but the finer, that’ 
is the thinner, thefe conftituent laminae are, the nearer ’ 
they will reprefent.an oblique folid. 


A. IT HEOR EM: 


362. All pyramids and cones of what kind foever, that 
have equal bafes and equal perpendicular heights, are. 
equal, | 
To evince this, let us imagine two plain fioures 

(whether fimilar or diffimilar to each other it matters 

not) to rife together from the fame level, one direétly, 

and. the other obliquely, but both in: a horizontal 
pofition, and always upon the fame level; and let 
thefe planes be imagined not to retain all along their 
firft. magnitude (as was fuppofed in the laft article) 
but to leffen by degrees.as they rife, fo. as by their 
motion to deferibe tapering figures, and at laft to 
vanifh each in a point: then it is eafy to fee, that if 
the tapering figures thus defcribed be pyramids or _ 
cones having equal bafes and equal perpendicular — 
heights, thefe defcribing planes muft not only be — 
equal to each other at firft, and vanifh at equal 
heights, but they muft.leffen fo together as to be” 
equal to each other at all other equal ‘altitudes what- | 
ever: this is evident from the laft article but one: 
and therefore the folids defcribed: by ps oi oye nee 
cell: ine be equal, QE, D. ¥ 
4 ee Conor. —- 
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pone Cio pio ht cae Y. | 


Hence it follows, that whatever we have demon- 
firated concerning ifofceles pyramids, cones, prifms, and 
cylinders, with refpect to their proportion one to another, 
qwill be equally true of all others, whatever fhape or 
pofture they may be in: as, that all pyramids and cones 
of the fame height are to each other as their bafes, that 
all pyramids and cones upon equal bafes are as their 
heights, and that every pyramid or cone is a third part 
of a prifm or cylinder having an equal bafe, and an 
equal perpendicular altitude. 


A Lema. ‘(Fig.’60.) 


364. Let ABCD. bea fquare whofe bafe is AD, 
and whofe diagonal is AC 3 and upon the center A, and 
with the radius AB, defcribe the quadrant or quarter 
of a circle BAD: draw alfo the line EFGHor EGFH 
any where within the fquare, parallel to the bafe. AD, 
cutting the fide AB in E, the quadrant BD in ¥, the 
diagonal AC in G, and the oppofite fide CD.in H, 
and join AF: Lfay then that:the.fquare of EF and the 
Square of EG put together will:always.be equal. to the 
Square of EH. ithe a 

For the triangles ABC and AEG are fimilar, .as 
having one angle at A in common, and the angles at 
Band £ right; therefore ZG will be to E4as BCis to 
BA; but BC is equal to BA, from the nature of a 
fquare ; therefore EG will.be equal to £4, and EG* 
to EA, and EF’-+-EG"* to EF’-+-E4A-=AP-=AD* 
==EH;, that is, EF’-+- EGE’, QL. D. .., 
me («A TD p.bOR EM. | 
- 965. Every fpbere is two thirds of a circumfcribing 

 eylinder, that is, a. cylinder that will juft coniaims 
say ts ues ae Bes 
For fuppofing all things as in the laft article, 
(he Fig. 60.) let the fquare ABCD be now fuppofed 
ran to ih to 
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to turn round its fixed fide 4B, fo that the fquare 
may generate a cylinder, the quadrant a hemifphere, 
and ‘the triangle ABC an inverted cone; and let this 
cylinder, and confequently the cone and hemifphere 
be confidered as confifting of an infinite number of 
infinitely thin.cylindric lamine : then if EH reprefents © 
the femidiameter of any one of thefe /amineg belong- 
ing to the cylinder, EG will be the femidiameter 
of fo much of this damina as lies within the cone, 
and EF the femidiameter of fo much as lies within 
the hemifphere: and becaufe (by the laft article) 
the fquare of EF and the fquare of EG are both 
together equal to the fquare of EH, it follows from — 
corollary 6.in art. 347, that the two circles, whofe 
femidiameters are EF and EG, are both together equal 
_ to the circle whofe femidiameter is EH which is 
as much as to fay in other words, fince the line 
EH was taken indifferently, that every particular 
lamina of the cylinder is equal to two correfpondent 
laming at the fame height, whereof one belongs to 
the cone, and the other to the hemifphere ; therefore 
componendo, the whole cylinder is equal to the cone 
and the hemifphere put together: but the cone 
has been proved already to be a third part of the. 
cylinder, as having the fame bafe and height, (fee 
art. 360); therefore the hhemilphere mult be the 
remaining two ‘thirds of it;. that is, every ‘herni- 
{phere is two thirds of a cylinder of the fame bafe and 
height. 

Tet us now imagine two. foch’ hemifpheres, 
and-twao fuch cylinders to be put together in oné 
comnion ‘bafe, and the two hemifpheres will cons 
ftitute a fphere, and the two cylinders a cylinder 
circumfcribed about that fphere, and the fphere will 
now ibe two thirds of the Siete cylinder, 


Oa | uk tex A Ta t- 


Art.366.. Of the: Spheres "28a 
: A TurorREM 


66 Every Iphere is equal to a cone or pyramid bags 
bafe is the furface of the [phere and whofe fergie? 
~\ dicular altitude is its femidiameter. © 
To demontftrate this, let a body terminated by 

plain fides, regular or irregular, be fo conftituted as 

to admit of a . fphere to be infcribed in it, touching 

‘every fide in fome point or other, as the cube and 

an infinite number of other bodies will; and from 

the center of the infcribed fphere imagine lines to 

- be drawn to every angle of the circumfcribing body : 

then will this body be  diftinouithed i into as many py- 

ramids as it hath fides, whofe bafes will be the fe: 
veral fides of the body, whofe common vertex will 
be in the center of the fphere, and whofe perpendi- 
cular heights will be radii drawn to the feveral points 
of contact, and confequently will be equal: for as 
when *# ofrcle fy 2tduched by right lines, all radii 
drawn to the feveral points of contact will be per= 

-pendicular to the refpective tangent lines ; fo when 

a {phere is touched by planes, all radii drawh to the 

- feveral points of contact will be perpendicular to the 

. refpective tangent planes. 

» Let then r be the radius of the fphere, and let 

' a, 6, ¢, d reprefent the quantities or areas of the. 

© feveral’ fides of the circumfcribing body ;-and the 

- folid contents of the pyramids whereof that body is: 

ar br cr adr | 


: compofed will be - cy ie , and the fum of 

all thefe pyramids, or the folid content of the body, . 
will be Sigrstcn Horst Let a-- 2 b-i-c-- d= 5s, 
that’ is, let s bethe whole fuurface of the pHLNRRE: PhO 
body): and its folid content will be Rid bua is 


the content of a pyramid whofe bafe is s, and whofe 
“perpendicular altitude is 7; therefore every body 
ie circum{cribed 
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circumfcribed about a fphere is equal to a pyramid 
whofe bafe is the furface of the body, and whofe per- 
pendicular altitude is the femidiameter of the infcribed 
Aphere, 7 ‘ a oe 

Let us now imagine the feveral angles of this cir- 


cumfcribing body to be pared off clofe by the furface 


of the fphere, fo as to create more fides and more 
angles, and we fhall {till have.a body circum{cribed 
about the fphere, though in another fhape; and there- 
fore the proportion already advanced will be as true 


in relation to this body as tothe former: whence it | 


follows, that if we fuppofe the angles of the circum- 
{cribing body to be pared off ad infinitum, that is, 
till it differs nothing from the infcribed fphere, the 
propofition will be as true of the fphere itfelf as it 
was before of the body circumfcribed about it, to 
wit, that every fphere is equal to a cone or pyramid 
whofe bafe is the furface of the fphere, and whofe per- 
pendicular altitude is its femidiameter. .2. #. D. 


pO ott OUR AE, aees 


367. The furface of every {phere is equal to four great 


circles of the fame /phere. 


Where note, that by a great circle of a fpbere, I mean 
any circle arifing from a fection of a [phere into two equal 
bemi[pheres by a plane paffing through its center, in con- 
tradiftinéiion toa leffer circle arifing from a feltion of a 

fpbere into unequal parts: or a great circle of a {phere 
may be defined to be a circle whofe diameter is the fame 
with that of the {pbere. . | PFs 

Let s be the furface of any fphere, d the diameter 
and the area of a great circle of that fphere; then 
will b be the bafe of a circumfcribing cylinder, d its 

-altitude, and 4d its folid content; therefore, by the 


| bd ) 
daft article but one, a will be the folid content of — 


. the {phere : but by the laft article, ‘this fphere: is 


pe 


% 


equal. to 4 cone or pyramid whoie bafe iss thefurface — 
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of the {phere, and whofe perpendicular altitude is 


3 its femidiameter, a hud part whereof ist s there- 


sa , 
fore => sill alfo reprefent the folid content of the 


6 
{phere: whence we have the following equation, to 
he Vig 2 Eth 
wit, = which being ea aved gives s==45. 
Q E.D. 


From the three Jaft articles may be deduced the 
dol litera corollaries : 


G 0:8) Or bib Al-Roiek Ss. 


368. 1ft, 4s the diameter of a circle is to. the cir- 
cumference, that is, as 7 to 22 nearly, fo is the. fquare 
of the diameter of any fpbere to its furface. For lup- 
pofing the diameter of a circle to be to the circumfe- 
rence as 1.to.c,.and putting d for the diameter of 
any fphere, cd will be the circumference of a great 

circle of that fphere, fince.as 1 is toc, fois dio cds; 


a cd ne po Mnieyiae 
multiply then Ma the femicircumference, into — the 


| cdd 
radius, and you will have ai the area of a great 


circle; therefore four great circles, or the furface of 
the fphere, will be cdd: but as 1 is to c, fo is dd to 
cdd; therefore, &c. 

ad, Whence it follows, that The furface of every 
[phere is equal to the produd of the circumference of a 
great circle multiplied into the diameter of the fpbere. 
For, retaining the notation of the la{t article, cdd the 
_ furface of the fphere is equal to cd the circumference 

‘of a great circle multiplied into d the diameter. 
3d, The furface of every [phere is equal to the convex 
Surface of a circumfcribed cylinder, For if a concave 
cylinder without its two bales be flit, and then opened 
into a plane, the figure of that plane will be a paral- 
Bb lelogram, 
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lelogram, whofe bafe will be that line which before 
was the circumference of the bafe of the cylinder, 
and whofe height will be the fame with that of the 
cylinder; therefore, as the area of a parallelogram is 
found by multiplying the bafe into the height, the | 
furface of every cylinder muft be found by multiply- | 

ing the circumference of the bafe into the height of 
the cylinder : but the circumference of a cylinder cir- 
cumf{cribed aboutafphere is equal to the circumference 
of a great circle of the fphere, and the height of fuch 
a cylinder is equal to the diameter of the fphere ; 
therefore the convex furface of the cylinder will be 
equal to the circumference of a great circle of the 
fohere multiplied into the diameter, which by the laft 
corollary is the furface of the infcribed {phere. 

Ath, The folid content of every [phere is equal to the 
produ of its furface mustiplied into a third part of the 
radius, or the radius into a third part of the furface. 

This is evident from art. 366. 

sth, As fix times the diameter of a rile is to the 
circumference, that is, as 42 is to 22 or 21 to 18 
nearly, fo is the cube of the diameter of any {phere to its 
folid content. For if we fuppofe the diameter of a 
circle to be to the circumference as 1 toc, the furface 
of a fphere whofe diameter is d will be cdd by the 
firft corollary ; and this furface multiplied into a third 


d 
part of the radius, or into a third part of a which is 


ie ; BES 7g: = the folid content of the fphere : but as: 


6 isto ¢, fo is a to Ae therefore as fix times the 
diameter of a circle is to the circumference fo is the. 
cube of the diameter of any BAERS to its folid con- 
Tene... 4: 

6th, The furfaces of all fpheres are as the fquares, 
and the folid conte:.ts as the cubes, of their diameters or 
femidiameters. For fuppofing the diameter. of ay 

Circie 
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circle to be to the circumference as 1 toc, and fup- 
pofing d.and é@ to be the diameters of two fpheres, 
the furfaces will be cd> and ce* by the firft corol- 
a 3 
lary, and the folid contents will be =. and “2 by 


the laft: but cd’ is to ce as d* is to e*, or as 


qe e* Rae Oiy od of Ae 

— is to—; and —— is to ——as d' is to ¢3, or as 
‘ad 4 6 6 
fae 08 es 

«15 tO —, 

8 8 2 


To thew the ufe of the properties of the fphere 
above defcribed, I fhall add the following problems: 


PROBLEM 1. 
369. To find bow many acres tke furface of the whole 
3 earth contains. 
Let the diameter of a circle be to the circumference 
as dtoc, and let e be the circumference of the earth 3 


2 


EET: fs Sea ee de”. 
then will ni be its diameter, and oe aes furface by 


the fecond corollary in the laft article. Now the cir- 
cumference of the earth is 131620572 Englith feet, 
or 24930 Englifh miles nearly, allowing 5280 feet 
toa mile: therefore if we make e==24930, we fhall 
have e*==621504900. Now the numbers 7 and 22 
are fcarce exact enough to exprefs the proportion of 
the diameter of a circle to the circumference in com- 
pany with fo large a number as ¢*; let us therefore 
ufe that of 113 to 255, which we have elfewhere 

fhewn(fchol. 1. in art. 179*) to be much more exact ; 

‘ 2 


a4 | é 
that is, let d==113 and c= 365, and “pt Of the fur- 


face of the earth will be 197831137 fquare miles: 
but every fquare mile contains 640 acres ; therefore, 
‘if the foregoing number of {quare miles be multiplied 
by 640, the product 126611927680 will be the num- 
ber of acres required. 

* See the Quarto Edition, p. 292. 


Bb2 Nea 
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N.B. To be more exact in any computationthan 
the data on which it is founded, can be to little or no 
purpofe. | 
PROBLEM 2. 


370. What muft be the diameter of a concave {pbere that 
will juft bold an Englifh gallon? | 


By the fifth corollary in art. 368, as 11 is to 21, 
fo is the folid content of any {phere to the cube of 
its diameter: but the folid content of our {phere is 
282 cubic inches or an Englifh gallon by the fup- 
pofition: therefore the cube of its diameter will be 
538+4, the cube root whereof 8.135 willbe the dia- 
meter itfelf. | 

N. B. The extraction of the cube root is taught 
in moft books of Arithmetic, and depends on the 
nature of a binomial, as doth the extraction of the 
{quare root ; and therefore whoever fees the reafon of 
the latter, may (without much difficulty) reafoa him- 
felf into the former: but the extraction of the roots 
of all fimple powers will beft be performed by the 
help of jogarithms, as will be fhewn hereafter when 
we come to treat of the nature and properties of thofe 
numbers. 


Of the Spherord. 


373. Lf a {phere be refolved into an infinite number 
of infinitely thin cylindric lamine, and then thefe lami- 
nee, retaining their circular figure, be all increafed or 
all diminifoed in the fame proportion, they will conftitute 
a figure called a {pberoid; and it is faid to be prolate or 
oblong, according as thefe conflituent laminz are in- 
creafed or diminifhed. This a learner, who is unac- 
quainted with the nature of the ellipfis, may (if he - 
pleafes) take for the definition of a {pheroid. . 

From the definition here given it follows, 

ift, that Every /pberoid is to afphere upon the fame 
axis, as any one lamina in the former is toa like lamina 
in the latter from whence it was derived; or as any 

number 
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number of laminze in the former is to the fame number of 
like laminee in the latter, that is, as any portion of the 
former comprehended between two parallel planes per- 
pendiuclar to its axis, is to a like portion of the latter. 
2dly,it follows, that Every /pheroid, as. well as every 
Sphere, is two thirds of a circumfcribing cylinder. For 
though a fpheroid be greater or lefs than a fphere upon 
the fame axzs, the cylinder circumfcribed about the © 
{pheroid will be proportionably greater or lefs than 
the cylinder circumfcribed about the fphere: for, ha- 
ving the fame length, they will be as their bafes ; 
therefore the ipheroid will have the fame proportion 
to acylinder circumfcribed about it, as the {phere 
hath to a cylinder circumfcribed about the {phere. 


A Lemma; 


4 374. The chord of any circular arcis a mean profor- 
tional between tke verfed fine of that arc and the dia- 
meter. | 

Let ABC (Fig. 61.) be a femicircle whofe diameter 
is AC, and affuming any arc as 4B, draw the ftraight 
line 4B, which is ics chord; draw alfo BD perpen- 
dicular to the diameter 4C in D, aud the intercepted 
line 4D is called the verfed fine of the arc AB. What 
we are then to demonttrate is, that the chord 4B isa | 

mean proportional between the verfed fine AD andthe 
whole diameter 4C: and this is eafily done by draw- 
ing the other chord BC; for then the triangle ZBC 
will be right-angled at B, as being in a femicircle, 
and confequently will be fimnilar to the right-angied 
triangle 4DB ; whence AD will be to AS as AB to 

AC. ° 9, ED. 

ore) wn PER OSB Ls BM, 


375-10 find the Jolid content ofa fruftum of a bemi- 
~~ [phere or bemifphercid comprehended between a great 
"circle perpendicular to its‘axis and .any other leffer 
circle parallel to it, having thefe two oppofite bafes 
Gn the beight of the frufium given, — * | 
™. eae, et N, B. 
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N. B. Asa AD is fometimes vfed for the fquare 
of AD, or a fquare whofe fide is 4D, fo in our nota, 
tion in this and fome of the following articles, we | 
fhall not fcruple to ufe © AD for the area of a circle | 
whofe femidiameter is AD, 2 © AD for two fuch 
circles, €5c. 

Let ABCD (Fig. 60.) be a fquare whofe bafe is 
AD and diagonal AC; and upon the center 4 and 
with the radius AB deferibe the quadrant BAD; draw” 
alfo the line EFGH any where within the fquare pac - 
rallel to 4D, cutting 42 in , the quadrant in F, the: 
diagonal in G, and the oppofite fideCD in H. This 
done, imagine the whole ficure to turn round its 
fixed fide 4B: then will the fquare generate a cylin- 
der, the quadrant a Seat the triangle 4BC an 
inverted cone, and ‘the curvilinear {pace AEFD fuch 
a fruftum of an hemifphete as we are to find the folid @ 
content of, having given 4D and EF the femidiame- 
ters of the two oppofite bafes, and AE the height of 
the fruftum. 

In the 36sth article, by the help tthe conftruc- 
tion, it was demonftrated, that the hemifphere gene- 
rated by the quadrant 4BD and the cone generated 
by the triangle ABC were together equal to the cy= 
linder generated by the fquare ZBCD ; and the rea- 
fons there given for fuch an equality, equally prove 
that the fruftum generated by the fpace ZZ FD and 
the cone generated by the triangle 4G wiil both to- 
gether be equal to the cylinder generated by the pa- 
ralleooram AHEAD: but the cone generated by the 


AE 

. trlangle AEC is equal to @ EG x oi and the cy- 

Jinder generated by the parallel ogram AEHD is equay 
98 

to OADx AE=3 Q4Dx ao < OARTOER | 


AE 
x —, therefore, if f be put for the folid content of 
the freftum, we thall have the following equation, 


w 
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: ; By. on ee ae LAE 
ftOEGx ay 2 OAD DEH x Ge tran-. 
{fpofe ©EGxK = and then we fhall have f = 


2@ AD+O£LH—OE oe but by the 364th 


article, and the fixth corollary in the 347th, OLEH 
=OLF+OLG; therefore OEH—OQLG=OEF:. 
. fubititute © EF inftead of OQEH—QOEG in the fore- 


Weceneet eet die Sele lee a 
going equation (f= 2@ 4D-+-@ EH—o LG X =) 


us a Ri 
and you will have f= 2 o4DFoLF x : this is— 


upon a fuppofition that the folid propofed is a fruftum 
< a hemifphere. Let us now fuppofe the folid f to 
~€enfift of an infinite number of infinitely thin cylin- 
dric /amine parallel to its bafe, and then that thefe 
lamina, retaining their circular figure, be all dimt- 
‘nifhed in fome given proportion, fuppofe in the pro- 
portion of r tos; then it is plain that the folid f will 
degenerate into a fruftum of an hemifpheroid, and 
that ic will be diminifhed in the proportion of r to 5; 


‘ss hah aba iain es 
but then the quantity 29 4D+ 6 ERK will alfo 
be diminifhed in the fame proportion ; and therefore 
Ff will ftill be equal to2z@AD-+ LX Pay ; whence 


we have the following theorem for finding the folid. 

content of the fruftum propofed, whether it be a 
fruftum of ahemifphere or hemifpheroid. 

To twice the area of the greater bafe add the area of 

the les; multiply the fum by a third part of the altitude 

_ of the fruftum, and the produdi will be tis folid content. 


ks I; ! 
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376. To find the convex furface of any Segment of a [phere 
whofe bafe and beight are given. (Fig. 60.) 
Retaining the conftruction of the lat article, and 
fuppofing what was there proved, if from the hemi- 
fphere generated by the fpace 4B D be fubtracted the 
fruftum. generated by ‘the fpace AEFD, there will 
remain a fegment of the {phere generated by the 
fpace BEF; and if to this feoment again be added 
the cone generated by the triangle AEF, they will 
both together conttitute a tector of the {phere gene- 
rated by the fpace 4BF; and Jattly, if the folid con- 
rent of this fpherical fector be applied to, or divided 
by a. third part of the radius AD, the plane or quo- 
tient thence arifing will be equal to the convex {ur- 
face generated by the arc BF, which is here propofediy 
, to be. determined. For as every fphere is equal to a 
cone whofe bafe ‘is its. furface and whofe altitude is 
its radizs, (fee art. 266) fo (and for the fame reafon) 
muft every fector of a {phere be equal to a cone whole 
bafe is the fpherical part of its furface, and whole al- 
sah isthe radius. Now the hemilphere generated 
the fpace ABD being two thirds of a cylinder of 
a fame bafe and heig ht, as was Cemont{trated in art. 


365, its folid content r will be exprefled by 2@ 4DX 

AB AE B | 
: = 26, 4Dx 26 ADx =, and thefolid 
“J . 

content of the fruftum generated by the fpace AEFD 


AE E 
Was °2. QdD x fC) EF x —, fubtract the latter 


b 

from the ae) and there will remain the fegment 
eenerated by the fpace BE F equal to 2© “ADS 
EB rE 
ree isi Ya add to this the cone generated 
3 3 eee 


1 
by the triangle AEF, whofe content is EEX | 


and you wat have the {pherical fector generated by the : 
> Space 
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oe 
| : NOS le 
fpace 4BF equal to 2 @ AD ll Letthediameter _ 


of a circle be to the circumference as 1 to ¢, and 
24Dx¢e will be the circumference of a great circle, 
whole half ADxe multiplied into 2D the radius, will 
give AD*xce for the area of a great circle; therefore 


EB : 
~@AD=AD’x:, and 2@ AZDxX ‘ey or the content of 


EB 
ths fector, will be 24D*xcx —: but FB is the 


verfed fine of the arc BF; and therefore if we put / for 
the chord of that arc, we fhall have2z 4DXxEB=/ by 
the laft article but one; and the folid content of the 


A | AD 
fector will now be bP ater divide by ——, and 


Pe) 

~ you will have the furface generated by the arc BF 
equal to /’xe: but as AD'x¢ was equal to @ AD, fo 
will xc be equal to © /, that is, to a circle whofe 
radius is the chord of the arc BF: therefore the fur- — 
face of every fegment of a [phere is equal to a circle whofe 
radius is the diftance of the pole, or vertical point of the 
fegment, from the circumference of its bafe. 

What has here been determined concerning the 
convex furface of a fegment of a {phere agrees entirely 
with what was determined in art. 367 concerning the 
furface of a whole {phere. For if we fuppofe the arc 
BF to be a femicircle, its chord will then»be a diame- 
ter, and the furface generated by this arc will be the. 
furface of the whole phere; and therefore the furface 
of this fphere will be equal toa circle whole radius is 
the diameter of the fphere, thatis 24D: but acircle 
whofe radius is 2AD, is quadruple of a circle whofe 
radius is AD, becaufe all circles are as the fquares of 
their femidiameters ; therefore the furface of every 
{phere is equal to four creat circles of the fame, as 
was there ec ae 


THE 


becodata: 
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Of powers and t£ eir. indexes. 


378. “HE indexes of powers have been als 
ready confidered, fo far as they ferve 
for a fort of fhort-hand writing in 
Algebra: but the incomparable New- 

ton has very much enlarged our views with relpect to 
thefe indexes or exponents, infomuch that it is by their 
means chiefly, that fo many excellent, ufeful, and 
comprehenfive theorems have been difcovered ‘both ” 
in Algebra and Geometry, and more particularly in 
the doftrine of Fluxions. This fort of notation there- 
fore I fhall now endeavour further to explain in my 
ebfervations upon the following fmall table ; 


Powers without their indexes. 
Li 5 bea 
go ee wey? 


RUNNERS SRR KR Me OTE 


I I 


Bi tin oe Ge ee ey 
Powers with their indexes. 
a a Ae Be a Soa NAT Ben EAE whl 4G): ROI a AF 
ae ee 
This table confifts of two rows, whereof the upper 
is.a feries of powers expreffed without their indexes, 
the common root or fundamental quantity being x; 
the lower expreffes the fame powers by the help of 
their indexes. 


QBSER» 
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379. ft, By this table it appears that every fubfe- 
guent power is the quotient of the next before it divided 
by the common root x, and that every fubjequent index 
is generated by fubtratiing unity from the next before it. 
Thus «* divided by x gives a « divided by » gives 1, 


I 3 I 
I divided by x gives - ~ divided by x gives — , 


&s¢.: thus again, 2—1==1, 1—1==0, O—I=—1, 
—I—1=—2 &e. Since then each row exhibits a 
regular feries, it follows that the negative indexes 
have the fame right to exprefs the powers they belong 
to as the affirmative ones, and that. x—? reprefents 


I 
va Upon the fame foundation that x* reprefents xx. 


2dly, Therefore whatever number is the index of any 
power, its negative will be the index of the reciprocal 
of that power, or of unity divided by that power. 
Thus if 2 be the index of xx, —2 will be the index of 


=; if 1 be the index of x, —x will be the index of 


=; and fo of the reft. 


adly, In all cafes whatever, the addition of indexes 
— anfwers to the multiplication of the powers to which they - 
_ belong; that is, if any two powers of the fame quantity be 
multiplied together, the index of the multiplicator added to 
the index of she multiplicand will give the index of the pro- 
duct. Thus x* multiplied into x? gives x’, as xxxXxxx 
: 5 bere at I 
gives xxxxu: thus x* x x—? gives w—", as xxX pent 
mpheity uate 
gives —: thus ¥—* Xx— gives x—S, <x gives 


# 
—}; thus =" oives #9, aSXXKX — gives 1: 
seoescaee WK WX nw ‘% 


3) x° gives ron aS AXXXT gives UN 
& 
4thly, 


J 
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athly, J like manner the _fubtrattion of indexes 
anfwers to the divifion of powers; that is, if any 
‘ power of any quantity be divided. by a power of the 
fame quantity, the index of the divifor fubtraéied from 
the index of the dividend leaves the index of the quotient. 
Thus #' divided by «* quotes «1, as waa divided by xa 
quotes x: thus «° divided by fais quotes. x5, as xx 


divided by—, quotes xxxxw: thus «—* divided by 


x} quotes x—5, as — divided by xxx quotes 
| UNLKK 


thus x—’* divided by a—* gives w', as ~ divided by 


T e . e a ‘ e 
— gives x: thus a° divided by x—* gives x’, as 1 
reece 


divided by — gives xv: laflly, a° divided by x 


gives x°, as xx divided by xx gives 1. 

sthly, Jf the index of any power be multiplied by 
2, 3, 4, &c. the product will be the index of the /quare, 
cube, fquare-/quare, Sec. of that power: and therefore 
if the index of any power be divided by 2, 3, 4, &c, 
the quetient will be the igs of the fquare root, cube 
root, fquare Square root, pavay: that power. Thus 
the fquare of x is 24, its cube x", its fquare-fquare 


#8: thus again, the fquare root of x™ is x5, its cube 


root x4 ¢ i 3 {quare- es root «7, €Fc.: thus —e fquare 


i 
39 


root of x or an is x* its cube root «its fquare- 


I 
eae root ee *&e.: thus the as root ia or 


eu is ards its. GAS root x—2> its fquare- pies Foot 
hepa Pe. : thus ° * fignifies the cube root of. va 3 “et 


the fquare- fquare root of «3 And univerfally, aN 
fignifies ‘that: root of x™ whofe index is #; as if 


aK” , then y is faid to be‘that root of x™ yi Wale 
, index > 
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index is 2, and muft be exprefied by «7; ae (Bee 
fore if in any cafe x”"=y" | it will be a good inference 


to my that y is equal to xa, or es x 1s’ equal ‘to 


mania x 
We : 


6thly, ps ald are reducible to more ae powers, 
as often as their fraétional indexes are reducible to more 
Simple fratiions.. Thus the fquare- {quare root of. x* 


is the fame with che fquare root of x, ut 
+ 4 


CNG —t tie ‘ 

qthiy, Jf the index of any power be an improper 
frattion, and that fraétion be reduced into a whole 
number and a fraétion, the power will hereby be refolved 
into two factors; whereof one will bave the. whole 
number for its index, and the other the frachona part. 


Thus § = 2-1 4, and therefore x” == x°x;thatis, 
the fquare root of x5 is equal to vx multiplied into the 
{quare root of «. . 

8thly, Sard powers may be phe to the fame root 
by a reduétion of their fractional indenes to the fame 
denomination, and that, eae they be spotneas of che’ 


Jane quantity or not. ‘Thus «* and y° are the cane 


asw° andy°; that is, the fquare root of « and the 
cube root of y are the fame as the fixth root of x3 
and the fixth root of y*, and thus may furds of differ- 
‘ent roots be compared together. without any ex- 
traction of thofe roots. As for inftance, if any one 
‘fhould afk me, which of thefé two quantities is the 
ereater, the fquare root of 2, or the cube root of 3? 


¥ fhould anfwer, the cube root of 3; for the {quate 
5 . 


root of 2 or 27 of 2°\is equal to 8° but the cube 
root of 3, or 3° 9 OF “i ae ; and 9° 


‘is greater than 8°. 
othly, 
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gthly, That the addition and fubtrattion of indexes 
anfwers to the multiplication and divifion of the powers 
to which they belong, holds equally true in fractional 
indexes, as in integral ones. Thus 3-+-i=4, and 


z 


1 5 ; ‘ 
wr RN Sex”, which I thus demonftrate. (Let yl 


then by the fifth ripe Gah we: fhall have Wien, ae 


a. . 
) ak sn? , ora” 59 =x" me 5 and piceigtt but yxy? 
is equal to y5 by ips third obfervation; therefore 


z 3 . 
x” multiplied into x Ppives'e® After the fame man- 
ee fince $—im4, it may be demonftrated that 


x # divided bys? will give a” ; for y° divided by y° 


gives y, which is equal to «°; and the demonftrations 
will be the fame in all other cafes. 


(P AUR TS. Iie 
Of logarithms, and their ufes. 


The definition of logarithms, and confectaries drawn 
| from it. 


Art. 390. OGAR ITHMS area fet of arti« 
ti ficial numbers placed over-againft 
the natural ones, ufually from 1 to 
100000, and fo contrived that their 
addition anfwers to the multiplication of the natural num- 
bers to,which they belong ; that is, if any two numbers be 
multiplied together,.and fo produce a third, their logarithms 
being added hte will conftitute the logarithm of that 
third. 

Thus 0 .3010300, the common logarithm of 2, 
‘added to 7 | 
© .4771213, the logarithm of 3, gives 
© .7781513, the logarithm of 6, becaufe 

Gis the eat of 2 and 3 multiplied together. 
7 _ From 
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From this.definition it follows, firft, That in any 
Jiftem or table of logarithms whatever, the logarithm of 
unity or 1 will be nothing : for as 1 neither increafes 
nor diminifhes the number multiplied by it; fo nei- 
ther will its logarithm either increafe or diminith the 
logarithm to which it is added ; and therefore the lo- 
‘garithm of 1 mult be nothing. 
adly, For a like reafon, the logarithin of a proper 
fraéticn will always be negative: for fuch a fragtion al- 
ways diminifhes the number multiplied by it, and 
» therefore its logarithm will always diminifh the loga- 
rithm to whichit is added. i 
adly, This property of logarithms, whereby they are 
defined as above, affords us no fmall compendium in mul- 
tiplication : for whenever one number is to be multi- 
plied by another, itis but taking out their logarithms, 
and adding them together, and their fum will be a 
third logarithm whofe natural number being taken out 
of the tables will be the product required. 
athly, The fubtrafion of logarithms anfwers to the 
divifion of-the natural numbers to which they belong; 
that is, whenever one number is to be divided. ‘by. 
another, it is but fubtracting the logarithm of the. 
divifor from the logarithm of the dividend, and the 
remainder will be the logarithm of the quotient: and 
thus by the help. of logarithms may the operation of 
divifion be performed by mere fubtraction as that of 
multiplication was by addition. Hence as every 
fraction is nothing elfe but the quotient of the numeras 
tor divided by the denominator, its logarithm will be 
found by fubtraéting the logarithm of the denominater 
from the logarithm of the numerator. To demonftrate 
this, to wit, that the logarithm of the divifor fub- 
tracted from the logarithm of the dividend will leave 
* the logarithm of the quotient, let the number 4 be 
‘divided by the number B, and let the quotient be the 
number C, and let the logarithms of the numbers 
A, B, and C, be a, b, and c refpectively ; I fay then 
that a—b will be equal toc: for fince by the ea 
; ition 


4" 
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fition Bu we fhall have 4A=BC, a=b-|-c by the 


definition ; whence a—b==¢, | 
sthly, As every fourth proportional is found by mul- 


tiplying the fecond and third numbers together, and di- 


viding the product by the firft, fo the logarithm of every 
fuch fourth proportional will be found by adding the - 
logarithms of the fecond and third numbers ‘together, and 
fubtracting from the fum the logarithm of the firft. This. 
renders all operations by the rule of proportion very 
compendious and eafy; efpecially after the practitioner 
has pretty well inured himfelf to take out of the table 
logarithms to his numbers, and numbers to his loga- 
rithms: but this compendium is. chiefly ufeful in 
Trigonometry, both plain and f{pherical, where every. 
thing he wants is put down ready to his hands. 

. 6thly, If A be any number whofe logarithm is a, then 
the logarithm of A> will be 2a, that of As, 3a, Se. 


I 2 I lig e) 
that of A? that of Aer 24s ec. And uni- 


verfally, the logarithm: of A™ will be axm, and 
that; whether the index m be integral or fractional, 
affirmative or negative: on the other hand, if q be the 


logarithm of any power of A, as of A™, then + will be 


the logarithm of A. The reafon of all this is plain; 
for as 4? is the product of A multiplied into itfelf, fo 
its logarithm will be the logarithm of 4 added to 
itfelf or doubled, that is 2a; and fo of the higher 


powers. Again, as Fis the quotient of unity divi- 


ded by 4, its logarithm will be found by fubtracting 
a, the logarithm of 4, from 0, the logarithm of 1, — 
which gives —a; and {oof the lower powers. Laftly, — 
as. / 4, when multiplied into-itfelf, produces 4, fo 

its logarithm, when added to itfelf, ought to make 
a; therefore the logarithm of »/4 will be 4a; and 
fo of all the other fractional powers, Here then again 


2 i ERE 
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we have another inftance of the very ereat ufefulnefs 
of a good table of logarithms, to wit, in raifing a 
number to any given power, or in extracting any 
given root out of it, all which is performed with 
equal facility, only by multiplying its logarithm: by 
the index of the given power, or dividing it by the 
index of the given root; as doubling it for the fquare, 
tripling it for the cube, Sc. ; halving it for the {quare 
root, trifecting it for the cube root C&S. this, I fay, 
cannot but be very ufeful in a great many cafes, and 
more efpecially in Annatocifm, where we have fome- 
times occafion to extract even the three hundred fixty- 
fifth root of a number, as at other times to raife it 
to the three hundred fixty-fifth power, fcarce poffible 
to be performed any other way; to fay nothing of the 
innumerable miftakes that in fo long and laborious a 
calculation would be almoft unavoidable, all which — 
are prevented by the ufe of logarithms. It cannot 
indeed be expected that entire powers, and much lefs 
entire roots, fhould be gained this way; but it will be 
eafy in mott cafes to obtain as many terms as can be 
GF Bag aint y... «. 

qthly, Lf any fet of numbers, as A, 5 G.D i in 
continual geometrical proportion, their logarithms, which 
we foall calla, b, c, d, will be in arithmetical pro 
grefion: for fince by the pel abla only A isto B as’B is 


to CasC isto D, thatis, fince A=PU=t G> we thall 
have 2—a=c—b=d—c by the fourth confectary ; 
therefore a, 0, c, d are in arithmetical progreffion. 
te 6 

Sthly, From this laff confettary it will be eafy, having 
two numbers given, to find as many mean proportionals as 
we pleafe between them. Juet the given numbers be 
A and Fy, and let it be required to find four mean 
-proportionals between them, which we fhall call 
B,C, D, E, fo that 4, B, C, D, E, F, may be in 
- continual geometrical proportion, Hete then it 1s 
"evident ner the laft confectary, that, as thefe num- 

| Cc bers 
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bers are In continual geometrical proportion, their 


logarithms, which we fhall call ¢, b, cs dj'e, fj will 
bel in arithmetical progreilion, whereof the extremes 


aand f are known, as being the logarithms of the 
known numbers 4and Ff, and the intermediates may 


be found thus. Put x for the common difference of | 


this arithmetic progrefiion; then will aq-x==d, a-ex 
==, a-|-3x==d, a-}- -4x==e, a--sx=f. whence x= 


a, whence ¢--x or pers me = | SEL aha | 
orc = ( aoe or d= ————- — a a-}-4e or ¢= 
TEM, fo that the logarithms of the four mean pro-" 


det vsehel ahaha 


portionals fought A pegpenies ——, 


take then the natural abe By OAT ee ar’ thefe 
logarithms, and they will be the mean proportionals 


required. 2, £. J. 


Logarithms ihe meafures of ratios. 


391. Logarithms are fo called from their being the. 
aritometical or numeral exponents of ratios: for if unity. 


be made the common confequent of all ratios, or the 


common ftandard to which all other numbers are to 


be referred, then every logarithm will be the nume- 
ral exponent of the ratio of its natural number ta 
unity. As for inftance, the ratio of 81 to 1 actually 
contains within itfelf thefe four ratios, to wit, the 
ratio of 81 to 27, that of 27 to g, that of g to 3, 
and that of 2 to 1 (fee art. 293); all which ratios 
are equal to one another, and to the ratio of 3 to 1 ; % 
therefore the ratio of 81 to 1 is faid to be four times 
as big as the ratio of 3 to 1 (fee art, 294): and 
hence it is that the logarithm of 8t is four times as 
big as the logarithm of oy Again, the ratio of 24 
to 1 contains, and may be refolved into thefe three 


~ 


re 
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ratios, to wit, the ratio of 24 to 12, that of 12 to 
4, and that of 4 to 1; the firft of thefe ratios, to 
wit, the ratio of 24 to 12, is the fame with that of 
2 to 1; the fecond, to wit, the ratio of 12 to 4, is 
the fame with that of 3 to 1; and therefore the ratio 
of 24 to‘1 is equal to the ratios of 2 to 1, 3 to'1, 
and 4 t0 1, put together; and hence it is that the 
logarithm of 24 1s equal to the logarithms of 2, 3 
and 4 put together: And univerfally, the magnitude 
of the ratto of A to 1 is to the magnitude of the ratio 
of B toi as the logarithm of A is to the logarithin of 
B. And hence we have a way of meafuring all ratios 
whatever, let their confequents be what they will: as 
for example, the ratio of 4 to B is the excefs of the 
ratio of 4 to 1 above the ratio of B to 1 (fee art. 
296); therefore the numeral exponent of the ratio of 
A to B will be the excefs of the numeral exponent of 
the ratio of 4 to 1 above the numeral exponent of 
the ratio of B to 1, thatis, the excefs of the logarithm 
of A above the logarithm of B; therefore The magni- 
tude of the ratio of A to Bis to the magnitude of the ratio 
of C to D as the exce/s of the logarithm of A above the 
logarithm of B, which is the meafure of the-former ratio, 
is to the excefs of the logarithm of C above the logarithm 
of D, which is the meafure of the latter ratio: and thus 
we fee that logarithms are as true and as proper mea- 
fures of ratios as circular arcs are of angles, : 

I might have defined logaritlims from che idea here 
given of them, and thence have deduced all the other . 
properties above defcribed : but, as it is notevery one 
that hath a juft and diftinét notion of the nature and 
compofition of ratios, I thought it more advifeable to 
treat of them in a way more familiar to the learner. 


Of Briggs’s Logarithms. 


392. From the definition given in art. 390, it may 
eafily be feen, that, if any one /yftem of logarithms be once 
ebtained, an infinite number of otbers may be derived 

iis Shy from 
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from them by increafing or diminifhing the logarithms of 
that fyftem in fome given proportion. AAs for inftance, 
in the fyftem given let a, 4, c, be the logarithms of 
three numbers, 4, B, and C, whereof the third is the 
product of the other two multiplied together; then . 
~ will a+-b==c, by the definition. Let us now ima- 
gine all the: logarithms of this given fyftem to be 
doubled; then will a, 4, and ¢ be changed into 2a, 
2b and 2c; but as a+b was equal toc in the former 
fyftem, fo now will 2a-}-24 be equal to 2¢ in the lat- 
ter; that is, all the numbers of this new fyftem will 
{till retain the property of logarithms. But though all 
thefe different fyftems be equally perfect, if computed to 
the fame degree of accuracy, yet they will not all be 
equally convenient for ufe: for of all {yftems or tables of 
logarithms, that is certainly beft accommodated for prattice 
which is now in ufe, and is commonly known by the name 
of Briggs’s logarithms. The Lord Napeir, a Scotch 
nobleman, was the firft inventor of logarithms; but 
our countryman Mr. Briggs, Profeflor of Geometry 
in Grefham College, was undoubtedly the firft who 
thought of this fyitem; and, propofing ir to the noble 
inventor the Lord Napeir, he afterwards publihed it 
with that Lord’s confent and approbation. 

The diftinguifhing mark of this yftem is, that herein 
the logarithm of 10 2s 1, and confequently that of 100, 2, 
that of 1000, 3, that of 10Q00, 4, &c.; that of 1, o, 


Set ed ah 
that of —— or of O.1,—1. that of Fl of 0.01, — 25, 


&c. Ln this fyftem the integral parts of the logarithms 
are always diftinguifhed from the reft, and called the 
indexes or charaéteri/tics of the logarithms whereof they. 
are parts: thus the logarithm of 20 is 1 .2010300, 
where the characteriftic is 1 5 that of 2 18 0.3010300, 


| eg 2 
where the characteriftic is 0 ; that of-— Or o .2 is 
—1-1-.3010300, where—1 is the charatteriftic, &?e. 

Y Some’ 


# 
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Some advantages of this fyftem. 
303. Some of the chief advantages of this fyftem, 


beyond all others, will appear from the following 
confiderations. 


1ft, Whereas we have frequent occafion to multi- 
ply and divide by 10, 100, 1ooo, &e. this in this 


fyftem is very readily performed, only by adding to 


or fubtracting from the charatteriftic the numbers 


I, 2, 3, &%¢.5 and as thefe are whole numbers, they 
éan only influence the index or characteriftic of a lo- 
garithm, without affecting the decimal part. 

2dly, So long as the digits that compofe any num- — 
ber are the fame, and in the fame order, whatever be 
their places with refpect to the place of units, the 
décimal parts of the logarithm of fuch a number 


will always be the fame. As for inftance, lec 4-+/ 


be the logarithm of this number 34567 .89, where 
4 is the characteriftic, and / reprefents the fum of all 
the decimal parts; then will 5-4+/ be the logarithm 
of 345678 .9, 6-+/ that of 3456789, 7-}-/ that of 
34567890, ése. On the other hand, 3-+/ will be 


the logarithm of 3456 .789, 2-+/ that of 345 .6789, 


i--/ that of 34 .56789, o--/ that of 3 .456789, 
—1-+-Jthatofo.34.56789,—2-+-/that of 0.03456789, 
€Fc.: the reafon of this is plain; for if the number 
34567 89 be multiplied by 10, the product will be 
245678 .9; therefore if to 4-+-/, the logarithm of the 
former number be added 1, the logarithm of 10, 
the fum 5-1/ will be the logarithm of the latter. 
Again, if the number 34567 .89 be divided by 10, 
the quotient will be 3456 .789; therefore if from 
4-+/, the logarithm of the former number be tub- 
tracted 1, the logarithm of 10, the remainder 3-4-2 
will be the logarithm of the latter. Here then we 


fee the reafon why in Briggs’s tables the decimal part 


of every logarithm is affirmative, whether the whole 
logarithm taken together be fo or not; for, in the | 
fosarithm of all numbers greater than unity, both 

‘ 5 Oat the 
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‘the inteoral and decimal parts are affirmative; and 
therefore the decimal parts mult always be fo, fince 
thefe are not changed by changing the natural num- 
ber; fo long as the digits that compofe it are the fame, 


and in the fame order: thus — or, 3 may. be a 


4 


logarithm ; but it is never expreffed fo, but rather 
thus,— 1-1 -7, the negation being thrown wholly 
_ upon the characteriftic. 

gdly, By this means in Briggs’s fyftem the charac- 
teriftic of the logarithm of any number is eafily known ~ 
thus : fuppofe | was afked, what is the characteriftic of 
the logarithm of this number 34567 .89? Herel con- 
fider that this number lies between 10000 and 1000003; 
therefore its logarithm muft be fome number between 
4ands;  theréfore i it muft be 4 with fome decimal parts 
spel” that is, the characteriftic muft be 4. And 
again, fappofe it was required to affign the character- 
. iftic of the logarithm of this number, 0 .03456789: 


, , : § I " 
here I confider that this number lies between me and 


I 
raat that’is, between o .1 and o .o1, and therefore 


its logarithm muft lie between —1 and —2, that is, 
its logarithm muft be —2 with fome affirmative de- 
cimal parts annexed, to leffen the negation ; therefore 
the characteriftic will be —2. 


‘ nie the ebaracierifiie of Briggs’s logarithm yg 


any number. 


BOA s: Hence may be drawrea fhort and eafy rule 
for determining fre index or characterrftic of the lo- 
garithm of any y number given, thus. Jf the number 
given be a whole number,.or a mixt number confifting. 
of integral and decimal parts, then fo many removes 
as is the place of units to the right hand of the firft 
figure, of fo many. units will the charateriftic confit ; 


ed if the nuinber pi opera be a pure decimal, then fo 
many 
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many removes as is the place of units to the left band 
of the firft fignificant figure, of fo many negative units 
will the charaéteriftic confift. Thus the index or cha- 
racteriftic of the logarithm of this number 34567 .89 
is 4, becaufe 7 in the place of units is four removes 
to the right hand of the firft figure 3: thus again, 
the charaéteriftic of the logarithm of this number 

© .03456789 is —2, becaufe o in the place of units: 
is two removes to the left hand of the firft fignificant 
figure 

’Thels rules are the more to be obferved, becaufe 
in fome tables the integral parts of all logarithms 
are omited, being left to be fupplied by the operator 
himfelf, as occafion requires : by this means, the lo- 
garithms become of much more general ufe than if, 
by having their characteriftics prefixed, they were 
tied down to particular numbers. 


Another idea of Logarithms. 


395. In the fyftem here defcribed, every natural num~ 
ber is, or may be, confidered as fome power of 10, and 
its logarithm as the index of that power : for let a be 
the logarithm of any natural number as 4; then fince 
Briges* 5 logarithm of 10 is 1, his logarithm of 10% will 
be a; this is evident from art. 390 > confect. 6; theres 
fore A muft be equal to 104, fince they have both the 
fame logarithm ; that is, he natural number 4 is 
fuch a power of 10 as is expreffed by its logarithm a, 
This confideration gives us a new idea of logarithms, 
and to one acquainted with the nature of powers and 
their indexes, it will be no wonder that the addition, 

-fubtraction, multiplication, and divifion, of thefe loga- 
rithms anfwer to the multiplication, divifion, involu- 
tion and evolution of their natural numbers. 


ig ecauisons to be ufed in working by y Briges’s 

, logarithms. 
296. Though thefe logarithms (as I obferved be- 
fore) ) are preferable to all others, on account of their 
| fimpli icity 
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fimplicity and facility in practice, yet in ufing them ~ 
fome precautions are to be obferved, which (to pre- 
vent miftakes) I fhall here juft point out to the 
learner ; as : , 
ift, In the addition of logarithms, whatever is car- 
ried over from the decimal to the integral parts mujt be 
confidered as affirmative, and as fuch muft be added to 
thofe integral parts, whether they be affirmative or ne- 
gative. Thus —3-+-.7000000 being added to —4 . 
-+- 8000000, the fum will be —6-++-.5000000 ; for 
though the fum of the characteriftics —3 and —4 be | 
—7, the affirmative unit drawn from the decimals 
reduces itto—6, | mi 
adly, Whenever a fubtraltion is to be made in loga- 
rithms, it muft be performed in the decimal parts as 
ufual; but if the charaéteriftic of the fubtrabend, or of 
the number from whence the fubtraction is to be made, 
or of both, be negative, they muft be treated in the fub- 
traction as the nature of fuch quantities requires. Thus . 
—3-+ .8go0000 fubtraéted from —1-+-.7600000 
leaves 1 .8700000: for if -+1, on account of the 
decimals, be added to —3, the charateriftic of the 
fubtrahend, it will be reduced to-——2, which being 
fubtra&ted from —t1 as above, leaves-+t+-1. Nay, the 
Jearner mutt not be difcouraged if he fometimes finds — 
himfelf obliged to fubtract a greater logarithm from 
a lefs, as will always be the cafe where the logarithm 
of a proper fraction is required : as for example, let 
it be required to find the logarithm of £: here fub- 
tracting o .3010300, the logarithm of 2, from 
© 0000000, the logarithm of 1, there will remain 
—1-+ .6989700, the logarithm of 4; for in this fub- © - 
traction, +-1, on account of the decimals being added 
to the characteriftic of the fubtrahend, gives 1, which 
{ubtraéted from o above, leaves —1. ‘ 
Note, Tbe logarithm of a vulgar fraétion may alfo 
be obtained by throwing it into a decimal. Thus the 
logarithm of 2 may be obtained, either by fubrracting — 
the logarithm of 3 from that of 2, or elle by taking 
| 7 out 
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out the logarithm of this decimal fraction .6656667, 
which is the fame as the logarithm of the whole 
number 6666667, except that the chara¢teriftic of the 
former logarithm is —1, and that of the: latter +-6. 

gdly, im the multiplication of logarithms the fame. 
care muft be taken as in addition. Thus if it be required 
to multiply this, logarithm —3-+ .7ocoooo by 9g, 
the produ& will be —2 1-- .3000000; for though 
the product of —3xg be —=27,, yet the 4-6 drawn 
from the decimals reduces it to —21: 

Athly, Whenever a logarithm is to be divided by 2, 
3,4, &c. in order to obtain the /quare, cube, biquadrate, 
8zc. root of its natural number, if the charalteriftic be 
negative, and will not be divided without a frattion, my 
way 15 to refolve it inta two parts, +o wit, into a nega- 
tive part which will be divided, and an affirmative park 
which will incorporate with the decimals annexed. Thus 
it I was to take the half of this logarithm: —1-- 
-7006000, I cannot join the —.1 to the decimals an- 


nexed, becaufe they are quantities of different kinds; 


therefore I refolve the charaéeriftic —1 into two 
parts, to, wit, —2-[-1, and then taking the half of 
—2, which is —1, I join the affirmative part Lr 
to the decimals annexed, and fo take the half of -+-17, 
which is 4, Rig CC. ee the half of the aforefaid’ 
logarithm is —1-}- .8500000: had the characteriftic 
been —3, I fhould have refolved it into—4--1. Had 
* of the forefaid logarithm been required, I fhould 
have refolved the charaéteriftic —1 into —3-+-2, - 
and fo fhould have taken, firft, the third part of —3, 
which is —1 and then of -+-27, which is +9: had 
_ the charatteriftic been —2, i fhould have refolved it 
_ into as rh ; had it been —a, I fhould one refolved 
it into —6-1-2, and {o on. 

N. B. Of all the tables hitherto in ufe w hofe ne 
~ githms do not run to above feven decimal places, 
take thofe publifhed by Doctor Sherwin to be the beft 
upon many accounts, and particularly in the difpofi- 
tion of the logarithms: thefe therefore I fhall not 

fcruple 


4ap Concerning Sherwin’s Fables,  Boox 1X: 


fcruple to recommend to my readers, whom | fhall. | 


alfo refer to the directions there given for finding the lo- 
garithms of all abfolute numbers from 1 to 10000000, 
and vice verfa. But 1 muft own I cannot with equal 
juftice recommend the method there taken to avoid 
negative indexes by creating new ones, and by ufing. 
arithmetical complements. “It is not to be denied but 
that this fort of practice may be abfolutely neceffary 
to fuch as know nothing of the nature and ufe of ne- 
gative quantities; but thete who de, | believe, will 
find the rules here laid down more natural and con- 
venient; and as they carry their own reafons along 
with them, I doubt not but that the learner will ie 
them eafier to be remembered,’ and lefs liable to be 
mifunderftood, | 

397- In the tables above recommended, after the 
logarithms on every page, are two columns, onecalled 
a column of differences, and figned D; the other 
called a column of proportional parts, ‘and figned 
Pts above, and Pro below: thefe two columns, as 
well as the reft, have been explained by the authors 
but, left they fhould not be thoroughly underftood by | 
what is there faid of them, I fhall take the liberty, by 
a fingle inftance, to explain more at large the reafon 
and ufe of thefe columns: I fhall take 1 my example 
from the author himfelf. Let it then be required to 
find by the tables the logarithm of this number of 
feven places, to wit, 5423758: to do this, I firft put 
down 6, the characteriftic of the logarithm foughe, 
according to the directions given in art. 394; then 
I confider in the next eh that though by the help 
of the tables we can find the logarithny of any num-. 
ber under 10000000, yet that the abfolute numbers 
there do not, properly {peaking, run to above five 
places; therefore 1 lower the abfolute number given, 
to wit, 5423758, to this, 54237..58, which will not. 
alfeet the decimal part of the logarithm fought; then. 
feuing afide the characteriltic, I take out of | the tables 


the logar ithm of the. five integral. places 542.37. 
according 


t 


\ 


‘“ 


Art. 397. and bow to ufe them. AIt 
according to the directions there given, and find it 
to be 73429573 this 1 fubtraét from the logarithm 
of 54238, that is, from 7343037, and find the dif-— 
ference to be 80. - But the defign of the column of 
differences is on purpofe to avoid this fubtraction : 
for, had I taken out of that column the number oppo- 
fite to 54227, the integral pa:t of the abfolute num- 
ber propofed, or if no fuch oppofite number was to 

be found, had 1 taken the neareft number above, — 
(not below), I fhould have found the number 80.1, 
that is, in a whole number, 80, without any fubtrac- 
traction. Thus then the cafe ftands: as the abfolute 
number propofed 54237 .58 lies between the two 
neareft tabular numbers 54237 and 54238, whofe 
difference is 1, fo muft the logarithm fought lie be- 
tween the logarithms of the tabular numbers above 
mentioned, whofe difference is 80; therefore I fay by 
the golden rule, as 1, the difference of the two tabu- 
Jar numbers, between which mine lies, is to 80, the 
difference of the two tabular logarithms between which: 
the logarithm fought lies, fo is .58, the difference be 
twixt my number and the neareft lefs tabular number, 
to 46, the difference betwixt the logarithm fought 
and the neareft lefs tabular logarithm ; therefore 
adding this difference 46 to the neareft lefs tabular 
logarithm, to wit, 7342957,1 have 7343003, which 
being joined as decimal parts to the characteriftic 6, 
gives 6 .7343003 for the logarithm fought. This 
number 46, which was the fourth proportional above 
found, is called the proportional part, becaufe it is 
the fame proportional part of 80, the difference of the 
two neareft tabular logarithms, that .58, the decimal 
part of the number propofed, is of 1, the difference 
of the two neareft tabular numbers. Whoeverattends 
to the foregoing operation will eafily perceive, that 
“this proportional part 46 was gained from multiply - | 
ing 80, the common difference, by .58, the decimal — 
part of the abfolute number propofed; and the fame 
would have been obtained if the common difference 
would faye oe , 80 
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80 had fir been multiplied by .5 and then by .08,. 
and the produéts been taken into one fum : now it is 
to fave thefe two: multiplications that the column of 
proportional parts was contrived; for whoever looks 
there for the common difference 80 will find all the 
products of the faidcommon difference multiplied by 
wIy +2, 03, -4,°-5, &c. to.g inclufively; and look- 
ing for the number over againit .5, he will find the 
number 40, which fhews that the number 40 is +4 
of the common difference 80; fo alfo over againtt 
8 he will find the number kale which fhews that the 
number 64 is = of the common difference; but we 
do not want +§ of it, but 8 hundredth parts; there-_ 
fore he muft not take the number 64, but a tenth 
part of that number, to wit, 6.4 or 6, which being 
added to 40, the proportional part , before found, 
gives 46, to be added to the neareft lefs tabular lo- 
garithm. in order to obtain the logarithm fought. 

But when all poffible exadtnefs is required, and no 
errors are intended to be committed, but fuch as un- 
avoidably arife from. the imperfection of the loga- 
rithms themfelves , 1 would advife the reader to com- 
puce the proportional parts himfelf, as above, rather 
than truft tothe table for them, though he will rarely _ 
find any confiderable difference. My reafon for this 
advice is, becaufe in the table of proportional parts, 
no notice is taken of decimals; whereas thofe decimals 
ought not in ail cafes to be negleéted, at leaft not till 
the operation is over, and the artift fees what it is he 
throws away or takes into his qcconnity to leffen the 
error as much as he cans. 
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